Appl. Math. Inf. Sci. 14, No. 1, 123-131 (2020)

%N S\ 123

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/140116

Oscillatory Properties of a Certain Class of Mixed
Fractional Differential Equations

G. E. Chatzarakis"*, M. Deepaz, N. Nagajoz‘hi2 and V. Sadhasivam?®

I'School of Pedagogical and Technological Education (ASPETE), Department of Electrical and Electronic Engineering Educators,

N. Heraklio, Athens, 14121, Greece.

2 Department of Mathematics, Thiruvalluvar Government Arts College (Affli. to Periyar University), Rasipuram - 637 401, Namakkal

Dt. Tamil Nadu, India.

Received: 2 Dec. 2018, Revised: 13 Jan. 2019, Accepted: 21 Jan. 2019

Published online: 1 Jan. 2020
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1 Introduction

Fractional differential equations have gained
importance and popularity during the past three decades
or so, mainly due to the feature of these equations to
accurately describe nonlinear phenomena. As a result,
these equations have several applications in science and
engineering. For example, the nonlinear oscillation of an
earth quake can be modeled using fractional derivatives.
The use of fractional derivatives in the fluid dynamics
traffic model eliminates the deficiency arising from the
assumption of continuous traffic flow. Fractional
differential equations are also used in modeling chemical
processes, signal processing, hydraulics of dams,
temperature field problems in oil strata, diffusion
problems, waves in liquids and gases [1,2,3,4,5,6,7].
Thus, several researchers have been trying to develop new
way which is easier to work with definitions of fractional
derivatives, like the Riemann-Liouville, Caputo and
Grunwald-Letnikov, for details, see [8,9] and references
cited therein.

Recently, a well-behaved limit-based derivative called
the conformable fractional derivative was suggested in
Khalil et al., [10] in this direction have grown rapidly, day
by day. Some of these studies are cited in the references
[10,11,12,13,14].

Over the years, the development of oscillation theory
has played a major role in the physical sciences and
engineering. Well-known applications of the theory of
oscillations include the oscillations in buildings and
machines, self- excited vibrations in synchrotron
accelerators, the vibrations in the operation of rocket
engines, electro magnetic vibration in radio technology
and optical science, the complicated oscillation in
chemical reaction and also the work in lossless
transmission lines in high speed computer networks [15,
16]. All these different phenomena share a common
theoretical foundation in oscillation theory. They all can
be described by an oscillatory differential equation. There
are many books on oscillation theory. We choose to refer
to [17,18].

For studies in the oscillation theory of fractional
differential equations with the Liouville right-sided
definition see [19,20,21,22,23,24]. While for studies of
fractional partial differential equations with Riemann-
Liouville fractional left-sided derivative see [25,26,27].

To the best of author’s knowledge, it seems that there
has been no work done on conformable and
Riemann-Liouville left sided fractional derivatives
appearing in the mixed fractional order differential
equations.
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The authors motivated by this gap have initiated the
following oscillation problem of a class of mixed
fractional order nonlinear differential equation of the

form
T, [%@fz (Taz (%(t)f‘ (Dzlx(t)))ﬂ

ot
+F <t,/ (ts)alx(s)ds) =0,
Jo
t>1>00<o;<1,i=1,2,3. ()

We assume that the following conditions are satisfied:
(A1)
Fi(1) € C¥a (1, 0), R ), ra(1) € C% ([tg,o0), Ry )
(A7) f; € C2T%(R,R) is an increasing odd function and
there exist positive constants & and 6; such that
5 > f’(c 2 8> 0 for xfi(x) 0, =12 and & = &8
i\X
(A3) (a)f;" € C(R,R) with uf;" (u) > 0 for u # 0, and
there exist some positive constants A; such that
I Nuw) < 2 fy N u) £ (v) for uv #0,

(b)f; " € C(R,R) with uf, ' (u) > 0 for u # 0, and
there exist some positive constants A, such that
LN wv) > My w)f ' (v) for wv # 0, i=1,2 and

=MiAz;
(A4) F(t,K) € C'([ty,0) x R,R;)) and there exist a

function Q(r) € C'([fo, %), R.+)) such that 1; (t(}f)) <ol)
2
for K # 0 whereas f> (k) and Q(t) are of the same sign.

