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Abstract: In this article, an explicit form of the stress-strength reliability Z = P(X < Y) is introduced when X and Y are independent
random variables belonging to Marshall-Olkin extended Weibull family. Also a characterization of the parent distributions associated
with Z is presented. Based on Type-II progressive censoring with fixed and random number of removals, maximum likelihood and
Bayesian estimators of the parameter % are obtained. Two distributions for the random number of removals are considered, namely
discrete uniform and binomial distributions. Using informative and non-informative priors, the Bayesian estimation is discussed under
two different loss functions: the squared error loss function (SELF) and linear exponential loss functions (LINEX). A numerical
illustration is performed to highlight the theoretical results that are obtained. Also a real data example is provided.
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1 Introduction

Marshall and Olkin [1] introduced a general method for adding a new parameter & to any family of distributions. Starting
with parent survival function (SF), F (x), they constructed a new survival function, G (x, @), as

= o F(x)
o) a >0, ()

| ™=

where o = | — «. In the last decade, several authors used Marshall and Olkin extension for adding a new parameter to the
classical distributions to obtain more flexible distributions. Jose [2] displayed the related work of Marshall-Olkin family
and its applications in different fields as reliability theory, time series, and stress-strength analysis. Also, Ahmad et al. [3]
introduced a brief survey on Marshall-Olkin extended distribution and some other families.

Gurvich et al. [4] introduced a class of extended Weibull distribution with SF
F(x,0,m)=e VN xeDCR,0>0, 2)

where 1 could be a vector parameter and y(x, 1) is non-negative, monotonically increasing function of x, not depending
on 6 and differentiable with respect to x and 7. It is noticeable that ¥ (x,1) — 0 as x — a™ and that Wy (x,n) — o as
x — b~ when (a,b) is the support of x.

Santos et al. [5] considered the class of extended Weibull given in (2) as a parent distribution of Marshall-Olkin extended
distribution and they called it Marshall-Olkin extended Weibull (MOEW) family of distributions.
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Let X be a random variable with a probability distribution belonging to MOEW family with parameters &, 6 and 17, i.e. X
having MOEW (a, 6,1), then the SE, Gy (x, ¢, 0,7), and the probability density function (PDF), g, (x,a,0,1), of X are
given respectively by

_ o e Ovixn)

Gx(x,a,e,n):w, o >0, 3)
and

oo (ea.0.1) = o 6y (x,n)e OWeen) “>0 @

[1 _aefﬂw(x-,n)]z

where y!) (x,n) is the first partial derivative of y (x,n) with respect to x.
Notice that for o« = 1, the SF of X is reduced to the parent SF. Clearly, the SF and the PDF in (3) and (4) can be
presented as linear combinations of the parent distribution in (2) according to the value of «. First: If o <1, then we have

’Ee’e"’()‘vn) ’ < 1, and using the binomial expansion for the denominator, we get

G (x,0,0,m) =y (@) e OkTDVE), (5)
k=0
and .
ge(r,a,0,m) =0 0y (x,n) Y (k+ 1)ae 0krDvien), (6)
k=0

Second: If @ > 1, we can rewrite the denominator of (3) as « [1 — (1 — é) (1 fe’e"’(xvn))] . In this case, we have

’ (1- é) (1 - e’a“’(x’n)) ‘ < 1. Applying the binomial expansion, we get

G, (x,0,0,m) = e V&M i -1 j(l —e’e"’(x’”))j @)
) ) ) j:() a )
Similarly, we get the PDF as
Oy (x,n)e 0Vln) & 1\ P j
. 6.n) = ’ i1 (1——= 1 — e Ovlem )™
g (x,.60.m) p Lun(i-g (1—eoviem) ®)

Many distributions in the literature could be considered as special cases of MOEW (a, 6,7) by choosing the appropriate
form of y (x,7n). For example, Marshall-Olkin extended exponential (¥ (x,n) = x), Marshall-Olkin extended Rayleigh

(v (x,n) = %), Marshall-Olkin extended Pareto (y (x,n) = In3 ), and many other distributions. For more details, see
[2].

Stress-strength models have attracted the attention of a large number of researchers due to its importance in many aspects
of life. If ¥ is the strength of a system and X is the stress imposed on this system, then #Z = P (X < Y) is the system stress-
strength reliability. However, X and Y may represent other variables of interest, such as the life time of two equipments
or the effect of two medical treatments. A valuable review of stress-strength models and their applications is presented in
[6]. In subsequent years, many researchers studied % when X and Y have specified distributions, for example [7,8,9, 10,
11] and others. Mokhlis et al. [12,13] discussed the reliability % when X and Y are independent random variables having
SF given in (2). Gupta et al. [9] proposed a general form for % when X and Y are independent random variables having
Marshall-Olkin extended given in (1) with equal parent SFs, and different o’s.

