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Abstract: Here, we discuss adequate oscillatory conditions for third-order sub linear neutral-delay ¢-difference equation

A (0 (k)Ar (o (k) Ag (x(k) + p(k)x(k — ©0)))) +q(k)x* (k- ) = 0,

we apply Riccati transformation technique in deriving enough considerations to make sure that every result of this equation is oscillatory.

We provide suitable examples to validate our results.
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1 Introduction

Recently, many researchers focused their study on the
oscillatory, rotatory as well as the asymptotic properties
of numerical and exact solutions of certain type of
neutral, delay and neutral-delay difference equations, see
[1,2,3]. This area of study witnessed the publication of
hundreds of research articles and many monographs, see
for example [4,5,6,7]. Researchers showed greater
involvement on the work of the oscillatory properties of
solutions of higher order, particularly linear and nonlinear
second order delay, neutral and neutral difference
equations. Even though some applications of certain type
of third-order delay, neutral delay difference equations are
very evident in the study of mathematical biology,
economics and many other areas in mathematics [8,9, 10,
11,12,13,14,15,16,17,18,19], it received only less
importance in the literature.

All these authors have handled various types of
difference equations taking into consideration the

conventional forward difference operator A defined as

Ax(t) =x(t+1)—x(t), teN.
Even though many authors [4,6,7,20] suggested an
alternative definition for A as

Ax(t) =x(t+h) —x(1), teRLecR—-{0}, (1)

for decades together, no significant contribution is
available in the literature of difference equation based on
the definition of A given in (1). As of late, Thandapani et.
al., [21], studied the operator A which is expressed in (1)
and generalized theory of difference equations in a new
dimension. To make it suitable, the operator A given in
(1) is renamed as Ay by replacing & by £ and ¢ by k and by
obtaining its inverse A, ! numerous elating outcomes and
applications were obtained in number theory. In order to
increase the scope of the study of complex solutions of
the difference equations Agx(k) = y(k), certain behavior
of the numerical and exact solutions having the nature
say, spiral, rotation, shrinking, expand and web-like have
been developed for the equations containing A, [22], an
application of difference equations in maneuvering target
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tracking, see [23].

We present here some of the results already available
relevant to our study which may serve the readers and
motivate the contents of this paper. Tang et. al., [24],
studied the first-order non-linear delay difference
equation of the form

o
Xnt1 — Xn+ DX, = 0.

Oscillation criteria for non-linear delay homogeneous
equation

A (un (A (xn +qnxn,r))y) + f(n,xp—6) =0,

have been discussed by Later Saker [17] and obtained
oscillation criteria for the above mentioned equations.
One can refer to the oscillatory behavior of superlinear,
quasilinear, sub-linear, and halflinear difference equations
[18,25,26,27]. Recently Chandrasekar and Jaison [28]
studied the oscillation of second kind generalized
sub-linear neutral-delay difference equation as shown

A¢ (k) (Aclq(R)v(k — o)+ v(1)))) + p (VY (k— &) = .

This paper aims to get Riccati type transformation to arrive
at certain criteria of oscillatory and asymptotic behavior
for the generalized third order difference equation

Ar (02 (k) A, (04 (k) Agz(k))) + (k)< (k= 00) =0, (2)

where z(k) = x(k) + p(k)x(k — t¢), B € (0,1) is the odd
positive quotient, ¢ and 7T are constant non-negative
integers, with the following condition

> 1
ELQ:’(S)
p(k) €10,1),Yk € (0,%0),4(k) > 0. 3)

=oo, for i=1,2,

This paper is structured as follows: Few standard
definitions and preliminaries are discussed in section 2.
Section 3 deals with new oscillation results for (2) and in
Section 4, we provide suitable examples to demonstrate
the main findings.

2 Preliminaries

The following notations are used throughout this paper.
(a) Ny(b) = {b,b+£,b+20,...}.

(b) [y] represents the upper integer and [y] represents the
integer part of y.

(c) n = max{tl,ol}. )

(d) j=k—ko—[(k—ko)/C)C. ki =ki+ j.

