Progr. Fract. Differ. Appl. 7, No. 2, 117-125 (2021) %N S\ 117

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/070206

Reduced Order Hybrid Dislocated Synchronization of
Complex Fractional Order Chaotic Systems

Ayub Khan and Lone Seth Jahanzaib*

Department of Mathematics,Jamia Millia Islamia,New Delhi-110025, India

Received: 21 Dec. 2019, Revised: 12 Jan. 2020, Accepted: 9 Feb. 2020
Published online: 1 Apr. 2021

Abstract: In this manuscript, we have analyzed the complex Lorenz and complex Duffing systems of fractional order of different
dimension. Here, we have blended the ideas of reduced order synchronization with dislocated synchronization schemes. Using
stability theory of Lyapunov, sufficient conditions have been derived for accomplishing reduced order hybrid dislocated
synchronization. Numerical simulations have been performed in MATLAB to validate the efficacy of the method proposed. The results
showed the usefulness and suitability of the method to achieve the synchronization.
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1 Introduction

Chaos synchronization [1] is a process of having two or more chaotic systems( identical or non-identical ) that follow the
same path. The dynamics of one system is locked into the other and thereby causes their synchronization in the sense that
the state of one asymptotically approach to the other. Until 1990, synchronization between chaotic systems was
considered impractical because of the chaotic nature of the individual systems. However it was because of the pioneering
work of Pecora and Caroll [2], the synchronization between chaotic systems came into existence and an interesting area
of research emerged. Chaos is the inherent property of nonlinear systems and has various applications such as
viscoelasticity [3], dielectric polarization, electromagnetic waves [4], diffusion, signal processing, mathematical biology
and many other disciplines. The nonlinear systems which show such type of behaviour are known as chaotic systems.
Various methods are used to determine the chaotic behaviour of a system, some of them are by plotting phase portrait,
poincare section or by finding the lyapunov exponents. Various studies were conducted in the last two decades. Different
methods have also been designed for synchronization of chaotic systems such as adaptive feedback control, optimal
control, linear and nonlinear feedback synchronization [5], active control [6], sliding mode control [7], adaptive sliding
mode technique [8], time delay feedback approach [9], tracking control [10], backstepping design method, etc. Due to
the increased interest in chaos synchronization various kinds of synchronization schemes, such as lag synchronization
[11], complete synchronization [12], phase and anti-phase synchronization [13], anti-synchronization [14], hybrid
synchronization, projective synchronization [15], hybrid funchtion projective synchronization [16], generalised
synchronization [17] etc. have been proposed.

Many attempts have been made to synchronize similar systems with different techniques. Moreover the non-identical
systems have also been synchronized by many researchers. In this manuscript we have tried to synchronize the two
non-identical system of fractional order. We have also introduced dislocated synchronization due to which the number of
choices of switching increases and enhances the analysis of our study. In dislocated [18], the slave system states are
synchronized with the desired state of the master system. In the process of hybrid synchronization, coexistence of
complete and anti-synchronization occurs. This co-existence of synchronization is also referred to as mixed
synchronization. We believe that it is the first kind of study addressing the problem of fractional order dislocated hybrid
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synchronization of chaotic systems.

Researchers have done a lot of work on reduced order synchronization. The study of synchronization of chaotic
systems of different orders is very significant from the view of usable application in real life problems and practical
application [19]. Dislocated synchronization was proposed to increase the security of transmission via synchronization
based on active control mechanism. In dislocated synchronization, different states of the slave system are synchronized
with the desired state of the master system in a different manner. Due to the number of choices of switching,
unpredictability increases and enhances the security in secure communication. In the process of hybrid synchronization,
concurrence of complete and anti-synchronization occurs. This co-existence would be very fruitful in secure
communication. During our studies, we have synchronized the 3D complex Lorenz system and 2D complex Duffing
system. Based on the stability theory of Lyapunov, sufficient conditions are obtained to achieve the desired
synchronization among two non-identical chaotic systems. Numerical simulations have been performed using MATLAB
to validate the suitability of the proposed method. Results obtained showed the feasibility and effectiveness of the used
technique.

2 Preliminaries

2.1 Definition:

As various definitions have been available for fractional order derivative, we have considered Caputo’s definition:

1 X o(n)
DY g(x) = / g7 (0)dv

Fn—o)Joa (x—7)0n+l

where n is integer, o lis real number and (n — 1) < o < n and I'(.) are the Gamma function.