By a solution of Eq.(1), we mean a function x(7)
defined on some ray [Iy,o0),Ty > fo such that
S = 5)~Ax(s)ds € C([T,),R), =0 fi (DT'x(1)) €
C®21%([T,,),R), which satisfies Eq.(1) for any t > T,.
From this point onward, we will always assume that
solutions of Eq.(1) existing on some half-line
[Ty,%0),T; > to. We restrict our attention only to the
nontrivial solutions of Eq.(1), i.e, the solutions x(¢) such
that sup {|x(z)| : 7> T} forall T > T,.

A nontrivial solution of Eq.(1) is called oscillatory if
it has arbitrary large zeros, otherwise it is called
nonoscillatory. Eq.(1) is called oscillatory if all of its
solutions are oscillatory.

Our main objective in this paper is to obtain new
oscillation criteria for the class of nonlinear mixed
fractional differential equations defined by Eq. (1) and
provide a detailed discussion of the main results by
making use of the generalized Riccati technique and the
integral averaging method.

Having these ideas in mind, this paper is organized as
follows: In Section 2, we recall the basic definitions of the
Riemann-Liouville derivative and the conformable
fractional derivatives together with basic lemmas
concerning the above set of operators. In Section 3, we
present new sufficient conditions for the oscillation of the
solutions of Eq.(1). In Section 4, we provide examples to
illustrate the main results.

2 Preliminaries

Before starting our analysis of Eq.(1), we have to explain
the function of the operators DYx(r) and Ty (f)(t). First,
we introduce some core concepts and results about the
Riemann-Liouville and Khalil’s conformable fractional
derivative. We start by defining the Riemann-Liouville
operator.

Definition: 2.1.[8] The Riemann-Liouville fractional
derivative of order o of x(¢) is defined by

1 d

D= Friayar,

/0' (= 5) x(s)ds,t € Ry = (0,00),

here I'(.) is the gamma
[(t)= [y e s ds,t e Ry,

function defined by

Lemma: 2.1.[25] Let x(¢) be a solution of Eq.(1) and

K(t) = /I(t —5) % (s)ds for o € (0,1) 2)
0
where ¢ > 0. Then

K'(t) = I'(1 — a)D%x(t). 3)

Next, we provide the definition of the conformable
fractional derivative proposed by Khalil et al.[10],

Definition: 2.2. Given a function f : [0,00) — R. Then the
conformable fractional derivative of f of order «, is
defined by

Ta(f)(t) — lim f(t+8t17a) 7f(t>

e—0 )

forall > 0,a € (0,1). If f is o~ differentiable in some
(0,a),a > 0,and lim,_q+ f\%)(t) exists, then define

£9(0) = tim £1).

t—0T

We will sometimes write £(%)(r) for Ty (f)(t), to denote

the conformable fractional derivatives of f of order .
Some properties of conformable fractional

derivative:

Let o € (0,1] and f and g be « - differentiable at a point

t > 0. Then

(Py) Ty (t?) = ptP~%for all p € R.

(Py) To(A) = 0, for all constant functions f(¢) = A.

(P3) Ta(fg) :J;Ta(g)T"'gTa(f)-

(Py) Ta(é) _3 a(f)(;zf al8)

(Ps) 1If, in addition, f is differentiable, then

Ta(f)(t) = 1" G (0).
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Definition: 2.3.[24] Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a,b]
if the integral

b b
/ fx)dgx = / F0)x* dx
a Ja
exists and is finite.

Remark 2.1

&) o, @)

X

B0 =16 = [

where the integral /; is the usual Riemann improper
integral, and o € (0, 1].

