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Abstract: In the paper, I introduce the definition of the (m, h;,hy)-HA-convex functions, present some properties of these new class
of functions and establish some inequalities of type Hermite—Hadamard for these functions and an application these inequalities for

special means.
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1 Introduction

The convex functions are important and provide a basis
for constructing literature on mathematical inequalities. A
function f : I — R, where I is an interval in R is called
convex if

flex+(1=1)y) <tf(x)+ (1 =0)f(y),

where 7 € [0,1] and x,y € I.

A large number of inequalities have been developed for
convex functions and their generalizations see [1,2,3,4,5].
A classical inequality for convex functions is the Hermite—
Hadamard inequality, this is given as follows:

b 1 b
f<a; ) = b—a/a fldx <

where f: 1 — R is a convex function and a,b € I with
a<b.

fla)+f(b)
>

The authors in [6] gives the definition of (m,h;,h;)—
convex functions.

Definition 1. Assume f : I C Ry =[0,40) = R, hy,hy :
[0,1] = Ry, andm € (0,1]. Then f is said to be (m,hy,hy)—
convex if the inequality

flex+m(1=0)f(y)) < hi () f(x) +mho(1 =) f (y)
holds for all x,y € I and t € [0,1].

One of the recent generalizations of convexity was
introduced by I. Iscan in [7]. Iscan gave the following
definition of harmonically convex functions:

Definition 2. Ler I be an interval in R\ {0}. A function
f 1 — R is said to be harmonically convex on I if the
inequality

Xy
f(m) <tf)+ (1 =0)f(x), (1)

holds, for all x,y € I and t € [0, 1].

The following result of the Hermite-Hadamard type for
harmonically convex functions holds.

Theorem 1([7]). Let f : 1 C R\ {0} — R be a
harmonically convex function and a,b € I with a < b. If
f € Lla,b] then the following inequalities hold

2ab ab [P f(x) fla)+f(b)
f<a+b>§b—a , =Ty @

In [8], the authors gave the definition of harmonic s—
convexity in the second sense as follows.
Definition 3. A function f:1 C Ry = (0,+0) — R is
said to be harmonically s—convex in the second sense and
s€(0,1]if

Xy

f(m) <efy)+0-0)"f(x), 3)
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is valid for all x,y € I and t € [0,1].

In [9], they gave the following definition

Definition4. Letr h:[0,1] C J — Ry = [0,+o0) be a
function. A function f : 1 C Ry — R is said to be
harmonically h—convex function, if

xy
f(M) <h(0)f(y)+h(1—1)f(x), o

Sforallx,y e Iandt € [0,1].

Remark. 1Tt is obvious that for A(t) =t and h(r) = ¢* in
Definition 4, we have the definitions of harmonically
convex functions and harmonically s—convex functions of
second sense respectively.

In [10], they defined m—harmonic-arithmetically convex
functions.

Definition 5. Ler f: (0,b] CR. — Randm e (0,1] be a
constant. If

xy
f(m) tf(x) +m(1—1)f(y),

for all x,y € (0,b] and t € [0,1], then f is said to be an
m—harmonic-arithmetically convex (or m—HA—convex)
function.

Some authors introduced a new introduce a new
concept of the harmonic convex functions with respect to
an arbitrary non-negative function.

Definition 6([11]). Let h: [0,1] — R be a nonnegative
function. A function f: [a,b] C R\ {0} — R is said to be
relative harmonic m—convex function, where m € (0, 1], if

1 () S -0stm +h0s0).
forall x,y € [a,b] andt € (0,1).