In the present paper, we consider the estimation of the stress-strength reliability parameter Z = P (X < Y) when the stress
X and the strength Y are independent random variables having MOEW (a, 6;,1) and MOEW(¢, 0,,1), respectively.
In many situations, it is difficult to observe the failures of all units under the study. This could be due to the lack of
time, money or other considerations. Thus, censored schemes are often used. A Type-II progressive censored scheme
is one of the most popular censoring schemes. Thus, in this article, we consider the estimation of & based on Type-II
progressive censored samples. Type-II progressive censored data is defined, as follows: Suppose that N units are under
experimentation and only n < N prefixed number of units is observed until failure. When the first failure x;.,.5 occurs,
Rjunits are randomly eliminated from the (N — 1) remaining units. Similarly, when the second failure x;.,.,y occurs, R,
units are eliminated from the remaining (N — R; — 2) units. When the n"failure x,,.,.y occurs, the experiment terminates.
For more details, see [14]. In some practical situations, the assumption of eliminating a fixed number of units at each
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failure is impossible. Thus, we also consider both situations when the removals Ry, R»,...,R, are fixed or random. Two
cases of random removals are considered, namely; discrete uniform and binomial random removals. For more details on
random removals, see [15,16].

The remaining part of the paper is organized as follows:

In Section 2, the stress-strength reliability # = P (X < Y ), when X and Y are independent random variables following
MOEW(c, 6;,1) and MOEW (¢, 0,, 1) respectively, is obtained in an explicit form showing that % does not depend
on 1. Also, a characterization of the parent distributions, associated with &, is presented in this section. The estimation
of % based on Type-II progressively censored samples, for fixed as well as random removals with discrete uniform and
binomial distributions, is discussed in Sections 3 and 4. In Section 3, the maximum likelihood estimator (MLE) of % is
obtained. In Section 4, Bayes estimators of % using Lindley’s approximation for informative and non-informative priors
under two different loss functions (SELF and LINEX) are presented. A simulation study illustrating the theoretical results
is performed in Section 5. A real data example is discussed in Section 6. Conclusion is presented in Section 7.

2 Stress-Strength Reliability

In this section, we obtain the stress-strength reliability, %, when the stress X and the strength Y are independent random
variables following MOEW (a, 6;,1) and MOEW (a, 8,,1), respectively. Theorem 1 presents a characterization of the
parent distributions of X and ¥ associated with the stress-strength reliability Z.

Theorem 1 Let X and Y be two independent, non-negative, continuous random variables following Marshall-Olkin
extended distribution given in (1) with parent SFs F1 (.) and F»(.) respectively. Then, the stress-strength reliability Z is

0, 062 0,
% = a; ’ 9
9|+92(p( 06, + 6, ©)
where ¢ (@, ®) = [ [1 —@u®) > [1 — 0u'~®] du is a function of & and ®.
if and only if, the parent SFs are

Fi(x) =e v, (10)
and _
Fa(y) = e B W(WI), (11)

Where, ¥ (z, 1) is a non-decreasing differential function in z such that y(z,1) —0asz— Oand W (z, 1) —>oc0asz— co.
Proof Suppose that X and Yare random variables having MOEW (¢, 6;,1) and MOEW (., 8,,1) with parent SFs given
by (10) and (11), respectively. Then, the stress strength reliability is given by

%:/0 gX(Zaa7615n)6Y(Z7a5927n)dz- (12)

Using (3) and (4), we get

oo 2y —[61+6:]y(z.m)
%:/ [ Ora°y' (z,m)e dz. (13)
0

1 —Ee*GIV’(Zv’T)] 2 [1 - ﬁe*f’zvl(zm)]

Setting u = e~ [01702l¥(=N) iy (13), and after simplification, we get (9).

Conversely, suppose that X and Y are independent random variables following Marshall Olkin extended distribution in (1),
and that (9) holds. When « = 1, the distributions of X and Y are reduced to the parent distributions and ¢ (1 , ﬁ) =1.
Hence, # = 61(1192. Then, according to Theorem 1 in Mokhlis et al. [12], if Z = 61(1192 then, X and Y must have the
independent distributions given by (10) and (11). Hence, the proof is complete.

Notice that:

1.Using (5) and (6) in (12) for & < 1 and (7) and (8) in (12) for & > 1, the stress strength reliability & can be written as

o oo 02O T (k1)
Lo X0 ertjo 760y a<l,
2]
% = eTlez,() a=1, (14)
=T (D (-8 k)8
oo =) k J r t o
=0 k=0 2r—0 Xi—0 (D)0 Ta(+1)8 o> 1.

2.The formula of the stress strength function % obtained in (9) and (14) does not involve 7. This means that if o, 8; and
6, are known, the exact value of Z could be determined without knowing 1. However, if the parameters are unknown,
the estimated value of % must depend on the value of 17 or the estimated value of 7).
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3 Maximum Likelihood Estimation of %

In this section, the MLE of % is obtained based on Type-II progressively censored data. Fixed as well as random removals
with discrete uniform and binomial distributions are discussed. The MLE of % is

-~ §a? 6
c@:,\la,\ (0] a,% s (15)
0 +6

where 51, §2, and o are the maximum likelihood estimators of 6y, 6,, and o respectively, based on Type II progressive
censoring schemes. Although the expression of % obtained in (15) does not involve 7, we will obtain the MLE 7] of 1
since the estimator of the parameters 6y, 65, and & in some cases may depend on v (., 7).