Lemma: 2.2.[11] Let f: (a,b) — R be differentiable and
0 < a < 1. Then, for all > a we have

IoTo (N)(0) = (1) — f(a). )

3 Main Results

We begin this section with the following lemmas that are
essential to the proofs of our main theorems.

Lemma: 3.1. Assume that x(¢) is an eventually positive
solution of Eq.(1) and

/z: md%s = (©)
ra(s)

/lo " ri(s)ds = oo -

/,()mfr] [r‘(f) /:of{] (FZ(é)/ng(S)da3s>da2é]dT — o,

®)

Then there exists a sufficiently large T such that
T, (%([)f] (Di‘x(t))) > 0on [T,) or lim,_,. K(t) = 0.
Proof. Let #; >y such that x(¢) > 0 on [t],), so that
K(t) > 0 on [t],00). From Eq. (1), we get

T, {%(;)ﬁ <Taz <r%@f‘ (Di]x(t))> )]

—_F <;,. /0 (¢ s)alx(s)ds)

< —0()f2(K(1)) <0, ©)

t > t,. Then Tl([)fz (TO,2 (Tl([)fl (D‘}r‘x(t)))) is strictly
decreasing on [f],0). Thus,
To, (%(t)f] (Di]x(t))) is eventually of one sign. For

Hh > 1 sufficiently large, we claim

To, (ﬁf] (Dz‘x(t))) > 0 on [tp,00). Otherwise, assume
that there exists a sufficiently large t3 > t, such that
Ty, (%ﬁ (Di‘x(t))) < 0 on [t3,0). Then
%fl (DY'x(t)) is strictly decreasing on [t3,c0). Taking
the os- integral from #3 to ¢, we have

1
r (t)

f (DUx(1)) — —— i (D% x(13)) =

| /,: Teo <r1 ts)fl (Dilx(s))> deos

<11t e (g @)

! 1
X ‘/t3 md(hs. (10)

5

By Eq.(6), we have lim,_,.. % f1 (DSx(r)) = —e. So
there exists a sufficiently large #4 with #4 > 3 such that
D' x(t) < 0,1 € [ta, o).

K () ; <0.

Furthermore D' x(t) = T—ay)

By Eq.(7), we deduce that lim; .. K(t) = —eco, which
contradicts the fact that K(¢) is an eventually positive

solution of Eq.(7). So Ty, (%ﬁ (Df'ﬁx(t))) > 0 on

[t2,0). Thus, eventually, DY x(t) becomes of one sign.
Now, we assume that D‘}r‘x(t) < 0, € [t5,00), for some
sufficiently large 75 > 14. Since furthermore, K’ (1) > 0, we
have lim;,K(t) = f > 0. We claim that § = 0.
Otherwise, assume that > 0. That K(z) > 8 on [ts,00)
and for ¢ € [f5,%0) by Eq.(1) we have,
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0- integrating from 7 to oo and using (A3) yields,

/t T [%fz (mz (%(s) A (Dglx(s))))} dass

/ 0(5)>(B)duss,

[ ( (g e20) )
£8) [ Qs)days.
Taz( (t )
>/12Bf21[rz(t) / Q(s)dogs} (12)

o, - integrating both sides of Eq.(12) from ¢ to o and using
(A3) we get

 Te (%(s)ﬁ (Di‘x<s>)) days
> [ f! [rz@) /:Q<s>da3s] G

D% x(1)

<t (n @28 5 |@) [ 06)us| ).

1_,(11(79“1) < *kleffl(ﬁ)

< fi! <r1 o[ 5 {m(é) /ng(s)da3s} da2§). (13)

Again integrating Eq.(13) from #s to ¢, yields
K(1) <K(ts) = AL (1 —en)fi ' (B)

/f' ( /fz [ (5)[§wQ(S)da3S]da2§)dr.

(14)

Letting ¢ — oo, from Eq.(8), we get limy_oK(t) = —oo,
which is a contradiction with D'x(r) > 0. This
completes the proof.

