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Abstract: In this work, we presented the numerical investigation on the dynamics of fractional Langevin equation which is driven by
a fractional Brownian motion and Caputo-Fabrizio fractional derivative operator were utilized. The order of fractional derivative was
considered to be v = 2 — 2H, where H € (1/2,1) is the Hurst’s index. In the context of numerical schemes, we present different
numerical approaches such as the discrete sequence of finite difference, to simplify the second-order ordinary derivative, while for
the fractional derivative term, we presented the discrete approximation using simple quadrature formula. Additionally, for overdamped
case (without inertial term), we used the Adams-Bashforth method corresponding to the Caputo-Fabrizio fractional derivative. The
convergence and stability analysis of the obtained numerical solution were established in this study.

Keywords: Fractional Langevin equation, fractional Brownian motion, Caputo-Fabrizio fractional derivative, simple quadrature
formula, Adams-Bashforth method, fluctuation-dissipation theorem.

1 Introduction, motivation and preliminaries

Application of fractional calculus has been widely studied over these past years [1-4]. However, dealing with more
complicated systems using fractional differential equations in modeling real-world phenomena cannot always be handled
using analytic method sometimes due to its complexity. To address these problems, many scientists and researchers relies
on the numerical approximation methods [5-9].

In this work, we will study the dynamics of the fractional Langevin equation in Caputo-Fabrizio fractional derivative
sense via a numerical method. The first stochastic differential equation was introduced by Paul Langevin, back in 1908,
to provide a mathematical interpretation of Robert Brown’s observation on the random motion of pollen grains and dust.
Langevin’s model can be written in mathematical form as

THO - B0 4 b)), 1)

where m is the particle’s mass, v is the friction coefficient, while F'(z) is the applied external force. The term ((t)
represents the random force due to thermal fluctuation on the particle’s interaction on the molecules of its environment.
We can actually write it as ((¢) = digt) , where B(t) is the known classical Brownian motion. Equation (1) has been
extensively applied on different systems these past years such as the dynamics of protein-protein encounter [10],
photoelectrons counting [11], stock market analysis [12], subdiffusion within proteins [13], single-file diffusion [14], etc.

However, in this study, we fixed our focus on the fractional Langevin equation of the form

d*x(t)
dt?

= (1 —v) cpDyz(t) + F(x) + " (1), (2)
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where ¢ pDj is Caputo-Fabrizio fractional derivative operator [15]. ¢ " (t) is the known fractional Gaussian noise and € is
kT~ (1/2—H)T'(1/2+H)
CH-1)T'(2—2H)

with H € (1/2,1), kp the Boltzmann’s constant, and T the temperature. In contrast to classical Langevin equation (1), the
fractional Langevin equation (2) can capture another feature due to the applied kernel by the fractional derivative, which
can not be obtained in classical Langevin equation. Numerical studies have been conducted to investigate the dynamics
of fractional Langevin equation [17, 18] where Caputo derivative was utilized. In contrast, this work has an extended
discussion on fractional Langevin equation of motion where underdamped and overdamped system were explored together
with the inclusion of linear force.

We organized this study as follows: In section 2, we presented the definition of Caputo-Fabrizio fractional derivative with
some known properties, together with the introduction of fractional Brownian motion (FBM). In section 3, we solved the
numerical solution of fractional Langevin equation using Caputo-Fabrizio derivative for the underdamped and overdamped
case with the presence of external force F'(x) = —kx(t), where k is the force stiffness. Lastly, section 4 concludes this
study.

the noise noise strength, which satisfies the fluctuation-dissipation theorem [16], such that e = \/

2 Preliminaries

In this section, we give some basic definition of the recently introduced fractional derivative together with its some basic
properties. In addition, we also review the basic definition of fractional Brownian motion and fractional Gaussian noise.

2.1 Caputo-Fabrizio fractional derivative

One of the most recently introduced fractional derivatives is the Caputo-Fabrizio fractional derivative [15] which
encompasses a wide encouraging property compare to the previous version. This new fractional derivative was believed
to be able to describe heterogeneities and structures at different scales, which can not be described by the classical
derivatives. Over these past recent years, the application of this interesting fractional derivative has been studied in
different areas [19-25]. In this study, we investigate the stability, and convergence of the Caputo-Fabrizio fractional
derivative on fractional Langevin equation, numerically. We present the definition of Caputo-Fabrizio fractional
derivative in the subsequent definitions.