Definition 1.//] Consider a real valued function y(k)
with real variable k. The operator
Ay(K) = y(k+ ) = y(K), k € [0,9), £ € (0,59), and if
Apx(k) = y(k), then x(n) = A;'y(k) + c;. where the real
number c; can be obtained by substituting lower limit j,
forallke {j,j+0,j+2¢,---}.

Definition 2./21] For any positive interger A, the
£-polynomial factorial function can be given as

A-1

KM =TTk —it). )

i=0
(A)y _ (A=1)
Lemma 1./2]] Let £ € [0,00). then Ay(k,”’) = (AL)k,

Lemma 2./2]] For the given two functions u(k) and v(k),
we have

A{u(k)v(k)} = u(k+ ) Apu(k) +v(k)Apv(k)
=v(k+ ) Awu(k)+u(k)Apw(k).

Definition 3./26] Ler f(k,xi,x2,...,Xm) be a real-valued
Sfunction. This function can be called as strongly sub-linear
if 3 a real number € (0,1), B is an odd positive quotient
and d > O with |x|~B|f(k,x1,x2,- - ,Xm)| is non-increasing
in |x| for |x| € [0,d).

Definition 4./21] Let y(k) be a real valued function, Then
fork € [ko, o),

A

x(k)=x(ko+ )+ Y, y(ko+j+r0),
r=0

o]

Sork € Ny(j), where j =k —ko— {%} L.

3 Riccati transformation in generalized
third-order sublinear neutral delay
difference equation

For this particular work, the following notations are
introduced.

Eo(k) =z(k), Ei(k) =ai(k)AEi—i(k), i=1,2
]
1 1
BO=a® & awrien ™

Theorem 1.Let p (k) be a positive function which satisfies
the condition (3) and such that for every M >/,

-5

limsup {p (ko + s0)¢ (ko + st)
k—poo s=0
7(A€p(k_()+sﬁ))2 . )
4I[I(IC_Q+S€) -
where (k) = pk)(1 — qlk — ol))B.  Then

Bp (K)Ru(k — o)
(M(k—ot+1)) =B

satisfies equation (2).

y(k) =
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ProofLet {y(k)} be a positive solution of (2) Vk > ko.

Since y(k) = Ep(k), we obtain z(k) > y(k) > 0 and

y(k—1l) > 0Vk > ki > ko, and also from (2), we have
Ay (k) = —q(k)yP (k—at) <0.

We know that E(k) is a decreasing function on [kj,c0)
and it is eventually positive or negative. We can find that
E>(k) > 0 for k > k. If not, 3 a positive real N| > 0 with
the condition

N
AvE (k ———— <0, for k> ky > k.
(E1 (k) < az(k) , Ior kK 2 k2 2 K|

Hence, by Definition 4

Sl

7
Ei (k) <Ei(ka) — N, —_—
sg) az (kz + Sg)
Letting k — oo and using (3) we have klim E| (k) = —co.
—yo0
Then there exists k3 > k; also, constant N, > O such that
ag (k)ApZ(k) < —N,, for k> ks.

If we divide the above expression by a;(k) and adding
from k3 to k, we get
{k—kg—é]
l
1

W<z - X oy

Allowing k — oo and using (3) , we see that z(k) — —oo.
That is z(k) < 0 eventually which is contradictory with
z(k) > 0. Hence, we find

z2(k) > 0,E;(k) >0 and AE (k) >0 for k>ky (6)

and then from z(k) and (6) we have x(k) = z(k) — x(k —
) p(k) > z(k)(1 — p(k)) which yields, for k > k; = ko +
o/,

x(k—ot) > z(k—ocl)(1— p(k— a?)).

Thus, by (2), we arrive
AEs(k) < —q(k)aP (k— o)
< —qk)(1 = plk—c))PP (k—ct) <0. (7)
Now, from (6), there exists n > k; such that
]
2(n+j+st)

BE=E0+)+ Y e

Since A¢E, (k) < 0, we obtain

=]

E\(k) <Ey(k) Y :
s=0

ay(n+ j+st)

This implies that
Apz(k) > Ex(k)Ry (k). 8)
The above equation can be written as
Apz(k—ol) > E>(k)R,(k— o?). )

Define @(k) by the Riccati substitution

_ Ey (k)
o) =P 55 o5 (10)

We see that w(k) > 0 and satisfies

_ p(k) p (k)AcEs (k)

Aga)(k) —Ez(k-i—f)A[ (Zﬁ(k—Gf)) + Zﬁ(k—Gf) .