Suppose that (X1 :n » XNy - - s Xpew) @nd (Yiwens sYaumens s oo, Yemenr) are Type-I1 progressive censored samples from
MOEW (a, 6;,1) and MOEW(a, 6,,1) with censoring schemes(Ry, Ry, ..., R,) and (Ry,R,...,R,,), respectively.
Three cases for (Ry, Ra, ..., R,) and (Ry,R;,...,R,,) are considered, as follows:
Casel: Fixed removals
Assume that the censoring schemes (R, R, ..., R,) and (Ry,R»,...,R,,) are predetermined fixed numbers. Then the
likelihood function can be written as
n m N
L] :C]CZng(xi,(X,Q],T[)Gx Xi, O, 9], H y],(x 92, )Gy(yj,oc,ez,n)Rf, (16)

i=1 J=1

where .
= IN(N=X5, (Ri—1)) and c; = [/ M(M — X5 (R; — 1)).
Using (3) and (4) in (16) we get

m

L 9"9'” n+m+y; 1R+):] 1 ]

—01 XL, Ri+Dw(xn)-6: X0, (Rj+1)y(y;.m)

v Gym)e

Rj+2 ° a7
Iy [1 —Ge—brvtam |2 e [1 —ae*f’zv’(ym)} ’
Then, the likelihood equations are given by
n L (Ri+2)  (xi,n) @e Orvlen)
91 ,:ZI( i )W(xl 77) ,:ZI [] _ ae,gl ll/(x,',n)] ( )
no o (Ry+2) y (v m) @ YO0
6, j;( D)W ,; D
n+m+):l’-’:1Ri+):']’?:1R i (2+R;) e~ O1w(xim) f‘, +2) —62v(yjm) 0 20)
a = [1-0e 91‘1“‘“’7 = [ aefezw(yj.,n)} ’
sy (xmi) Sv (i) 7,0y v,
noo_om ' —yn g (R4 1)Wb) yon (Ri+2)6; oy . Oy (i)
=yOg ) ==l H(Ri1) 5 i=l e ] "
sy (y;m . Sv(vim) — —oyu(y;. (2D
Zm 9(171{ k) _Zm 0 (R+ 1) 514/()’,--,11/() oy (Rj+2)92%ae 2‘V(>j,ﬂk) _0o
Rl O o o {lfﬁe"’ﬂ’(fjﬂk)] |

where, k=1, ..,T and 7 = (01,M2,...,M1). The MLEs 8;,6, , & and 7] can be obtained by solving equations (18—
21) numerically.

Case 2: Removals with discrete uniform distribution
Inthis case, R;,i=1,...,nand R; , j= 1 ,m are assumed to be independent random variables following discrete uniform

distributions. Thus, P(Rl =r)= and

N— n+1’
1

P(R,'ZV,'|R,’,1:rl;l....Rlzrl):N_n_ 1 lrk-|-]
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where, 0<r;| <N —n, 0<r;<N—n— ):k ]rk =2,....,n—1 and R,=N—n— ):k lrk

1

M—m+1° and

Similarly, P(R; = i) =

1

P(Rj:;'j‘RJLI:;'jfl----Rl:;'l):M ” Zj71f+17
T T L=

where, 0<7 <M —m, 0<r;<M—m—Y._| 7, .j=2,...,m—1 and Ry=M—m—Y_| 7,
Hence, the likelihood function is given by

Lz = L1 XP(RI =r, Rz =r, ..., R” = r,,) XP(R/I = r’], R/z = r’z, ceny R/m = r,’n)

—1 _ 1
_ , 22
(N n+litN—n-Yi- ]rk—i—]) <M m+ 1 H m—Y/_lh+1 22)

where L is given in (17). Clearly, the joint PDFs of R;’s, i=1,....,n—1 and Rj’s, j=1,...,m—1, are free of parameters.

=

Then, the MLEs @1,/9\2, o and 1 can be obtained by solving simultaneously the system of equations (18- 21). The
difference here is that r; and 7; are observations of the random removals R;, i=1,...,nand R}, j=1,...,m, respectively.

Case3: Removals with binomial distribution
Here, we assume that R;,i=1,..,n and R; i, j=1,..,m are independent random variables following binomial distributions.