Definition 1.Recall that the known Caputo fractional time derivative of order v is given by

DVa(t) = F(ll— ” /a (txl(i))uds 3)

withv € [0,1] and a € (—o0, 0).

Definition 2.Let f € H'(a,b),b > a,v € (0,1) then the Caputo-Fabrizio fractional derivative is defined as

CEDYF(1) / (s exp{

where C(v) is a normalization function such that C(0) = C(1) = 1. If the function that does not belong to H' (a, b), then
the Caputo-Fabrizio fractional derivative can be reformulated as

vC(v)

1—v

} ds, 4)

“pip0) =22 [ (500~ e { =2 L as. ®

a

However, Losada and Neito [26] rewrite the definition of Caputo-Fabrizio fractional derivative in the form

CF DY £(t) = / fi(s exp{

to solve the normalization function C'(v), they applied the fundamental theorem of calculus vi Laplace transformation to
yield

} ds (6)

C(V)=27V, 0<v<L
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Definition 3.7he Caputo-Fabrizio fractional derivative of order v of a function f is given by

I t—
171//& f’(s)exp{—uli}ds. (7)

Property 1.If the Caputo-Fabrizio fractional derivative is of order (v + n) such that n > 1, then we have

“IDrf(t) =

DI f() = IOy (1)

2.2 Brief review of fractional Brownian motion and fractional Gaussian noise

In the classical Brownian motion theory, it is an established fact that £(t) = digt), where £(t) is the Gaussian white

noise. The idea of fractional Brownian motion within Hilbert space was first studied by A. N. Kolmogorov [27]. However,
Mandelbort and Van Ness [28] developed the fractional Brownian motion in terms of a stochastic integral representation
given by

B0 =D Hl -y < [ 000 {6 =) 12 = (=)"1 2} dB(s) + /0 - S)H1/2d3(5)> : ®)

where I'(-) is the known Gamma function. In the work of A.W. Lo [29] they introduced an alternative representation of
the fractional Brownian motion which is the basis of their model as

1

B (1) = F(Tﬁ)/o (t — $)1-1/24B(s). ©)

This form of the fractional Brownian motion is truncated in the sense that the limit of integration from negative infinity
to zero in equation (8) is truncated.

Definition 4.A Gaussian process B (t),t > 0 with a continuous path is a standard fractional Brownian motion with
Hurst parameter H € (0, 1), if it satisfies:

~(BY(1))=0.
—(BH(t)BH (s))=14 (t2H + *1 — |t — s>/, Vs, t € RT.

Property 2. The fractional Brownian has the following properties:

1IfH =1/2, th/z becomes a Brownian motion.

2~VV0H =0, <WtH> =0, <(WtH)2> ="t >0,

3.It has a stationary increments, (WH — WH)2 = |t — 5|21,
4.1t has a self-similarity property (W4, ¢t >0) = (v W/,

5.W has a continuous trajectories.

From the given definitions and properties above, we deduce that fractional Brownian motion is a continuous Gaussian
process, self-similar, and has a stationary increments.
The fractional Gaussian noise is similar to the white noise such as

N dBH (1)

e ==

(10)

In addition, fractional Gaussian noise has zero mean and having a covariance of the form
(T () = |t — 572 (1D

From equation (11), we can see that the values H € (1/2,1) corresponds to long-term positive autocorrelation or a
series of high valued dependency. On the other hand, for the values H € (0,1/2) corresponds to a time series with
alternating or switching between high values and low values or negatively correlated. In addition, if H = 1/2 corresponds
to uncorrelated series because of the absolute values of the autocorrelation decay algebraically to zero.
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3 Numerical solution and algorithm

In this study, we use the recent numerical algorithm to solve for the fractional Langevin equation driven by fractional
Brownian motion in Caputo-Fabrizio fractional derivative sense, which is the main contribution of this work. Moreover,
two cases of fractional Langevin equation (underdamped and overdamped) were considered in this study with the presence
of a linear external force, F'(x) = —kx(t). Furthermore, the convergence and stability of the numerical solution were also
investigated to show the existence of the numerical solution.