Thus, from (7) and (9), we derive

B o g, Awp(k)
810(06) < - p()g)(1 ~ pll—01))P + 7L ol 1)

 pREx(k+0)AZP (k— o) an

Pk—ocl+0)FP(k—ol)

Since z(k) = Eo(k) and 0 < z(k — o¢) < z(k— ol + (), this
implies that

Agp (k)
Ao(k) < —p (k)¢ (k) + p((+k)

_ Ey(l+k)AZP (k—ol)p (k)
(Bk—ot+0)*

o(l+k)

(12)

With the inequality given in ([5]),
(WP =Py < BVP N (u—v)
forall0 <v<wand 0 < 8 <1, we find that
AP (k=) < B (1 (k= 0+ 0)) Ak — o0). (13)
Substituting (13) in (12), we arrive

Agp (k)
Ao (k) < —p (k)9 (k) + p(k+0)

PRE(k+ OB (P (k— ol + 1)) Az(k — o)
(B(k—ct+10))

w(k+1)

(14)
Using (9) in (14), we derive
Ap (k)
A0(k) < ~9()p(k) + =Lk
PRE(k+ 0B (P (k= 0l +6)) Ru(k— o) )

(B (k—ot+1))
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By (10) in (14) becomes

Agp (k)
Ao (k) < —(k)p (k) + p((+ 1)

p(k)@* (L + k)R, (k — of)
(P(L+K))* (2P (k—ol+0))

o(l+k)

(16)

Hence, form (6), it is easy to obtain

2(k) < z(ko) + Apz(ko)(k — ko), k> ko

and consequently 3, k; > kg and an suitable constant M > ¢
with the condition z(k) < M Vk; <k, and yields z(k — 6{+
) <M(k—ol+1L)Vk > ky =k — ol + ¢, which yields
1 < 1
P(k—cl+0) = (M(k—ot+0)' P

Using the above inequality in (16),

Mm@gmmmm+ﬂ%%%%ﬁl

_ Bp(k)Ru(k— o) (£ +k)
P2(L+k) (M(k— ol +0)' P

The above equation can also be written as

(Ap(K))*
4y (k)

V) (k) Az(p(k))] T s

7)

Ao (k) < — ¢ (k)p (k) +

p(k+20) 2,/ (k)

Then, we arrive

(Ap(k)*
4y (k)

Summing (19) for k = kp, ko + 0, kp + 20, -
—0(k) < 0(k+£) — (k)

5
<- ¥

s=0

Ao (k) < - [d)(k)P(k) — ] .19

we derive

(Agp (k_z +Sf))2

p(ka +s0)¢ (ko + 5¢) — 4yl 1 s0)

which yields

5

p(ky+50)¢ (ko + st) —

- 2
(Afp(k2+s£)) c
=0 41[/(/(2 + Sﬁ) ’
which contradicts (5), when k is large k. Thus we hence
the proof.

Remark.Let p (k) = k*, where k is greater than ko, A > 1.
Theorem 1 gives different conditions for oscillatary
solution of (2) if (3) holds for different options of p (k).

Corollary 1.Assume that Theorem 1 holds with all
conditions and we replace condition (3) with

i

limsup Z [ko—i—sf o (ko + s0)
k—reo
7(Ag(k0+sf)l)2 .
dyko+st) | @0
where  ¢(k) = qk)(1 — pk — of))f  and
ﬁp(k)Rn (k — Gﬂ)

(k) = (M(k—oﬁJrE))l*ﬁ' Then each and every

solution of (2) is oscillatory.

Theorem 2.Let y(k) be a solution of (2). Assume that (3)
holds, and 3 a real valued function {G(n,k) :n >k > 0}
with the condition

(i) G(n,n) =0 forn >0,
(ii) G(n,k) > 0 forn >k >0,
(iii) ApG(n,k) = G(n,k+ ) — G(n,k) < 0.