Thl.lS, P(Rl = "1) = (er I’l) Pl (] —P])Ninirl R and

_ i—1 i1
P(Ri:ri|Ri—1:Vi—h---,Rl:Vl): (N n- - k= lrk)Plri(]—Pl)NnZklrk,
i

where, 0<r; <N —n, 0<r;<N—n— ):k ]rk,172 ,n—1 and R,=N—n— ):k ]rk

Similarly, P(R; = ) = (M N m> P(1— PQ)M "1 and

N N BEPURE oF hd BEN R i1,
Rj*l = rj:la' .. 7Rl = fl) = <M " szx:l rs>P2rj(1 7P2)M7n172§:1 rsv

where, 0<7 <M —m, 0<r;<M—m—Y._| #;, j=2,...,m~1 and Ry=M-m—Y._| .
Thus, the likelihood function is given by
L3 :Ll XP(R] =Ty -vny R,,ZV,,)P(R/I :r’],, ey R’m:r,’n)

! —1)(N=n)=Y" (n—i)r;
=1 x (nn ] (1\11\7 nn = : )Pl):zzl r(l*P])(” D(N=n)=Y:= (n—i) ;>

M — '.”:] P _ oy _ym—1 T
» — - m — Pzzj,l rj(] —Pz)(m 1)(M—m) Zj:l (m ])rj
H] ! (M m— Z - r])

; (23)

where L is given in (17).

Notice that the joint PDFs of R;’s, i=1,....,n—1 and Rj’s, j=1,...,m—1 depend only on Pjand P, respectively, then the
MLEs of parameters 0}, 6>, o and 1 can also be obtained by simultaneously solving the same system of equations, (18-
21). The MLEs of parameters P and P, are obtained by maximizing L3, so

m—1 s,

. Z:l ]l ri A Z =1 r]
TN i) , and pzi(mfl)(Mfm) S ==

=
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4 Bayesian Estimation

In this section we discuss the Bayesian estimation of % based on Type-II progressive censoring with fixed and random
removals, under the SELF and LINEX loss functions, using informative and non-informative priors.

Informative priors:

We assume that the prior PDFs of 61, 6,, n and « for the three cases (Case 1, Case 2 and Case 3) are given respectively
by

1
T (0;) = —e 4%, 6;>0, j=1,2, (24)
aj

1
m(m)=—e®", 1n>0, (25)

as

and !
my(o) =—e ™% a>0. (26)

as

Case 1: The joint posterior PDF of 0, 6,, & and 7 is given by
Llef(a161+a292+a3n+a4 o)

l[Llef(a161+a262+a3n+a4 o) 61(917927 avn)’

7 (61,6, a,m) = 27

where, L, is given in (17). Case 2: The joint posterior PDF of 6;,6,, « and 1 is given by
Lzef(al 6, +a292+a311+a4 Ot)

T (601,62, a,n) = T Iye @bt @ (6 6y, @)’

where, L, is given in (22). Substituting L, and after simplifications, we find that

ﬂ;(917927 0‘777):7751*(917927 05777)- (28)
Case 3:
Since 0 < Px < 1 ,K = 1,2, we consider the following prior PDFs for Py ,K = 1,2

1 b1 g-1 .
[(P) = =—— PP (1-P )™ =5,6,k=1,2 29
nj( k) B(bk,Ck) k ( k) ’ J » Uy it ( )

where, B(by,cy) is the beta function.
The joint posterior PDF of 0y, 6,, & and 1 is given by

L3e7(a] 01+ar 0, +azn+asa) Tis (Pl) 7'[6(P2)

* —_
3 (01,602, a,n,P,P) = T Lye @b b a1t 7o () 70 (Pa) d(8y. O, .11 Py Py)

Using (23), we get
73 (61,6, a,n, P, Py) = D7y (61,6, a,m), (30

where

n— _ m—1~ 4 7 L m— N
. Plzi:]‘ D=L )y D) K (i) - PZZ_;ZI +bz*}(1 _ py) = D(M=m) =g ()71
1= .

B(L o rit b, (n—= 1) (N—n) = X1 (n—i)ri4c1) BZIS g, (m—1) (M —m) = Y72 (m— j) 7+ )

Non-informative priors:
Here, we assume that all the prior PDFs of the parameters 6, 6>, o and 1 for all cases are equal to 1.
Case 1: The joint posterior PDF of 61,6, , & and 7 is given by

Ly

1% B
7'[1(91,927 05777)— fL] d(9],92, a,n)' (3])

Case 2: The joint posterior PDF of 0,6, , & and 1) is given by

/% = L
72600 o) = S e )
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Using (22), we find that
7’3 (61,6, o,n) = 7' (61,62, o,m). (32)

Case 3: The joint posterior PDF of 6,6, , & and 7 is given by

Ls
JLs d(61,6,, a,n,P1,P)

77/; (917027 avnaplapz): :Dzﬂi* (915927 aan) (33)

n—1,. 1o DA
PIZ,:| 1(17])] )(nfl)(an)f):;lzl (n—i)r; P2 j=1"J (l*Pz)

() ri L (= 1) (N=) =Xy (n=i)ry+1) BETS ik (m= 1) (M=m) =X (m—j)rj+1)”

(m=1)(M=m)~X7 ! (m—j)r;

