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Abstract: A lost target is a random walker on one of n disjoint lines, and the purpose is to detect the target as fast as possible. On each
line there are two searchers starting the search from the origin of their line, where they follow the so called coordinate search.

One common measure of effectiveness for the search process is the expected time of search. This type of search has been addressed
and solved in the literature for the case where the target is located. In this paper, we introduce a new model of search and prove that the
expected value of the first meeting time between one of the searchers and the lost target is finite. Also, we show the existence of the
optimal search plan which minimizes the expected value. An application is also given to illustrate our results.
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1 Introduction

Searching for a lost target either located or moved is often
a time-critical issue when the target is very important.
The prime focus of search problems is finding the lost
target in the shortest amount of time. The searchers can
detect the target in the intersection point of their paths.
The searching for lost targets has important applications
such as: the search for a damaged unit in a large linear
system, like the telephone lines and mining system, see
[1]. Linear search problem for located or moved lost
target has recently has recently been analyzed in the
literature (see, for instance [2], [3] and [8]).

Our study illustrates the coordinated search technique,
which asks how two or more searchers start together at a
point in a search definite area .Thomas’s searchers
(parents) regroup back at the car (center) to see if the
other one found the lost target (child), see [4]. The
extension of this case, where the time lost in regrouping
depends on the amount already searched was studied, see
[5]. The coordinated search was studied on the line when
the target was symmetric and asymmetric see [6] and [7].
The case of a located target on a known region like
underground gas or petroleum supplies is studied see [8],

like missing boats, submarines, a Bayesian approach
would formulate for a target whose prior distribution and
probabilistic motion model are known and generalized
form of the approach for multi-vehicle search, see [9] and
[10]. The tracking problem commenced with a simple
feedback motion tracking algorithm, and has evolved with
the developments of a number of recursive filtering
techniques, see [11]. The distributed search frameworks
which apply Bayesian techniques can be found, where the
agents cooperate and learn policies by selecting actions
and rewards from a discrete group see [12]. The same
framework implemented with dynamic programming to
find quasi-optimal trajectories based again on a discrete
set is discussed, see [13]. The coordinated control
solutions are different from the cooperative control
solutions. In the coordinated control problems, decision
maker’s plans are - individually based on their current
knowledge of the world, e.g. target state, and only
exchange observed information via the Bayesian sensor
network, ensuring that each platform shares a common
global picture of the world, see [14]. Recently, the
coordinated search strategy for a random walk moving
target on one of two disjoint lines was explained, see [15].
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More recently, the coordinated search technique in the
3-D space that finds a three dimensional randomly located
target in a known zone by two and four searchers was
introduced, see [16] and [17].

This paper is organized as follows: In Section 2, we
describe the formulation of our problem, and some
conditions ensuring the expected value of the first
meeting time between one of the searchers and the target
are introduced. In Section 3, the existence of the optimal
search plan which minimizes the expected value of the
first meeting time is proved. In Section 4, the efficiency of
this model using a numerical example is exhibited.
Finally, the paper concludes with a discussion about the
results and some directions for future research.

2 Problem Formulation

Undoubtedly, one of the most complicated problems
faced by engineers in industrial gas companies is the
discovery of hydrogen gas quickly and separating it from
other gases mixed in the air. Hydrogen gas is converted,
in a mixture with the air, into an explosive gas. Therefore,
scientists develop different hydrogen sensors that can
work in difficult working conditions (e.g. high
temperature or concentrated gas) where the sensor records
the high temperature by detecting the presence of
hydrogen and its quantity in the air. Searching for random
walk moving hydrogen gas molecules (the lost target)
inside one of n disjoint systems of pipes (lines) using 2n
sensors (searchers) has several applications in industrial
fields, see Figure (1).

Fig. 1: Coordinated search for detecting a random walk target
inside disjoint system of pipes.

In semi-coordinated search technique, every two
searchers cooperate with each other to find out the
location of the lost target quickly, where the motion of

each searcher on each line is independent. Our goal is to
find the existence of a search plan which minimizes the
expected value of the first meeting time of the searchers
to return to the origin after one of them has met the target.

2.1 The Searching Framework

The space of search: n disjoint lines.

The target: The target moves with a random walk motion
on one of n disjoint straight lines.

The means of search: Looking for the lost target is
performed by two searchers on each line. The searchers
start searching for the target from the origins of the lines
Hy = 0¢ = 0),& = 1,2,...,n with continuous paths and
with equal speeds. In addition, the search spaces (n
straight lines) are separated into many distances.