Lemma: 3.2. Assume that x(7) is an eventually positive

solution of Eq.(1) such that

1 (

on [f],0), where #; > 1y is sufficiently large. Then we have

O (1 — oy )Ry (11,1)ry ()f2<Tw< A (Df'x ()))>

tis (5 (D20) ) > 0.0850) >0 19

K@) 2 ra(t) ’
(16)

SI(1—0y)Ry (1, T [ = f1 (D% x
ks TRl z)fzr(z(t)_(,]<,)f1< i @)))7
an

where

Ri(t,1) = ff] r

1 > 1.
Proof. By Eq.0), 1t7/2 (Ty (i (DE'x(1)) ) s

strictly decreasing function on [f1,0). So ,

(8)da,s,Ra(t1,1) = ft’] ri(s)Ry(t1,s)ds for

+125) T, (k51 (DE(9)))

i (D) > [ e

20 (7 050) ) i),

rz(l)

1
o) day (s),

fi (D8 x(1)) >
From (A;) we obtain,
Dﬁlx(t) > 5R1(t1,t)2—8f2 (Ta2 (%(t)fl (Dﬁlx(z))>) )

Therefore,

r l‘)
%) t)

X f2 (Taz (r%(t)fl (Di‘x(r))))
and thus

Ol (1 —ay)Ry(t1,1) f (Tocz ( 3/ (DY x(r ))))
r(t) .

K'(l‘) > F(l — (X])(SR]([],Z‘)

K(t) >

Hence the proof is complete.

Next, we will give some new oscillation criteria,
through the following theorems.

Theorm: 3.1. Assume that (6)-(8) hold and suppose that
f5(v) exists such that f;(v) > p for some p > 0 and for
all v # 0. If there exist two functions

ﬁff) € C% ([t9,%0),R+),n(t) € C% ([tg,%0),[0,00)) such
that

[ (05 oim'cs)

+0(s)r1(s)s' "B uSL (1 — a)Ri(T,5)n*(s)
 Lals)eln <s>s1“3u6r<1a1>R1<T,s>+¢'<s>}2>ds
4r(s)¢(s)s' =B ud (1 —oq)R (T, s)

for sufficiently large T, where R;(7,s) is defined by
Lemma 3.2, then every solution of Eq.(1) is oscillatory or
satisfies liny K (t) = 0.

Proof. Suppose to the contrary that x(r) is a
nonoscillatory solution of Eq.(1). Then without loss of
generality, we can assume that there is a solution x() of
Eq.(1) such that x(#) > 0 on [f,00), where #; is
sufficiently large. By Lemma 3.1, we have DY'x(t) > 0,
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and T, (rl#(t)f] (Di]x(t))) > 0 on [t,), where t; is

sufficiently large. We define the following generalized
Riccati function

s h (Ta2 (,I(,)ﬁ (Dilx(f))))
f2(K(1))

+1n(t)
(19)
Thus, w(z) > 0 on [tp,0). a3 - differentiating, we have,

Toyw(t) =

JF‘P( )Taz

Then, making use of Eq.(9) and Eq.(16), we get

w(t) =) *~ +o()n' (1)

_ ! L Otlx l1—o3

d)(t)rz(t)fz <T0¢2 < (t)f] (D (t))>)t u

SI'(1—0on)R (11,028 f5 (Ta2< i (D ))))
f(K(1))?

w(t) =)0 + ¢ (t)n' (1)

2
Ot S (1 — )R (11,0) (1) <% n(t)) ,

()%~

+o( )n (t ) O()ry ()"~ B ST (1— 0u)R, (11, 1)1 (1)

[20(0)9 (1) ()"~ S ST (1 — )R (11,1) +9'(1)]
Ar () ()t =Bus (1 — oy)Ry (t1,1) ’

(20)

Integrating the above inequality from #, to ¢, we obtain,

[ (o0
O 6) +0(5)r ()BT (1 — e )Ry (T, ()

_ Pnos)s e peri - a >R1(T,s>r1<s>+¢'<s>]2) i
4ry(s)9(s)s1=Budr (1 — oy )R (T,s)

<w(n).