The HermiteHadamard type inequalities for relative
harmonic m—convex functions were investigated in [11].
In the same paper the following two theorems were
proved:

Theorem 2. Let f :
harmonic m—convex function,
f € Lla,b), then

b— a/bf)gz) dx

< min{f(b) +mf(ma), f(a)+mf(mb)} /0 Uod. ©)

[a,b] € R\ (¥) — R be relative
where m € (0,1]. If

Theorem 3. Let f : [a,b] C R\ 0 — R be relative
harmonic m—convex function, where m € (0,1]. If
f € Lla,b), then

1 2ab ab [P f(x)+mf(xm)
h(1/2)f(a+b) Spo / 7 &
< 2L @)+ £(0) + 2l am) + 1 (bm)) 2 [ (am)

-2
1
h(t)dt. 7
< [ hioya ™

Theoremd4. Let f.,g: [a,b] C R\ 0 — R be relative
harmonic mj—convex function and relative harmonic
my—convex function respectively, where my,my € (0,1]. If
f € Lla,b), then

%Lb deg min {M; (a,b), M5 (a,b)}, ®)
where
M1 (@) = [y lamy ams) + F0)e(0)] [ 10 Pa
glamy ]/ h(t)h(1—1)d
Mo(ab) = I (b (o) + f(@)g(@)] [ o)

]/h h(l—t)d

+[m1 f(amy)g(b) +ma f(b)
+[ma f(a)g(bma) +my f(bmy)g

2 Main results

We now introduce the concept of (m,hy,h,)-HA~convex
functions.

Definition 7. Let h; : [0,1] — Ry = [0,+o0) and m € (0, 1]
such that h; 20, for i = 1,2. A function f : R, — Rq is
said (m,hy, hy)—HA-convex function, if

S A N R
f(ty+m(1t)x) =/ tl—i—m(] —t)l
x y

< (@) f(x) +mha(1=1)f(y), (9)
forallx,y €I andt € [0,1].

Remark. 1. If hy(t) = ho(t) = h(t), for all t € [0,1], then
f Ry — Ry is (hym)-HA—convex.

2. If f: Ry — Ry is an (h,m)-HA—convex, then f is a
relative harmonic m—convex function.

3. Let f: Ry — Ry be a harmonically (h,m)-convex
function and m € [0,1]. When h(t) = ¢ for ¢ € [0,1],
the function f is said to be m—harmonic-arithmetically
convex (or m—HA—convex).

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 2, 169-175 (2020) / www.naturalspublishing.com/Journals.asp

4. If f: Ry — Ry is harmonically (h,1)-convex
function, then it is harmonically z—convex.

Example 1. Let f: Ry — R be a function defined as:
1

flx) = —. for p > 1 fixed, and m € (0,1]. Let () = ¢
X

and hy(r) = P2 fort € (0,1] and 0 < py,pp < 1. Then f is
(m, hy,hy)-HA~convex function.

In effect, let x,y € R4, t € [0,1] and m € (0, 1], such
that

(i) = [

[t +m(1—1)y]?
B xl’yl’
txP 4+ (1 —1)(my)P
xl’yl’
tP1IxP 4+ (1 — t)[’zml’yl’
xPyP

1 1
Y Pl —1)P2—
t y”+m (1 t) o

= hi(6)f(y) +mho(1 —1) f(x).

Thus, f is (m,h;,hy)-HA—convex.

Now we present some properties of (m,hy,hy)-HA-
convex functions.

Theorem 5. Let h; : [0,1] — Ro, such that, h; % 0, for
i=1,2and f:1 CRy — Ry is a (m,hy,hy)-HA—convex
Sunction, if m=1, then hy (t) + ho(¢) > 1, Vt € [0,1].

Proof. Since f is a (m,h;,hy)-HA~convex, and m = 1,
then for all x € I and ¢ € [0, 1], we obtain

2
1= (ivi=an)

< hi(0)f () +h(1 =) f(x) = [ (1) + ha (1= 1) f ().
Thus, a1 (1) +ha(1 —1) > 1, for all € [0,1].

Theorem 6. Ler h; : [0,1] — Ry, fori=1,2,3,4, f:1C
Ry = Ry andm € (0,1]. If f is a (m,hy, hy)~HA—convex
Sfunctionon I, hy(t) < h3(t) and hy(t) < hy(t), fort € [0,1],
then f is a (m,h3,hy)—-HA—convex function on I.

Proof. Since f is a (m,hy,hy)-HA~convex function on 7,
then for x,y € I and ¢ € [0, 1], we get

xy
f(m) < (1) f(y) +mhy(1—1)f(x)
< h3(t) f(y) +mha(1 —1) f (x).