Where D, = Z

The Bayesian estimator of % which minimizes the SELF, Lgg; (% ,QTSEL) , and LINEX loss function, Lyx (% ,Q?LX), are

defined as QTSEL and @Lxrespectively, where
~ ~ 2
Lsgr («%j,«%’sm) = (Q*%SEL) ;
Lix (%% ) = PF=2) B (%~ ) -1,

Fspr = E(R),

and
= ( (2 9))

where f3 is a scale parameter of L;yx. For more details, see [17]. The expectation is taken with respect to the joint posterior
PDF of the parameters.
Notice that: For the three cases considered above, from (28), (30), (32), and (33), we find that the joint posterior PDFs
of the informative and non informative priors of the parameters are similar for Cases 1 and 2, while in Case 3, the joint
posterior PDFs of the informative and non informative priors are directly proportional to the corresponding joint posteriors
of Case 1. Hence, Zsgand Zx will have the same expressions for all cases, with the exception that in Case 1, the r;’s
and 7; ’s are fixed, while in Cases 2 and 3, they are observations of discrete random variables that are uniformly and
binomially distributed, respectively.
However, the joint posterior PDFs in (27) and (31) are intractable, so the Bayes estimators Zsgrand Zpx couldn’t be
obtained in explicit forms. Instead, we apply Lindley’s approximation method for obtaining these estimators using the
following technique
B (8 fu (ﬁ)eL*(ﬁ)JrP(l?)d(,})

(I/l( )) - feL*(ﬂHp(ﬁ)d(ﬁ) 9

where, & = (9, ,,... ), u(®) is any function of &, L* (9) is the log likelihood function of ¥ and p () is the log of
joint prior of ¥. Then, the Lindley’s approximation of this integral is

r

r 1L
Z Z (uiﬁj—l—Zuipj)O'i,j + 3 Z Z Z ZL;j,kulGi,ij,lv
i=1j=1

i=1j=1 k=1t=1

E(u(9)) = u-t

N =

~

._ Ov R 5%y R 53 . . .
where,v; = 75 ,v,j i= W,v,’ = 75,99,9 and the matrix of elements o; '1s equal to the inverse matrix of elements
—L; j All the partial derivatives are evaluated at the MLEs of . For more details see [18].

S Simulation Study

In this section, a Monte Carlo simulation is preformed to compare the performance of the different estimators of %
proposed in Sections 3 and 4. As an application, Marshall-Olkin extended Pareto is chosen as a sub-model of MOEW
by assuming that X and Y having Marshal Olkin extended Pareto distribution with parameter(ct, 6;,1) and (a, 6,,1M)
respectively with SFs

B o 6*91111(%)

Gx()@a,elvn):W; x>,
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6792111(%)
1w ()

In Marshall-Olkin extended Pareto, since x > 1 and y > 1), so we take 7] = min(Xj.. N> Y m: .m) > while the MLEs of the
remaining parameters are obtained by solving the system of equatlons (18-20) after substituting 1 with 7.

1000 samples of size 30 are generated for both X and Y. The MLE %’MLE is compared with the Bayesian estimators of Z
under the squared error loss function Zgg;, and the LINEX loss function % x. Furthermore, the Bayesian estimation is
considered for informative and non-informative priors. For the informative priors, the hyper-parameters are chosen based
on the method applied by Ahn et al. [19] and used by Ali and Aslam [20]. The comparison of the estimates is presented
in terms of bias and mean squared error (MSE). For the simulation purpose different sets of parameters are chosen for
different values of Z = 0.5, 0.7 and 0.9 to see the sensitivity of the estimators with respect to the values of % (small,
moderate and large) as shown in Tables (2- 4) The LINEX loss function are considered for three different values of
parameter 3 as represented in Tables (2-4) as %LX(B*%) %’LX( p=1) and %Lx(ﬁ —0.5)- All the calculations are evaluated by
Maple (18) program. All the estimators are evaluated for fixed, discrete uniform and binomial random removals. The
censoring schemes considered are 20 percent and 50 percent elimination from the sample size. For fixed removal, the
elimination is either at the beginning, in the middle or at the end of the sample. Table 1 summarizes the censoring
schemes considered for fixed elimination with 07, indicating that no elimination occurred during g failures.

6)’()’,“792;17): y>n

Tables 2-4 summarize the results of different estimation methods based on progressive censoring schemes with discrete
uniform, binomial random removals (with P = P, = 0.5) and fixed removals, respectively.

Table 1: Censoring schemes for fixed removals.

Sample size | Elimination | Schemes
Schemel (6, 0%)
20% Scheme?2 02, 6,0
Scheme3 075, 6)
30
Schemel 15, 014
50% Scheme?2 07, 15,07
Scheme3 0, 15)

Table 2:Bias and MSE of («]MLE QSEL ﬁ LX(B= E)) C= —1,1 and0.5 for discrete uniform random removal.