By letting t — oo, we get a contradiction to Eq.(18). The
proof of the theorem is complete.

The following theorem, even though it is similar to
the previous one, nevertheless, involves a slight variation
in the definition of the Riccati Eq.(22).

Theorm: 3.2. Assume that (6)-(8) hold. If there exist two
functions

‘P(t) €C% ([IOam)vRvL)vn(t) €C® ([t0a°°)7[05°°)) such
that

[ (H2E oot

+9(s)r1()8 (1 — )Ry (T,5)n°(s)
- AU T L O,
4r1(s)o(s)0 (1 — oq)R(T,s)
oo, 1)

for sufficiently large T, where R;(T,s) is defined by
Lemma 3.2, then every solution of (1) is oscillatory or
satisfies liny K () = 0.

Proof. Suppose to the contrary that x(z) is nonoscillatory
solution of Eq.(1). Then without loss of generality, we
may assume that there is a solution x(7) of Eq.(1) such
that x(t) > 0 on [t],e0), where ¢, is sufficiently large. By
Lemma 3.1, we have D‘}r‘x(t) > 0, and

Tg, (ﬁf] (Di‘x(t))) > 0 on [fp,), where f, is

sufficiently large. We define the following generalized
Riccati function

mi /2 (T (i1 (02x0))))

1
0] +n()

w(t) = ¢(1)

(22)

Then w(t) > 0 on [fz,00). The rest of the proof is similar
to the proof of Theorem 3.1 and hence the details are
omitted.

Next, we establish new oscillation criteria for Eq.(1)
using the integral average method.

Let Dy = {(t,s) : t > s > 1t} and
D = {(r,s) : t > s > to}. There exists a function
H € C'(D;R) which is said to belong to the class P if
(Ty) H(t,t) =0fort > tg,H(t,s) >0 on Dy,
(T») H has a continuous and nonpositive partial derivative
on Dy with respect to the second variable.

Theorm: 3.3. Assume (6) — (8) hold.

limsup m | /,0[ H(t,s) [¢ (5)Q(s)s® = o (s)n'(s)

+9(s)ri(s)s' " BuSL(1—on)Ri (T,5)n(s)
 [2n(9)9(s)s' B S (1— an)Ri(T,5)ri (s) + ¢'(s)]
4ri(s)o(s)s!=Bud (1 — oy)R((T,s)

ds
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for all sufficiently large T, where ¢ and 7 are defined as
in Theorem 3.1, then every solution of (1) is oscillatory or
satisfies lim;_,.K(t) = 0.

Proof. Suppose to the contrary that x(z) is a

nonoscillatory solution of Eq.(1). Then without loss of
generality, we can assume that there is a solution x(z) of
Eq.(1) such that x(z) > 0 on [f,00), where #; is
sufficiently large. By Lemma 3.1, we have DY'x(¢) > 0,
and Ty, (L)fl (D?r‘x(t))) > 0 on [ty,%) where , is

r ([
sufficiently large. Let w(z) be defined as in Theorem 3.1.
By Eq.(20), we have

o0 —o(1)n' (1)
+O(t)r1 (1)t B ST (11— an)R, (t2,1)1 (1)
2090 =B usr (1 — )R (2, 0)ri (1) + 9/ (1)]

4ri(t)p ()t =B udl (1 — oy)R; (12,1)
< —w(?). (24)

Multiplying both sides by H (¢, s) and then integrating from
ty tot yields

!