Hence, the proof of Theorem 6 is complete.

Corollary 1. Let h;: [0,1] > Rpand f; : 1 CR. — R and

€ (0,1]. If h(r) = max < j<n{hi(t)}, fort € [0,1] and f;
is a (hi,m)~HA—convex on I, fori=1,....n, then Y| f;
is a (h,m)—HA—convex on I.

Proof. This follows from Theorem 6 and induction on n.

Theorem 7. Let h; : [0,1] — Ry such that h; # 0 for
i=1,2 f:ICRy - Ry, g:JCRy —g(J)CIand

€ (0,1). If f is nondecreasing and (m,hy,hy)—convex
function with respect to function g on I and if g is a
m—HA—convex function on J, then fog is a
(m, hy, hy)—-HA-convex function on J;

Proof. Since g is a m—HA—convex function, for any x,y € J
and ¢ € [0,1] and m € (0, 1], we obtain,

xy
8 (m) < 1g(x)+m(1—1)g(y)

In addition, f is a nondecreasing function and is a
(m,hy,hy)—convex function, therefore

f(g(m)) < fltg(x) +m(1—1)g(y))
< by (1) f(g(x)) +mha(1—1)f(g(y))-
Thus, fogis (m,h;,hy)-HA—convex.

We establish some new Hermite—Hadamard type
inequalities for (m,h;,hy)-HA-convex functions, which
is the main motivation of this paper.

Theorem 8. Let h; : [0,1] — Ry, h; £ 0, for i = 1,2,
m € (0,1] and f : Ry — Ry be an (m,hy,hy)-HA—convex
function on Ry such that f € Li(la,b]) and
hi,hy € Li([0,1]), for 0 < a < b, then

2ab abhy(1/2) [P f(x)
(28 s
abmhy(1/2) (% f (mx)
+ b—a /a x2 dx

Proof. Since

2ab 1
at+b 1 I 1 I :
2 ab +§ ab
ta+(1—1)b th+(1—t)a

fort € [0, 1], from the (m,hy,hy) — HA convexity of f, we
obtain

£(25) <mams (rit=;) an

+mh2(1/2)f(ﬁ)l
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. ab ab .
If replacing and for0<r<1 Corollary 3. Let h(t) =%, ho(t) =12, forall t € [0,1],
by 1. th ta+(1—1)b th+(1—t)a s1,82 € (=1,1) and m € (0,1], and let f : R — Rg be
y %, then a (m,hy,hy)—HA—convex function, such that f € Ly (R.).
1 b b Then for 0 < a < b, we have
b Gt =5 (12)
0 ta+(1—1)b b— - , )
[ LD < in{ L0 ) ) i)}
| abm f b—a X s1+1 sp+1 Tsp+1 sy +1
_ 13
/o ! (tb+ (1-1) ) (13)

Substituting (12) and (13) in (11), we obtain (10). Thus
proof of Theorem 8 is complete.

Theorem 9. Letr h; : [0,1] = Ro, h; £0, for i = 1,2,
m € (0,1] and f : Ry — Ry to be a
(m,hy,hy) — HA—convex function on Ry such that
Ffe€Li([a,b)) and hy,hy € Li([0,1]), for 0 < a < b, then

ab [0 Fe)

b—a. x2

< min {f(a) /0 hy (1)t + mf (mb) /0' ho(1—1)dt,

b)/olh](t)dterf(ma)/O]hz(lft)dt}.

Proof. Let x,y € Ry and f an (m,h;,hy)-HA—convex
function, then

(14)

Xy
f<m> < () f(x) +mhay(1—1)f(my).  (15)

Substituting x = @ and y = b in (15), we obtain

f(ﬁ) < hy(1)f(a) +mhy(1 —1) f(mb).