3.1 Underdamped fractional Langevin equation driven by fractional Brownian motion

In equation (2), we have
d2‘r(t) v H
proa —v(1 —v) crDgz(t) — kx(t) + e (t) (12)
observe that if £ = 0, we have the free motion. Now, using finite difference formula for the second-order derivative on the
left side of equation (12) at 0 < ¢ < T with grid points [0, 7] such that t,, = nh,n = 1,2,3,..., TN, N is the grid size;
we have

m

Px(t) 2 (tn) —2/(0)

~ 1
72 3 ) (13)
where h is the time increment. Substituting (13) to (12), we have
k
7 (tn) — 2/(0) = —h(2H — 1) cp D2 2 Ha(t,) — —ha(ty) + — (B (t,) — B"(0)). (14)
m m m

The first term of the right-hand side of equation (14) has the Caputo-Fabrizio fractional derivative. To approximate this,
we can use the simple quadrature formula at point ¢,, given by

1 b 2—2H
D2—2H — / _ _ ]
which can also be modified by first order approximation
1 & (a0 -y 2 - 2H
2-2H .4\ _ }: J+1 J _ _
crDi " x(t;) 2H —1 = /(j—1>h < h + O(h)) exp < 5H 1 (t; r)) dr. (16)
Now, integrating (16), we have the expression
1 " (i —
2-2H (4 \ _ J+1 J )
crDj z(t;) = Y jil < 5 + O(h)) Dy, a7
where
2—-2H . 2—-2H .
Djexp<2H_1(nj+1))exp<2H_1(n]).> (18)
We can finally obtain the numerical approximation for the fractional derivative term of equation (12) as
_ 1 ~ Tiy1 — X5 1 "
DI () = > (2 )Dj+ 5—= > _D;0(h). 19

Now, to obtain the numerical solution of equation (2), we apply again the finite difference on the left-hand side of equation
(12) to get

Y 2 1 - Tj+1 — Ty 1 -
n =Uoh — —(2H — 1)h D4+ — D:O(h
Tn =voh = 20 ) 22H;( h ) ]+272H; sOh)

k
+ <1 _ Elﬁ) Tno1 + %h (BH(t,)) (20)

where v, = ’(0) is interpreted as the initial velocity. The following theorem presents the convergence of the numerical
result (20).
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Theorem 1.Let x(t) = x(t,) be a continuous function on L?[a,b] such that t,, = nh and let the order of fractional
derivative of Caputo-Fabrizio derivative be v =2 —2H, H € ( ) Then, we have the truncation term

O(h*) = h*nO(h). 1)
Proof.From equations (17) and (20), we have
_ 2
R(H,h) = 272Hh ZD O(h
2H — 1 5 2—2H , 2-2H ,
=35= 2Hh ; [exp (_2H 1(71—] + 1)) — exp (_QH 1(n —_j)):| O(h)

we can write

. 2—2H _ 2 —2H , 2-2H
2 [exp( 1(n]+1)> — exp <2H—1(TL])>:| = exp <2H_1lm> -1

=
and taking the first-order expansion of the exponential function, we have

2—-2H 2—-2H
exp (— hn) z1—2H71hn

Then the above expression can be written into
R(H,h) = h3nO(h)
— R(h) = O(h")
Hence, O(h*) = h3nO(h).

Theorem 3.1.1 shows that the numerical solution for the underdamped case of fractional Langevin equation in Caputo-
Fabrizio fractional derivative sense has strong convergence, in which the truncation term is a function of fourth order of
the time increment. To test the stability of the numerical solution given in equation (20), we present the next theorem.

Theorem 2.Suppose, x(t,,) = x(t) be a continuous function of discrete time t,, = nh on L?[a,b]. Then for everyn € N,

n
llzn = Canlls < Z zj1 — ;) Dj|| +A

oo
such that if || Dj||c — 0 asn — oo, then ||z, — Cxp_1||,, — 0asn — oo.