(61,60, 0,m)% bias RMLE Non-Informative-prior Informative-prior
MSE
HSEL Zrx(B=-1) | Z1x(B=1) | ZLx(p=05) | #sEL Zrx(p=-1) | Z1x(p=1) | Z1x($=0.5)
20% bias -0.0054 -0.0061 -0.0085 -0.0037 -0.0049 -0.0027 -0.0051 -0.0003 -0.0015
MSE 0.0059 0.0060 0.0060 0.0061 0.0060 0.0051 0.0051 0.0052 0.0052
(6,5,3,8)
#=0.5596
50% bias 0.0085 0.0072 0.0033 0.0110 0.0091 0.0123 0.0085 0.0161 0.0142
MSE 0.0061 0.0064 0.0064 0.0065 0.0065 0.0049 0.0048 0.0050 0.0050
20% bias 0.0197 0.0168 0.0149 0.0187 0.0177 0.0275 0.0256 0.0293 0.0284
MSE 0.0030 0.0029 0.0028 0.0030 0.0030 0.0031 0.0029 0.0032 0.0031
(8,4,3,2)
#=0.7116
50% bias 0.0047 0.0014 -0.0015 0.0043 0.0029 0.0162 0.0134 0.0190 0.0176
MSE 0.0051 0.0052 0.0051 0.0053 0.0052 0.0046 0.0044 0.0048 0.0047
20% bias -0.0076 -0.0024 -0.0017 -0.0028 -0.0026 -0.0025 -0.0018 -0.0029 -0.0028
MSE 0.0001 0.0011 0.0018 0.0008 0.00090 0.00104 0.0018 0.0008 0.0009
9,1,5,7)
#=0.9509
50% bias -0.0096 -0.0087 -0.0079 -0.0092 -0.0089 -0.0063 -0.0056 -0.0069 -0.0066
MSE 0.0001 0.0012 0.0021 0.0014 0.0012 0.0012 0.0019 0.0014 0.0012
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Table 3: Bias and MSE of <%MLE7@SEL7ﬁLX(ﬂ=E)) ,C = —1,1 and0.5 for binomial random removal.

(61,6,, 0,7 bias AMLE Non-Informative-prior Informative-prior
MSE
ZseL Arx=-1) | Z1x=1) | #1x(B=05) | #SEL ZixB=-1) | Z1xp=1) | #1x(g=05)
20% | bias 0.0083 0.0072 0.0048 0.0097 0.0084 0.0108 0.0083 0.0132 0.0120
MSE 0.0033 0.00334 0.0033 0.0034 0.0034 0.0028 0.0028 0.0029 0.0029
(6,5,3,8)
#=0.5596
50% | bias 0.0243 0.0226 0.0186 0.0267 0.0247 0.0262 0.0222 0.0303 0.0282
MSE 0.0034 0.0034 0.0033 0.0036 0.0035 0.0028 0.0026 0.0030 0.0029
20% | bias -0.0107 -0.0123 -0.0140 -0.0106 -0.0115 -0.0030 -0.0047 -0.0013 -0.0021
MSE 0.0036 0.0037 0.0037 0.0037 0.0037 0.0032 0.0032 0.0032 0.0032
(8,4,3,2)
7#=0.7116
50% | bias 0.0557 0.0479 0.0445 0.0514 0.0496 0.0703 0.0669 0.0735 0.0719
MSE 0.0053 0.0045 0.0042 0.0049 0.0047 0.0067 0.0062 0.0072 0.0069
20% | bias -0.0098 -0.0035 0.0036 0.0067 -0.0050 -0.0014 0.0060 -0.0048 -0.003
MSE 0.0001 0.0067 0.0229 0.0073 0.0060 0.0067 0.0251 0.0078 0.0061
9,1,5,7)
%#=0.9509
50% | bias -0.0076 -0.0044 -0.0043 -0.0045 -0.0044 0.0037 -0.0036 -0.0037 -0.0037
MSE 0.0001 0.0003 0.0003 0.0003 0.00031 0.0003 0.0003 0.0003 0.00027

Tables 2-4 demonstrate that the informative Bayesian estimation gives better results than the non-informative Bayesian
estimation in terms of MSE. Bayesian estimation under LINEX loss function gives a very close result to that under SELF
loss function concerning both bias and MSE. 50% elimination gives higher MSE than 20% elimination. Concerning the
sensitivity of the estimates with respect to %, we find that the MSE decreases as the value of & increases. This indicates
that if % is unknown but it is known in advance that Z is large, the presented estimators will be highly recommended.
However, if Z is small or moderate, the performance of the estimators is still very good.

6 Real data example

In this section, a real data example from Proschan [21] is presented. Proschan studied the successive failures times of the
air conditioning system of different types of airplanes and showed that the failure distribution for each airplane separately
was exponentially distributed, but with different failure rate. We present the failure times of two airplanes as shown in

Table 5.

Table 5: failure intervals of the air conditioning system of two jet Planes given (in hours).