2.2 The Searching Technique

In this paper, the target is assumed without goal and the
motion of the searchers is deterministic. We have 2n
searchers that start looking for the lost target from the
origins of n lines, where the two searchers S; and S, start
together looking for the lost target from Oy on Ly, and the
two searchers S3 and Sy start together looking for the lost
target from O, on the second line L,, and so on until the
searchers S»,—1 and Sy, start together looking for the lost
target from O, on the line L,. The two searchers S| and S
start together looking for the lost target from O; on L,
where the searcher S| moves to the right and goes from
the O; to Hy;, and the searcher S, searchers to the left and
goes from O; to —H|1, the two searchers S and S, search
to Hy; and —Hj in the same time Gy, then they come
back to O; again in the same time of G;. If one of the
two searchers does not find the lost target, then the two
searchers S| and S, begin the new cycle search for the lost
target, where they go from O; to Hp; and —Hj;
respectively and they will reach H; and —Hj; in the
same time of Gs;. Then, they come back to O; again in
the same time of G4 and so on. In the same way, other
searchers follow the same strategy of search on the other
lines, taking into consideration the difference in distance
and time needed by each two searchers on each line. The
2n searchers return to the 01,03, ...,0, after searching
successively common distances until the target is found,
(see Figure (2)).

A target is assumed to move randomly on one of the n
disjoint lines according to a stochastic process
{S(t),t eI}, 1" ={0,1,2,...}. Assume that {Z;};>0 is a
sequence of independent identically distributed random
variables such as for any i > 1: p(Z) = p and
p(Zi = —1)=1—p=gq, where p,q > 0. For tp,t € I'",

S(1) gl 7:,5(0) = 0.
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Fig. 2: The relationship between the distances of the searchers
on n lines and the time of search.

The searchers S1,5,,...,5, were assumed to begin
their search path from 0;,0,,...,0, on Li,L,,....L,
respectively, with speed V1, V2,...,V,, the searchers Sys_
and S¢ follow the following search path which is given by
the functions:

[9e_1)e :RT —Rand ¢y : R™—RorLg ,§E=1,2,...,n

Such that:

9e e (1) = 9z 1) ()] = [Pag)e — Poe)e (t2)]

< Vel — 1o, (1)

Vo=12,..

where Ve, & = 1,2,..,n are constants in R and
Pe—1)e(0) = Pae)z)(0) = 0. Let all search paths of the
two searchers S»z_; and S¢ on Lg which satisfy condition
(1), be represented by ¢V25 e and clbv(zg)‘5 respectively.
We represent the path of SQ;;,, and Sg by ¢z = (q)Q;;,,{g,
$ree) € P, where Pp = {(Pe_1,02e2) @ Prz_ic
€ %25716’ Poee € ¢V2«5§}’ E=1,2,...n.

The search plans of the n searchers are represented by
43 =(01,02,03,....0,) € &, where @; the set of all search
plans.

We assume that Zy = X of the target which moves on

Lg, such that Z p(Zy = Xg) = 1. There is a known

probability measure vi+va+..+v,=1lonLiUL,U..
UL,, which described the location of the target, where v5
is the probability measure induced by the position of the
target on Lg. The first meeting time in /™ is defined by:

75 =inf{t : 9oz 1£(1) = Xz +S(7) or oz = Xe + ()},

where Zj is a random variable representing the initial
position of the target and valued in 2/ (or 2/ + 1) and
independent of S(z), 7 > 0.

,nandty,t €1,

At the beginning of the search, we suppose that the
lost target is existing on any integer point on L; or L, or
... or Ly, but more than H,¢ or less than —H¢. Let Tope 1

be the first meeting time between S,¢ _; and the target and
Thee be the first meeting time between the target and Sy¢

on Lg. The main objective is to find the search plan
¢ = (91,92,93,....¢n) € P such that E(t5) < eo. In this

case, 43 is said to be a finite search plan, and if
E(t ¢) < E(7 )Vq) € &, where E denotes expectation,

then ¢* is called the optimal search plan. Given n > 0, if z
is:0<k; < ”T“ < n, where k; is integer, then:

ok n—k
(kl)plq b

p(S(n) =ki) =
0 if Kk does not exist.
2.3 Finite Search Plan
Let A, A2,...,Ay and &1, 85, ..., &, > 1, be positive integers

such that C],Cz,...,cn > 1, )L] = k@],)Lz = k92,...,
An = kB, where k =1,2,... and 61, 0,,..., 0, are the least
positive integers and V; = 1,E=1,2,...,n

The sequences {Gig }i>0, {Hie}i>0 for the searcher
525,1 on the line Lé have been defined (see[2] and [3]) to
obtain the distances that the searcher cover according to
the values of Az and (¢, and explains the relationship
between distance and time of the searchers according to
the following:

1

i 101 gy
Giézzz{lf(lf)“})yé(cgzﬂ 0@

1 .
Hie =Gz = EGZI.;; i>1 on Lg 3)

We shall define the search path of the searchers for any
t €It if G <t < Gy, then:

tog s = (Mg )+ (-1 (GHisp ) 4 (-1 G
“)
and ¢r_¢_1¢ = —Prge, (see Figure2) The searchers Syz_
and Sy return to the origin of Lg after searching
successively common distances  Hjg,Hog,... and
—H&,—Hyg, ..., respectively, until the target is found.