Proof.

n

gl 2 1 — (@j1 — 1
= Cap Do -1)h L %N+~ N" Dok
o = Canrllg = = 22 = D8 | 55 15 (25 ) Dy oo 5™ Do)

j=1 7j=1

+{[ooh + ShB (1)
m [e'e]
v(2H — 1) Z" 3
= Tme—om) || (301 =) Dy|| - +][W*nOM)]] , + |4l
Y(2H —1) , ||
“n—am” |2 B e D
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Note that the fractional Brownian motion B (t,,) is a long-range dependent and

- - 2-2H
Z Tip1 —x;) Djl| = Z (Xj41 — ;) [exp (_QH — 1hn) — 1]
j=1 j=1

So,
|z — Can_il], < K Z(ijrlij)Dj +A
i=1 .
- 2 —2H
<K lengl*xy) {exp< SH h)l} + A.
J= o0
Hence,

- 2 —2H
ZxJJrl—xj exp —2H71hn -1 —0

as n — o0. This completes the proof.

We have shown that the underdamped fractional Langevin equation in Caputo-Fabrizio fractional derivative sense have

stability in numerical schemes.

3.2 Overdamped fractional Langevin equation driven by fractional Brownian motion

Dropping the inertial term (m = 0) of equation (2), we have the overdamped fractional Langevin equation

k 1 € 1
D? 2 H )y = -2 t) 4+ — Hg
orD*Malt) =~ spralt) + - g ()
Let . 1 )
€ H
t.x(t)) = —— t — t
(1 2(1)) = == g alt) + = g )
Then,

Applying Laplace transform and solving for 2(¢), we have

z(t) —x(0) = (2H — 1) f(t,z(t)) + (2 — 2H)/0 f(s,z(s))ds

If we have grid size N, then we have the discrete grid points ¢,, = nh, n € N. Descritizing equation (25), we have

2(t) — 2(0) = (2H — 1) (b1, 2(tn1)) + (2 — 2H)/0 " f(s, 2(s))ds

and

2tn 1) — 2(0) = (2H — 1) f(tn_s, 2(tn_s)) + (2 — 2H)/0 " b, 2(s))ds.

Now, subtracting equation (27) to (26), yields

tn

w(tn) = (tn-1) = 2H = 1) [f(tn, 2(tn)) = f(tn—2, 2(tn—2))] + (2 — 2H) f(s,2(s))ds,

tn—l

(22)

(23)

(24)

(25)

(26)

27)

(28)
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where
/t n Fo, 2(s))ds = /t n [M(S —tns) — M(S _ tn—1)]
= SRSt wltn) — S (s, 2t ). (29)

Putting back equation (29) to (28) and simplifying further to have

olta) = altar) = {2 = 1)+ 2EZ g0, ot
+ {(2H —1)+ @%)h} Flbn2,5(tn2)). (30)

which is the two-step Adams-Bashforth method for Caputo-Fabrizio fractional derivative. Observe that for H = 1/2, the
classical Adams-Bashforth method is recovered. Hence, the numerical solution for the overdamped fractional Langevin
equation driven by fractional Brownian motion is given by

x(tn) = x(tn_1) + {(QH —1)+ fltn—1,2(tn—1))

+ {(2H - 1) + @%)h} f(tn727$(tn72))7 n > 25 (31)

32— 2H)h}

where

k 1 € 1 BH(fn_l)
tn—1,2(ln— == bn— - ;
Fltn-rs2(tn-1)) = =25 oltna) + S5 =,
k 1 € 1 BH(tn_g)
f(tn—an(tn—Q)) = - ;2H 1 h

(32)

(33)

To verify the convergence of the numerical solution (31), we present the following theorem

Theorem 3.If x(t) = x(t,) is the solution of fractional Langevin equation under the Caputo-Fabrizio fractional
derivative with fractional order v = 2 — 2H, such that x(t) is continuous at 0 < t < T. Then,

f(tn717 x(tnfl))v

@(tn) = x(tn-1) + {(21{ —+ w}

(2 —2H)h

+{(2H—1)+ 5

} F (b2, 2(tn_2)) + OF (1) (34)
where ||O2 (h)||0 < X.
Proof.Using equation (25)-(28), we have