[ 100.5) 0920605 = g’

+(s)r1(s)s' @ udC(1—ap)Ry (t2,5)1°(5)

_ n@)o(s'opsr( —061)R1(t2>S)r1(S)+¢'(S)]2} ds
4ry ()9 (s)s1 =B uST (1 — 0y )R (12, 5)

'
— [ H(t,s)w'
%)

(s)ds < H(t,t2)w(tz) < H(t,t9)w(t2).
Then,

—o(s)n'(s)
+¢(s)ri (s)s' B uST(1— o)y (t2,5)17(s)

[20(s)$(s)s' =% uST (1 — o )R (t2,5)r1 (s )+¢'<s>]2}ds
4r ()4»( )sT=% S (1— )R (12,5)

)s% = = o (s)n’ (s)
+o(s)ri(s ) - a3#5f(1*0¢1)R1(127S)n2(S)

20059 (s)s'~®uSI (1~ 0n)Ri (12,5)r1(5) + ¢/ (5]
4ri(s)P(s)s1=Bud (1 —oy)Ry(t2,5)

+H(t,10)w(t2)-

Taking limit supremum on both sides, we have

Hts{¢ )s®1

<Hl‘l‘0

ds

limsup ﬁ /,:H(“) {(P(S)Q(S)sarl —o(m'(s)

+¢(s)ri (s)s' B pSL(1— )R (t2,5)17(s)

e T s aano 0],
Ar1(s)9(s)s1=Bud (1 —oq)R; (t2,5)

< oo,

which contradicts (23). The proof of the theorem is
complete.
In Theorem 3.3, if we take H(z,s) to have the form of
t
some special functions such as (r — )™ or log (—) , then
N

we obtain the following corollaries.

Corollary: 3.1.Assume that (6)-(8) hold. Furthermore,
suppose that

. 1 ! m 03 — !
imsup —— [ (1-5) [¢<s>Q<s>s ' pom'(s)

t—so0

+0(s)ri(s)s' "B uSL (1 — an)Ri(T,5)n*(s)

 [2(5)9(s)s' % uST (1= )Ry (T,5)ri(s) + ¢'(s))’
4ri(s)o(s)s!=Bus (1 —oq)R (T,s)

ds

:OO7

for sufficiently large T. Then every solution of Eq.(1) is
oscillatory or satisfies liny_,.K(t) = 0.

Corollary: 3.2. Assume that (6)-(8) hold. Furthermore,
suppose that

limsup ———
llﬂi,lp logt — logty

X /t: (logt — logs) [q)(s)Q(s)s‘“] —o(s)n’(s)

+o(s)n (s)s17a3[.151ﬁ(17061)R1(T s)n (s)

~ [2n()9(s)s' B pST (1 — ou)Ri (T,s5)ri (s) +
4r1( )(b( ) 1= 0‘3;151"(1 — 0 R1 T,S)

OO

2
ACIN I

for sufficiently large T. Then every solution of Eq.(1) is
oscillatory or satisfies liny_,.K(t) = 0.

4 Examples

We conclude this paper with three examples to illustrate
our main results.

Example: 4.1. Consider the mixed fractional differential
equation

| (n(pho))] m[tta(;“rsm]
x /0 (=) dx(s)ds =0 (25)

for ¢+ > 1. This corresponds to
() =1la =

Eq.(1) with
%7a2 = %7a3 = %afl('x) =
5

6 sin(t+Z
) = 2.0(1) = Jri el RI(T,s) = (s —1)
S(x

) are the Fresnel integrals namely

X

Q
=
Il
S—

1 x 1
cos(imz)dt, S(x) :/ sin(Emz)dt.
0

© 2020 NSP
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Take |C(x)| < m and |S(x)| < 7. Now, consider

[ 1 az*lds:/mds:oo.
1

[ [w) / 5 (08) [ 00 s
/ 1 /fz

_ [ {
< (i) [ o tas) g tagae

P e

Letn =2,0(s)=1,0'(s)=0,u=8=1.Forany T > 1,

5. =5
> 56 (sins+coss)s 6
27+/7t(sins — coss)

| o606t = om')

+0(s)ri(s)s' "B ud (1 - o)Ri (T,5)n°(s)
_ [2n(9)9(s)s'" B por (1 — an)Ri (T,5)r1 (s) +¢'(5))?
4r1( )¢( )S]7a3u51—‘(1 —al)Rl(T,S)

s6 (sins +coss)s 6 & s
= +so/m(s—1)4
/ 27\/T[sins — coss] sV =)

RN
A5t /m(s— 1)

ds — oo.