Plane (7913)

[23,261, 87,7, 120, 14, 62, 47, 225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14,
71,11, 14, 11, 16, 90, 1, 16, 52, 95]

Plane (8044)

[487, 18, 100, 7, 98, 5, 85, 91, 43, 230, 3, 130]

Suppose X represents the failure interval times of air conditioning system of Plane (7913) and Yrepresents the failure
interval times of air conditioning system of Plane (8044). Using the (K-S) goodness of fit test, the two data sets are tested
for fitting either exponential or Marshall-Olkin extended exponential (MOEE). The results are shown in Table 6.

Table 6: MLEs of the parameters and the corresponding (K-S) values exponential distribution and MOEE

Var. | Distribution Parameter estimate K-S Tabulated value

X

exponential 6, =0.01678 0.2131

MOEE 51 =0.0101, oy =0.38 | 0.1262

0.2417

exponential 6,=0. 0093 0.1872

MOEE 52 =0.0055, ap =0.37 | 0.1544

0.3754

@© 2021 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

394 NS P N. A. Mokhlis et al. : Estimation of stress-strength reliability...

Table 4: Bias and MSE of (%MLE,ﬁsEL,ﬁu(B=C)> .C=—1,1 and0.5 for fixed

= Non-Inform ative-prior Informative-prior
% [Seh | bias | o : } i X X N
m_-_»‘ & MSE BAE jés;;_ RLXI’JB:—! RLXI’JB:H RLX(ﬂ:u.s] 51255;_ ?Lxus:-aj RJ’.XI’JH:i_‘. RLX(ﬁ‘:ELE
1 bias | p.ooo2 | -0.0005 -0.0029 | 0.0019 | 0.0007 0.0022 -0.0002 0.0046 0.0032
20% ["MSE | 0.0060 | 0D.0061 0.0062 | 0.0062 | 0.0062 0.0054 0.0053 0.0053 0.0053
2 bias | 0.0005 | -0.0003 -0.0033 | 0.0016 | 0.0004 0.0034 0.0009 0.0058 0.0046
20% | MSE | o.0046 | 0.0049 0.0048 | 0.0049 | 0.0048 0.0040 0.0040 0.0041 0.0040
3 bias | 0.0130 | 0.0116 0.0092 | 0.0140 | 0.0128 0.0154 0.0130 0.0178 0.0166
& | 20% [ MSE | 00037 | 0.00339 0.0038 | 0.0040 | 0.0039 0.0032 0.0031 0.0033 0.0032
vl bias | -0.0051 | -0.0061 -0.0099 | -0.0023 | -0.0042 -0.0010 -0.0047 0.0027 0.0008
T | 30% | MSE | 0.0090 [ 0.0093 0.0093 | 0.0093 | 0.0083 0.0074 0.0073 0.0074 0.0074
& [2 bias | -0.0002 | -0.0111 0.0151 | -0.0070 | -0.0091 -0.0046 -0.0086 -0.0006 -0.0026
ﬁ: 50% | MSE | 0.0111 | o.0118 0.0119 | 0.0119 | 0.0119 0.0083 0.0089 0.0090 0.0030
M E bias | 0.0750 | 0.0207 0.0768 | 0.0845 | 0.0826 0.0739 0.0700 0.0778 0.0753
= | 30% | MSE | 0.0056 | 0.0065 0.0059 | 0.0072 | 0.0062 0.0055 0.0049 0.0061 0.0058
1 bias | 0.0045 | 0.0019 0.0001 | 0.0037 | 0.0028 0.0123 0.0105 0.0140 0.0132
20% | MSE | 0.0028 | 0.0029 0.0028 | 0.002% | 0.0029 0.0027 0.0026 0.0028 0.0027
2 bias | -0.0338 | -0.0343 -0.035% | -0.0327 | -0.0335 -0.0258 -0.0274 -0.0242 -0.0250
20% | MSE | o.0050 | 0.0050 0.0051 | 0.0050 | 0.0050 0.0042 0.0043 0.0042 0.0042
3 bias | -0.0397 | -0.033%6 -0.0411 | -0.0382 | -0.0389 0.0313 0.0328 -0.0293 0.0308
20% | MSE | o.co53 | 0.0053 0.0054 | 0.0052 | 0.0053 0.0044 0.0045 0.0044 0.0044
1 bias | -0.0102 | -0.0127 -0.0156 | -0.0102 | -0.0115 0.0012 -0.0015 0.0038 0.0025
30% [ MSE | 0.0052 | 0.0054 0.0053 | 0.0054 | 0.0054 0.0044 0.0043 0.00452 0.0045
=22 bias | -0.0255 | -0.0306 -0.0333 | -0.0278 | -0.0292 0.0129 -0.0156 -0.0103 -0.0116
es = | 30% | MSE | 0.0063 | 0.0075 0.0075 | 0.0074 | 0.0074 0.0056 0.0056 0.0057 0.0057
“-E 3 bias | -0.0360 | -0.0385 -0.0407 | -0.0362 | -0.0373 -0.0233 -0.0255 -0.0211 0.0222
=% | 509% [MSE | 0.0071 | 0.0072 0.0074 | 0.0073 | 0.0073 0.0056 0.0056 0.0056 0.0056
1 bias | 0.0185 | 0.0169 0.0167 | 0.0170 | 0.0169 0.0235 0.0233 0.0236 0.0235
20% | MSE | o.0004 | 0.0004 0.0004 | 0.0004 | 0.0004 0.0006 0.0006 0.0006 0.0008
2 bias | 0.0183 | 0.0129 0.0132 | 0.0122 | D.0126 0.0173 0.0176 0.0167 0.0171
20% | MSE | o.co03 | 0.0012 0.0003 | 0.0021 | 0.0015 0.0013 0.0010 0.0021 0.0016
3 bias | 0.0116 | 0.c089 0.0125 | 0.0046 | 0.0074 0.0122 0.0159 0.0081 0.0108
20% | MSE | 0.0002 | 0.0054 0.0104 | 0.0125 | 0.0063 0.0054 0.0114 0.0120 0.0062
1 bias | -0.0217 | -0.0198 -0.0197 | -0.0199 | -0.0139 0.0212 0.0211 -0.0212 -0.0212
50% | MSE [ o.0005 | 0.0006 0.0006 | 0.0006 | 0.0006 0.0006 0.0006 0.0006 0.0006
pg 2 bias | 0.003% | 0.0084 0.0083 | 0.0085 | 0.0084 0.0153 0.0152 0.0154 0.0153
w2 | 50% | MSE [o0.0001 | 0.0001 0.0001 | 0.0001 | 0.0001 0.0003 0.0003 0.0003 0.0003
5: L:'l: 3 bias | -0.0161 | -0.0163 -0.0163 | -0.0162 | -0.0163 0.0122 -0.0122 0.0121 0.0121
30% [ MSE [ o.0003 | 0.0003 0.0003 | 0.0003 | 0.0003 0.0002 0.0002 0.0002 0.0002