T(tn) = a(tn-1) = 2H = 1) [f(tn—1, 2(tn-1)) = f(tn—2, 2(tn—2))] + (2 — 2H) / f(s,a(

=(Q2H = 1) [f(tn—1,2(tn—1)) = f(tn—2,2(tn—2))] + (2 — 2H),
x/tn {f(tn 1,$(ﬁn 1))( —t, 2) f(tn—Qaw(tn—2)) (Stnl)}dS,

tn n ln 1 s — 1.
2o [T (S50 sttt 65)

nlj 2_]2
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then we have

f(tn—lv x(tn—l))a

2(tn) = 2(tn-1) + {(2H T w}

2—2H)h
+ {<2H L L)}
t n ln 1 st
(2 —2H) / (—1)7 ( - J) f(ts,z(t;))ds. (36)
tn—1 j=2 j= 2
Off(h)
Or, we can write the truncation term
t n ln 1 st
OH(h) = (2 - 2H) / (—1) (TJ) f(tj,2(t;))ds. (37)

n1J2J2

Hence,
t, n—1n—1 sy
0% Ml = -2 | [ [T (52 stesateyyas
tn—1 j=2 j= 2 o
tn n—1n—1 )
<o) | 1y (35 2ttt
tn-1||j=2 j= 2 I
n—1ln—1 L
22 [ S| (352 07ttt
tn— 1 j=2j5=2
tn n ln 1 s — 1
(2—2H) / ( - J) sup {max |f(¢;,z(t;))|} ds
tn1 j—9 j—2
Ih™
<@-2m) " x. (38)
Therefore,

1OJ (h)]|oe < (2 — 2H)n!h"X

Theorem 3.2.1 shows that the overdamped case of fractional Langevin equation has lesser convergence compare to the
underdamped case of fractional Langevin equation. This result indicates that the underdamped and overdamped cases have
different nature in the framework of Caputo-Fabrizio fractional derivative. One logical reason is that this speculation is
valid due to the non-locality of the Caputo-Fabrizio fractional derivative [15]. However, Theorem 3.2.1 is the mathematical
proof of the difference between the two cases.

Proposition 1.The underdamped case and overdamped case of fractional Langevin equation have different stability due
to their convergency along the given space with grid points t,, = nh, n € N, in Caputo-Fabrizio fractional derivative
sense.

Theorem 4.If x(t) = x(t,) is the solution of fractional Langevin equation under the Caputo-Fabrizio fractional
derivative with fractional order v = 2 — 2H, for everyn € N

n!h™

4

|2(tn) = 2(tn—1)lloo < (2H = V|| f(tn, 2(tn)) = f(tn—2, 2(tn—2))lloc + (2 — 2H)

such that if || f (tn, 2(tn)) — f(tn—2, 2(tn—2))||cc = 0 asn — oo, then ||x(t,) — (tn—1)|lcc = 0 asn — oc.
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Proof.
|2(tn) = 2(tn-1)lloo = ||(2H = 1) [f (tn, 2(tn)) — f(tn—2,2(tn—2))] + (2 — 2H) tt F(s,2(s))ds
< (2H = V|| f(tns2(tn)) — f(tn-2,2(tn-2)) |0 + (2 — 2H) (5. 2(s))ds
< (2H = D) f(ts 2(t0)) = Fltn-z, 2(ta1))l|c + (2 — 2H) / ds ZU e

nlh™
4

< (2H = DI[f (tn, 2(tn)) = f(tn—2, 2(tn-1))l|c0 + (2 — 2H) (39

This completes the proof.

It has been shown that the overdamped case of fractional Langevin equation has also an stability for long range values.

4 Conclusion

In this work, we present the numerical solution and algorithm of the dynamics of the fractional Langevin equation in
Caputo-Fabrizio fractional derivative sense. The Convergence and stability analysis of the two cases were studied and
established in this work, where it shows that the underdamped and overdamped cases of fractional Langevin equation
have different nature in terms of mathematical formulation and description. More importantly, the numerical solution
exists for both cases. In addition, the proposed numerical algorithm displays an important characteristic of the fractional
Langevin equation, which is different from the known method found in literature.
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