Integrating on [0, 1] the above inequality, we get

P10 gf(a)/olhl(t)dt+mf(mb)/0'1h2(1 —1)dr.(16)

Now similarly substituting x = b and y = a in (15), we have

b“_ba' f( <f /h dt+mfma/h21—tdt(17)

Thus, from (16) and (17),

ab [P f(x)
bf/ 2

< min {f(a) /01 o (1)t +mf (mb) /Olhz(l ~ 1),

f b)/o'lhl(t)dwmf(ma)/o'lhz(l —t)dt}A

Corollary 2. Ifh(t) =hy(t) =
9, we have the inequality (6).

h(t), forallt € [0,1], from

Theorem 10. Let h; : [0,1] — Ry, h; Z0, for i = 1,2,
me (0,1] and f: Ry — Ry be a (m,hy,hy) — HA—convex

Sfunction on Ry such that f € Li([a,b]) and
hi,hy € Li([0,1]), for 0 < a < b, then
ab
f(a+—b) (18

T R
oo () B ] L0
By ]
o (2) o 2]
sl () (2] ).

Proof. From the (m,h;,h,)-HA convexity of f, we obtain

1(5%) =0 () (vir=p)
o (3)1 (3 00)

< (3) OO +min-0sea) a9

iy (%) (116 (ma) + miy (1 —0) £ (n8)]
On the other hand,
(a5) =1 () Gorir=na)

o () (6 7)

< ( ) Iy (1)F(a) +-mho(1— 1) fmb)]  (20)

+mhy (%) [hl(t)f(mb) Fmi(1 —z)f(mza)] .

Integrating on both sides of the above inequalities
(19) with respect to ¢ € [0,1] and making changes of

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 2, 169-175 (2020) / www.naturalspublishing.com/Journals.asp

appropriate variables lead to
/ (azibb)
() [ () 2.
(e Q] o
Qe Q] e

Similarly, integrating on both sides of the above
inequalities (20), we get

f(azibb)
() (2
< {hl (%)f( )+mh2( ) mb}/ (e
+{h1 (%)f(mb)+mh2( ) ma}/ ho (1)

Therefore, from (21) and (22), we obtain
(%)

() o ()%

2 Gy Oy

i (5 ) 10ma) e (5) o] [t

(Gl o

i (5) s e (3) )] [ iacoar.

Thus the demonstration is completed.

21

(22)

b /” f(n;«x)

+m

~

+m

Corollary 4. [f h(t) = ha(t) = h(z), with h £ 0, for all
t €10, 1], from 19, we get the inequality (7).

Proof. Let hy(t) = hy(t) = h(r) for all ¢+ € [0,1] and
applying the Theorem 10 and we get the desired result.

Corollary 5. Let hy (1) =1°1, ho(t) = 1*2, forall t € [0,1],
s1,82 € (=1,1] and m € (0,1], and let f : Ry — Ry be
a (m,hy,hy)-HA-convex function, such that f € L (Ry).
Then for 0 < a < b, we have

f(a)

. mf(mb)
s1+1

s+ 1

f(b)
’sl +1

mf(ma)
sp+1

b
ﬁdx < min
a X2

Theorem 11. Let h; : [0,1] = Rg, h; Z0, fori=1,2, m €
(0,1] and f,g : Ry — Ry be a (m,hy,hy) — HA—convex
Sfunction on Ry such that fg € Li([a,b]), for 0 < a < b,
then

2135
(B f 2
() <l>

o Q)] [ i

Proof. Using the (m,hy,hy)
R, we obtain

r(ats)e(25)
<o) (ariam) o () (0|
1)t

o) e (2)e ()|
= )] () ()

e P
()t
(A )

Integrating the above inequality on [0, 1] with respect to
t and making changes of appropriate variables, we obtain
the inequality (17). The Theorem 11 is thus proved.