Thus all the conditions of Theorem 3.1 are satisfied.
Therefore, every solution of Eq.(25) is oscillatory. In fact,
x(r) = sint is one such solution of Eq.(25).

Example: 4.2. Consider the fractional differential
equation
1 1 1
o 1 oot
T g
+ VE X / (t—s)f%x(s)ds:O7
t7v/2x[sintC(x) — costS(x)] /O

(26)

for + > 1 which has the form of Eq.(1) with
12
rZ(t) = t?7r1(t) = t72aa1 = %aaz = %7a3 = %aﬁ('x) =

xi=1200) = 5 VT while C(x) and
17 /2x[sinrC(x)—costS(x)]
S(x) are defined as in Example 4.1.

ds

We have

/100 ri(s)ds = ./I‘w s72ds < oo.
(&) /;Q<s>da3s) d%g} it

= [T (L )

= oo,

Letn =0,¢(s)=1,¢'(s) =0,u=8=1.Forany T > 1,
[ o005 ~on'c)
+9(s)ri(s)s' " BuSL (1 —on)Ri (T,5)n(s)

~ [2n(s)¢(s)s" B S (1 — )Ry (T,5)r1 (s) + 9'(s)]”

()0 ()sT Sl (1—o)Ri(Ts)

oo S7fl 1
> / ds > .
T 7r\/§s7[sins—coss] 22

We observe that some of the conditions of Theorem 3.1
are not satisfied. In fact, Eq.(7) and Eq.(18) are not
satisfied. Hence, Eq.(26) has a nonoscillatory solution

x(t) = (t—s)2.

Example: 4.3. Consider the fractional differential

equation

s (1 ()

t7sin(t+%) t T
" V27x[sintC(x) — costS(x)] /0 (1 —5)"2x(s)ds =0
27

for ¢+ > 1. This corresponds to

r() = 15,n() = Loy =

6

7 sin(t+F .
H(x)=x,00)= zn[slmzsc( (;+§0)SIS(X)] while C(x) and S(x)

are defined as in Example 4.1. Now, consider

/loorl (s)ds = ./I‘mds = oo,
[ |n @ [ () [ 00k )t

:/1“’[./:"5%(

Eq.(1) with

Lo =1om=1fk=

6, . =
* 57 (sins+coss)s T

¢ 2m/7(sins — cosys) ds) d‘:} dT =oo.
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Letn=1,¢6(s)=1,¢'(s) =0,u=6=1.Forany T > 1,

[0y

+0(s)r1 ()8 (1 — an)Ry (T, 5)n*(s)

_ 2n(5)9(s)ST (1~ )R (T 5)ra s) +¢'<s>12)ds
4r1( )(b( )6F(] —(Xl)Rl(T,S)

/ s7 sms+coss)s7
N 27\/7[sins — coss]

ds — oo,

Thus all the conditions of Theorem 3.2 are satisfied.
Therefore, every solution of Eq.(27) is oscillatory. In fact,
x(t) = sint is one such solution of Eq.(27).

5 Conclusion

In this present paper, we have derived some new
oscillation results for a certain class of nonlinear mixed
fractional order differential equations with the
Conformable fractional derivative and the
Riemann-Liouville left-sided fractional derivative, by
using the generalized Riccati technique and the integral
averaging method. Our newly-derived oscillation results
extend and improve numerous findings in the recent
publications on classical literature to mixed fractional
differential equations. We believe that this research work
would lead to further work on the mixed fractional
differential equations.
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