It is clear that the MOEE provides better fit than exponential distribution at level of significance 0.05. Since ¢ and
O, are approximately the same, we may consider X and Y as random variables with MOEE(6;, a) and MOEE(6,, @)
respectively.

The stress-strength reliability function 2 = P(X < Y) is an appropriate measure of the effectiveness of the two air
conditioning systems. Using the results in Sections (3) and (4), we consider the reliability estimation for the complete
data case (i.e. R; = R’ j = 0), binomial and discrete uniform random removals. The computed results are shown in Table
7.

Table7 shows that the estimated value of & for the complete data is 0.6238, which means that the failure interval times of
air conditioning system of Plane (8044) is less than that of Plane (7913) with probability estimated by 0.6238. Moreover,
estimation with 20% elimination gives almost the same results as that with complete data, while the estimation with 50%
elimination is far from that with complete data.
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Table 7: MLE and Bayes estimators of %

Type of | Elim. | #Zy g | Non-Informative-prior Informative-prior
elimination
HseL | Zrx=—1) | Zrx=1) | Zix(p=05) | ZsEL Zixp=—-1) | Zrx=1) | ZLx(p=0.5)

Complete 0.6238 | 0.6217 | 0.6250 0.6183 0.6246 0.6208 0.6242 0.6175 0.6247

20% 0.6282| 0.6152| 0.6195 0.6109 0.6312 0.6111 0.6154 0.6070 0.6319
Binomial

50% 0.7147 | 0.7239 | 0.7309 0.7168 0.7138 0.7057 0.7129 0.6988 0.7169
Discrete 20% 0.6411 | 0.6496 | 0.6539 0.6452 0.6399 0.6311 0.6354 0.6268 0.6434
uniform

50% 0.7053 | 0.7072 | 0.7124 0.7020 0.7054 0.6931 0.6982 0.6880 0.7079

7 Conclusion

In this paper, an explicit form of the stress-strength reliability %, is obtained when the stress X and the strength Y are
independent random variables belonging to MOEW family of distributions. A characterization of the parent distributions
associated with the stress-strength reliability &% was also presented. The problem of estimation % under Type-II
progressive censored scheme using classical and Bayesian technique was studied. The Bayesian estimation of % was
considered under two loss function (symmetric and asymmetric loss functions) for informative and non-informative
priors. Furthermore, fixed, binomial and discrete uniform removals with 20% and 50% elimination from the sample size
were addressed. A Monte Carlo simulation was preformed to compare the performance of the different estimators of Z
showing that the results of the informative Bayesian estimates were better than those of the non-informative Bayesian
estimates in terms of MSE. However, the results of the Bayesian estimates under LINEX loss function were very close to
those under SELF in terms of both bais and MSE. Moreover 50% elimination gave higher MSE than 20% elimination.
Concerning the sensitivity of the estimates with respect to %, the MSE decreased as the value of % increased. However,
estimates showed very satisfactory results.
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