— HA—convexity of f and g on

+mh1

= N = +

+ mh

Theorem 12. Let h; : [0,1] — Ry, h; Z0, for i = 1,2,

my,my € (0,1 and f,g : Ry — Ry. If f is a
(my,hi1,hy) — HA-comvex  function, g is a
(mp,hi,hy) — HA-convex  function  such that

fe €L (Ry), and h?,h3 € Li([0,1]) for 0 < a < b, then

ab (b f(x)g(x)
bT/ Q2 ¢

< F0)5(8) [ I P mymafma)gimsa) [ o) d

]/ h] hzlfl‘

(18)

+[mof(b)g(maa)+my f(mia)g
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ab

ta+(1—1)b
(m,hy,hy)-HA convexity of f and g, we have

b /”f(x)f(x)
7/ (ta+1—t)b>g<ta+(alb—t)b>dt

< /0 [a(6) £(B) + miha(1 — 1) fmya)]
x [h1(t)g(b) + maha(1 —1)g(maa)]dt

= 70)80) [ (0P
Smma f(ma)g(maa) [ a0

Proof.  Let x = for + € [0,1]. By the

+lma F0)glmaa) + i fma)g(8)) [ a1~

Thus the proof of Theorem 12 is complete.

Corollary 6. Under the conditions of Theorem 12, if
hi(t) = ha(t) = h(z) for all t € [0,1], then we obtain the
inequality (8).

3 Application for special means

Let us recall the following special means of two numbers
a,b € R (see [8]):

1. The geometric mean

G(a,b) := Vab.
2. The harmonic mean
2ab
H =
(a,) a+b

3. The p-logarithmic mean

1
pp+1 _ gp+l } »
b

Lieh) = | i
with p € R\ {0} and a < b.

The following theorem is a result in which we present
the relationship between the means defined above.

Theorem 13. Let 0 < a < b. Then we have the following
inequality

PG (aP BP)H P (a,b) < [2P2mf’*1 +2V1]Lg(a,b) (19)

with p> 1, m € (0,1] and py,p2 € (0,1).

Proof. By the example 1, we have f : Ry — R defined
1

by f(x) = —» for p > 1 the function is (m,hy,hy)-HA-
X

convex, where hy (1) =1, hy(r) = 2 with m € (0,1] and
p1,P2 € (0,1) and using the Theorem 8, we get

b—a
abmhz 1/2 / fmx

Solving each of expressions present in the above

inequalities,

@y

2ab 2ab \ *
= —gP
(28~ (22) "o
1 1 1 1
ab (P f(x)  ab b1
b_al. 2 dx = —bfa/a x—p+2dx (24)
ab
Y |yt _ (D)
—(b—a)(p+1) [b “ }

_ ab 1 1
- (b—a)(p+1) {a”“ _b”“}

ab bp+1 _ap+1
~ (b—a)(p+1) artiprt!
1 bp+1 ap+1

a’b? (p+1)(b—a)

1 pr+1 _ gptl % g
= G2(aP,bP) {(pﬂ)(bfa)}

abm [t f(mx) dy — ab [ 1 Iy
b—ala x* b—aJa mpxPt2

ab
_ —(p+1) _ —
—b—a)(p+ ] k @

(25)

(p+1)]

_ ab 1 1
~ (b=a)(p+1)mr! L”“ - b”“}
ab pr+1 _ gptl
(b—a)(p+1)mp=1 artipr+tl
1 pPFl — gp 1
a’bPmP=1 (p+1)(b—a)

prtl _gptl 17 P
{(P-H)(b—a)} }

(a,b).

~—

1
G2(aP,bP)ymp—!

1
mP~1G2(aP ,bP)

Il
,3[?‘3 e e,
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Substituting (22)—(25) in (20), we get
H ?(a,b)
1 1 1 1
- gqp _
= i Gz(ap,bP)L”(a’b) Tom mP~1G?(aP,bP)
22—l 4 op1 1

— p
= 2P+ P2p—1 Gz(ap’bp)L”(a’b)

Ly(a,b)

This implies,

2P PP G (a? bP)H P (a,b) < [2P2mP™! +2P1] LD (a,b)

Therefore we get the inequality (19).

4 Conclusion

The principal contribution of this paper has been the
introduction of a new class of functions of generalized
convexity, we present some examples and properties. We
have shown that these class contain some previously
known classes as special cases as well as
Hermite—Hadamard’s inequalities type for these functions
and applied these inequalities to special means. We
expect that the ideas and techniques used in this paper
may inspire interested readers to explore some new
applications of these newly introduced functions in
various fields of pure and applied sciences.
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