2.2 Problem formulation

Let us consider a complex fractional order chaotic master system as:

d1X (1)
=h(X,t 1
2 = h(X,1) M
and a complex fractional order chaotic slave system as:
diy (1)
=fY,t)+V 2

i =+ @

where X = [X},X}, ......,X}]T € C" and
Y =[Y|,Y,,....,Y, [TeC™

are the state vectors and

Xi = xp +iXq, Y{ = yr +1ys
where x,,,x,,y,,ys are real variables.
h:C"— C" ,and
f: C™ — C™ are non linear function.

V=(vi,v2,.ce. vm) € C™ is the controller to be programmed. When m < n(f # g), the synchronization is accomplished
in the reduced order. In particular, the problem of reduced order is synchronizing a response system with the projection
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Fig 1:1The chaotic attractors of complex fractional ordered Lorenz chaotic system

of master system. Consequently, we can split the master system into two parts. The projection part is

x = hy() (3)

where x), = (X1, X5, ...}, ) € C" and hyp : C" — C™. Remaining part of the system is

xl = h,(x) )

where x. € C!h, : C" — C' and orders m,] satisfy m+l=n.
Between the system (3) and (4), the error states can be defined as e;; = y; &= xpi, where i,j=1,2,.....,m.
Definition: The master system (1) and the slave system (2) are said to be in reduced order dislocated hybrid

synchronization, if there exists suitable controller V = (v{, v, ...... ,Vm) such that
lim[ﬁmeij = lim[ﬁoo [yj ixp,'] =0 (5)
Lj=1,2,....... ,m and i # j for at least one state variable.
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3 System description

3.1 Master system

The fractional order complex Lorenz system is given by

dix,

. / /

drd _al(x2_xl)

dix,
> r /

T = @X) — Xy — X\ X

4 1,5 -
g =2 (X% T3 (x)) —asxy

where X' = [x},x},x4]7 is the state variable vector,x| = x| +ix, and x = x3 + ix4 are the complex variables, while x; = x5

is the real variable and a1, a;,a3 are parameters.
Resolving into imaginary and real parts, we get
dqxl
drd
dqu
drd

qu3
drd

qu4
drd

qu5
drd

=ai(x3 —xp)

= da (X4 7)C2)

= azX] — X3 — X1X5

= ajXy — X4 — X2X5

= X1X3 + X2X4 — d3X5

(6)

For the values of parameters as a; = 10,a, = 180,a3 = 1, x(0) = [2,3,5,6,9]7 as initial condition and at ¢ = 0.95, the

system is chaotic .

3.2 Slave System:

The fractional order complex Duffing system is given by

dqy’l ,

T )
!

dly, _

=Y — oy, — Vi3 + 8cos(wt)
where y' = [y}, y5]T

Resolving into the imaginary and real parts, we get

is the state variable and a, 8, @ are parameters.

dly,
drd =3
dly;
a7 7
3
=y —ays —y? + 3y1y§ + dcos(wr)
dy, 3 2
Ry —ays+yi—3
T =2 oty =3
For the values of parameters as & = 1,8 = 8, ® = 0.5, initial conditions y(0) = [—1,0,—1,1]7 and for ¢ = 0.95, the system
is chaotic.
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Fig 2: IThe chaotic attractors of complex fractional ordered Duffing chaotic system

4 Reduced order hybrid dislocated synchronization

Here, we study the reduced order hybrid dislocated synchronization between the complex Lorenz system (master) and
Complex Duffing system (slave). To attain the intended synchronization, we take the projection of the master system
and synchronize it with the slave system. For doing so,there are various possibilities of combinations. Here, we do the
simulations for one arbitrarily selected hybrid combination.The outcome of other possibilities of other hybrid possibilities

are self explanatory.
The projection of the Lorenz system is

dqxl
ard = Cll(x3 —xl)
dqu
W =daq (.X4 —xz)
qu3
W =dajzX|y — X3 —X1X5
qu4
W =dapXy — X4 — X2X5

(®)
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Then, the corresponding slave system is given by

d?y;
P y3+vi
d4
=2 Ya+v2
drd
dys 9)
PR ays3 —yi +3y1y3 + Scos(wr) 4+ v3
diys
g Y2 s +35 = 3y1y2 + 4

where vi,v,,v3,v4 are the controllers to be constructed in such a way that system (8) and system (9) are
synchronized. As there are various possibilities of combination, we choose the states that are to be synchronised for any
random combination.
To examine the hybrid dislocated synchronization between these systems, we define the error states as:

Ey=y—x
Ey =y3+x
2=Yy3+x4 (10)
Ey =y —x3
Es=ys+x;
The error dynamics is obtained as:
diE; E 4 N
= —aix3—a a v
drd Y4 1X3 1£1 12 2
diE,
g T ay3 — yi 4 3y1y3 + Scos(ot) + apxs — xoxs +y3 — Ey +v3