If
s
limsup -5 gg[am@+mm@+wm@+m
—ég%;%%%gm@+ﬂ
—% G(n,k_z—l—sﬁ))Z]:m (21)

where ApG(n,k) = —g(n,k)\/G(n,k), forn >k >0, then

every solution of (2) 0sczllates

Proof.If a non-oscillatory solution exists for the difference
equation (2), as in the of Theorem 1, we arrive (17) Vk >
ky. From (17) and the condition Asp (k) < 0, we have for
k>ky

Avp (k)
p(k+1)

— %w%k +0). (22)

Ao (k) < —p (k)¢ (k) + o(k+1)

The above equation will take the form
Avp (k)

p(k+1)
(k)

v\ 2
S0 (k+10). (23)

p (k) (k) < —Avw(k)+

w(k+1)

© 2020 NSP
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Multiplying (23) by G(n, k) and summing from k, to k — ¢,
we obtain

Y Gnky+s0)plka+ )¢ (ko + s0)

s=0

-5

Z G(n, k_z + S@Agw(k_z + Sﬁ)
s=0

[k k} /]
G(n, ky+ sO)Aep (k_z +s0)

+ = o(ky+ s+ 0
L plarstrn ettt
[k—k;z—[]
~ 1 Gnky+sO)y(ky +s0) 5, -
— - @k +st+10), (24
sgg) p2(ky + 0+ ) (katst+0), @4

which yields, after summing by parts,

A

Y Gnky+s0)p(ka+s6)¢ (ko + s0)

=

S G(n, k_z)w(k_z)

{1\ o— [}
troo

{k k /}
L

]

kz + sl + f)ApG(n k2 + Sﬁ)

G(n,ky +s0)Agp (ky + s€)
p(ky+st+20)

o(ky+st+0)

B Z G(n,k_2+s£)w(k_2+s€)
= p2(ka+st+0)
= G(n, k_z)w(k_z)

<5
- X

s=0

@*(ky + 50+ 0)

g(m,ky +s0)\/G(n,ky + st) o (ky + s+ £)

k—ky—t

i Agp (ky + 50)
& plka+st+0)

G(n,ky +st)w(ky+ st + )

(k_ersﬁ)
5 prkatst+0)
= G(n,ko)w(k2)

{k—k_z—f

G(n,k_g + 50) > (ko 4 5L+ £)

]p2(152+s£+£)

_ ko + st
YL Tyt (s(n 8 4-50)

- 2
_Aplatst) o gt se))
p(ky+sl+1¢)

[

B Z \/Gnk2+s£)W(k2+S£)w(I€2+s£+€)
=0 plky+sl+0)
ky+st41 -
M}+S+{ @M%ﬁﬂ@
21/G(n,ky + s0)y(ky + st)
- Agp(k_z—i—sf) - 2
G(n,ky +s0) — —————-G(n,kp + s¢
(ko tst) =+ sty Ok T
Then,
-5
Z (G(n,ky + s)p (ko + s0) ¢ (ko + )
5s=0
.
p(ky+sl+1) _
Syrst) (SR
Agp(k_ersﬁ) - >2
p (K + s+ 0) (n:k2 +56)
< G(n,ka)w(ky) < G(n,0)w(ks)
Hence
k—kp—t
. 1 ] _ ]
llznjng(n,O) ‘Z(’) [G(n,kz—l—sf)p(kz—i—sf)
5 -
- p(ky+sl+1) -
k l) - ———= k !l
0k 50) = B (gl ot )
Agp(k_zﬁLSf) - )2
p (ly + st +0) (k2 tst) ) | <

which is a contradiction to the expression (21). Hence the
proof.

Remark.Several oscillation criteria for the equation (2)
can be obtained by the choice of G(n,k). The identity
G(n,n) =0 forn > 0 and G(n,k) > 0 and ApG(n,k) <0
for n > k > 0 follows by the choice of
G(n,k) = (n — k)él) (log Ziﬁ) , where A > 1 and
n>k>0.

Corollary 2.Assume the conditions given in Theorem 2
and (21) is replaced by

aee

limsupﬁ {(m—k_z—sf)él)p(k_z +50) (ky + s€)
m—yeo (m)g s=0
_7;)2(1(_2—_1—%—1—@ (),E(m—k_z—sf)(%il)
4y (ky + st) ¢
Awp(ky + s0) - o\
B LA —ky+ st =00 25
ol +str Y (mhtst (22
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B 1 1
where g(k()) :( q(kz)(l — plk — ol)) and  Here aj(k) = o ak) = 1, pk) = 3
p(k)R,(k— 0o . 2 2
y(k) = ~—, then every solution of (2) 162k +4kl+07) B g
” (M(k— ol +0))!-B q(k) = T O(,T20) T=4,0=2and =3 By
oscittates. taking p (k) = K2 for k = 1,2,3,--- and M = 10. Then,
Corollary 3.Assume the hypothesis given in Theorem 2, i
(21) is replaced by R, (k) ;n,
k-t — k—n—20)(k—n)2k—n—"¢
{k k[z [] Ra(k) = ( )( 662)( )
limsup; Z |
e (log(m+0)* 5 000 = 16(2K% +4k0+0%) (23
M A Sk(k+0)(k+20) \3) ~’
log | =——— p(ka+s0)¢(ka + st) 2
o +sl+ 1 IIl(k):k(k—nf26)(167n—%)(ZkJrnfSK)v

_ pP(ka+sl+0) 1
dy(ky+st) \ky+sl+¢

m—+4{ (3-1)
(e (5 757))

B 2
 Ap(+st) \/<10< mtt ))l -
p(ka+st+0) S\ tst+e B

(26)
where  ¢(k) = qk)(1 — p(k — ol))P and
_ Bp(k)Ru(k— o) .
y(k) = Mk—ol+ D) B then every solution of (2)
oscillates.
4 Examples

Example 1.Consider the third-order generalized sublinear
neutral delay difference equation

A <%A€ <%Ag (x(k) + %x(kf 26))))

43 1 2 2 23
3(4k3 + 10k20 + Tht? + 24 )x§(k_2g):o, k> 20

K2(k+0)2(k+20)
(27)
1 1
Here aj(k) = a(k) = T pk) = 3
453 + 10k20 + Tke* 4203 1
q(k):3(+0+ +)’ﬁ:_and
K2(k+0)2(k+2¢) 3

T =0 = 2. By taking p (k) = k%> (k+ £)?(k+2¢0), it is easy
to see that condition (5) is satisfied. Hence by Theorem 1,
the equation (27) is oscillatory.

Example 2.Consider the third-order generalized sublinear
neutral delay difference equation

A} (%Ag (x(k) + %x(k - 46)))

16(2k%*+ 4 2
6K +4kE+0) 1o o
3k(k+ 0)(k+ 20)

=

k>4¢

X (28)

300£2(k — £)3
which implies

k—kg—t
]

limsup Z

k—>o0 s=0

} 16(ko + 5¢) (2(ko + 5€)> + 4 (Ko + s0) L+ £?) (g) 5
3(ko + 0+ €) (ko + s +20) 3

7564 (2 (ko + ) +0)* (ko + 56— 0) 5 B
(ko +50)2 (ko + (s —2)0 — k) (ko + (s — 3) —n) (2ko + (25 — 5){ +n) |

It follows from Corollary 1 that every solution of equation

. . Sk1. .
(28) is oscillatory. In fact {x(k)} = {(— 1)[7]} is one such
oscillatory solution of equation (28).

Example 3. Here, we discuss the following equation

1 1
A} (x(k)-l—gx(k—ﬁ)) +?6x%(k—2€):0. (29)
1
Hereal(k):az(k)—l,p(k):§,q(k):'—36,rzl,6—2
and B = 1. By taking A =2, p(k) = 1 for k = 1,2,3,
and M > /. Then,
k—n
Rn = ’
(k) ==
Rolk) = (k—n)(k—n—10)

_ (k=n—20)(k—n—3¢)
v = MEKk—0)5

which implies

s 1

. 1 i _ @) 16 (2) 3

limsup —— m—ky—sl),”— | = = oo,
k—so0 (m)&z) 0 [( ’ ) 3\3

)

§=

It follows from Corollary 2 that all the solution of (29)

is oscillatory. One such oscillatory solution is {x(k)} =
3k

{(-nlely.
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