11
—q 3y +y1+ —E3+ .
arXx X1X \%
» y3 2X1 T Y1 1X5 3 1
qu4

a2 +y§ - 3y%y2+a]x4 —ayx+0xy — Es+ vy

Theorem: If the control functions vy, v,,v3,v4 are designed as follows:

V] = —Yy3+daxX) —X1X5s — Y1+ Wi
V2 = —y4t+aix3s—ayyz+ws
_ 3 2 (12)
vy = —y1+ ay3+y] — 3y1y; — Ocos(t) — arxp + xox5 — y3 + w3
V4 = —Yy2 —y% + 3y%y2 —ajx4+ajxy — 0xp +wy
where wi,w», w3z, wy are functions of the error states £, E», E3, E4, then the drive system (8) and the slave system (9) will
accomplish the reduced order complete hybrid dislocated synchronization.

Proof: Using the controllers defined by (12), (11)can be given by

d1E,
P —a1E1+wy
dE
d—qz =—E+ws
’ (13)
dE
A T BT
dUE4 oE,+
=— w,
a7 4+ Wy

w1, Wy, w3, Wy are chosen in such a way that (13) becomes stable. Since this feedback stabilizes the system, the errors
E\,E,, E5, E4 will asymptotically converge to zero. Let us choose
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Fig 3: The synchronized trajectories of the master and slave systems
wi E,
E . .
xz =A E2 where A is a 4 X 4 constant matrix whose elements are selected such thatw;, w,, w3, ws; make(13) stable.
3 3
W4 E4
There are various possibilities of choosing A . We choose a particular form of given matrix A given
0 0 -10 wi —E3
(Cll—l) 0 0 O wal (Cll—l)El .
by 0 10 0l Thus, we| = _E, the error system(13) with these values of wi,wo, w3, wy
0 0 0 —1 Wy 7E4
becomes
dE
dE_
drd
dE
dtqz — 2E,
14
diE; oE 14
drd ’
diE,
—=—(a+1)E
v (o +1)E4
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t

Fig 4: The simultaneous error plot

To display that the systems (13) and (14) are stable under this choice of wj, w2, w3, w4, we design the Lyapunov
function V (¢), as follows:

1
V(t) = 5(/qu2 + koE32 + k3E3 4 k4E7) (15)

where ky , ky, kzandky are positive numbers. The function V(¢) is positive definite. The time derivative of V is given by

av . . . .
prie kiE\E1 4+ koEyEy + k3EsEs + kaEsEy

=k E; (—El) + —szz(—zEz) + k3E3(—2E3) +k4E4(—(OC + 1)E4)

= —k|E? —2kyE2 — 2k3E3 — (ot + 1)k4EF < 0

Here, we have positive definite and negative definite function V and V respectively.By stability theorem of Lyapunov,
(13) becomes stable. Similarly, zero solution of (14) is asymptotically stable. Thus systems (8) and (9) accomplish the
desired synchronization, respectively.

5 Numerical simulations and discussions

Simulations have been carried out making use of MATLAB. The parameters for Lorenz and Duffing system are taken
as (a; = 10,a; = 180,a3 = 1) and (@ = 1,6 = 8, ® = .5). The initial values for drive and response system are taken as
(x1 (0) = 2,)62(0) = 3,)(3(0) = 5,X4(0) = 6,X5(0) =9)and (y; (0) = *1,y2(0) = O,y3(0) = 71,y4(0) =1).

IFigures 1 and 2 display the chaotic attractors of complex fractional Lorenz and Duffing system, respectively.Fig. 3 shows
the synchronized trajectories of the master and slave systems, i.e. Fig. 3 (a) and Fig. 3 (c) display complete synchronization
and Fig. 3 (b) and Fig. 3 (d) display anti-synchronization. Fig. 4 displays the simultaneous error plot and the errors
converging to zero which imply the accomplishment of synchronization.

6 Conclusion

In this article, we have introduced the reduced order dislocated synchronization method. Here, the different state
variables of the driven system(response) were synchronized with the desired state variables of projection of the driving
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system(master). This type of synchronization scheme can be used to enhance the security of information transmission.
Due to the possibility of several synchronization combinations, it would be challenging to the hackers to interrupt or
track the combination in which synchronization would occur. The controllers have been designed successfully to
accomplish reduced order dislocated complex fractional order hybrid synchronization between the Lorenz(drive) and
Duffing system(slave). Numerical simulations have been performed to validate the scheme. This type of synchronization
scheme can be applied to other chaotic systems, as well.
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