Theorem 2.1. If ¢ = (¢1,¢2,93,...,0,) € P is the search
plan defined above, then the expectation E (7, ) is finite if

=)

wig (xg) = ;(Cé = D)p(Pe(Gie 1) < —xe),
waz (xg) = i@g — D)p(9e(Gaz1) > ).
wag (x) = i(cg(cg 2) 4 1) pl(§e(Ge) < ),
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118 ~N sp
wie (xg) = Z(Cé(@g =2)+ D)p(9e(Goie) < —xg), () p(Ty, > Gain),P(T4,)5 -, P(T, > Gain)
=1
0

are finite VE = 1,2,...,n

Proof. Assume that X;,X5,....X, are independent of
S(t),t > 0, if Xz > 0, then Xg +S(¢) > ¢rz_1¢(¢) until the
first meeting between Sz _ ¢ and the target on Lg, also, if
Xg <0, then Xg + S(¢) < ¢pe¢(2) until the first meeting
between Sy¢¢ and the target on Lg. Hence, for any i > 0

p(t5>1)=p(Ty, >1 0Or Ty, >1 Or ... Or Ty, > 1),
= /p(T¢ > t)dt
0
o Gl|+| G,‘2+]
Z [ / T¢1 > Gll)dt+ p(T¢2 > Giz)dt
=0 Gii Gp
Gil+1
+..+ / p(T9, > Gin)dt (6)
Gin
- i(z%[(“(*l)‘“]xl(C]%ﬁ*(*‘)i“% —1)
i=1
_2%[ — x+1 AI(C12+4 l) 1 ]) (T(Pl > Gil)
423l=(= '*2]12( Blad—(=D* -1

+...+(2%[17(71)”2}&"@"&4%
)Hl]ﬂ, ( n%+%7(*1)' _ ])p(f(pn > Gin)

+1)p(79, > 0)+ (& — 1)p(79, >
1)p(79, > Ga1)

A—

_p3ll-(=
=M[((&—2)
Gi)+(&i(6—2)+
+(&F = 1)p(ts, > Gar)+ (§H (G —2) +1)
p(t, > Ga) + (& = 1)+ 1)p(1, > Gs1)
+(G (6 =2) + 1)p(t9, > Gor) + ..
+2[((&2=2) + 1)p(19, > 0) + (& — 1) p(19, >
G12) +(82(& —2) + 1)p(19, > G22)
+(& = D)p(7, > G32) + (5 (L —2) +1)
(T, > Gaz) + (& — 1)p(79,) > Gs2)
+H(E (L =2)+ 1)p(%9,) > Gea) + ] + ..
M ((Gn = 2) + 1) (T4, > 0) + (& — 1) p(T9, >
Gin) + (Gu(Gn —2) +1)p(T9, > Gon)
+(&r = D)p(9, > Gan) + (6 (5 —2) + 1)
P(Tg, > Gan) + (57 = 1)p(14,) > Gsy)
(83 (6 —=2)+ 1)p(Tp,) > Gen) + -],

to solve the equation (6), the value of p(7y,) > Gai1—1),
p(T¢2) > G2i2—1)» ey p(T¢n > szfl) and the value of

@)

p(Tg, > Goig) < /P(Xg +8(Gaig 1) < —He /X

Therefore,

0
plto, > Gaig 1) < [ Pl (Gorg 1) < —)ve ()

+ [ p(0e(Goe 1) > xehve(dn), )
0
5 = 1)2) 7”
And
0
plto, > Gaigt) < [ plaz +S(Gog) < ~Hare g (d)
0
‘We obtain
0
plto; > Gaigr 1) < [ ple(Gorg) < —xg)ve ()
+/P(<P5 (Gaie) > x¢ )ve (dx), Q)
E=12,...n
Substituting (7) and (8) in (6),
E(t5) < M[((&G—2)+1)p(19, >0)+ (& — 1)

p(t, > Gi1) + (§i(& —2) + 1)p(19, > Gar)
+(GF = 1)p(tg, > Ga1) + (GF(61 —2) +1)
p(Tg, > Gar) + (5 = 1)p(T9, > Gs1) + (&7 (&1
—2)+ 1)p(ty, > Ge1) + -]
M[(&—2)+1)p(t9, > 0)+ (& — 1)

p(T, > G12) + (&(& —2) + 1)p(19, > G2)
H(G = Dp(ty, > Ga) + (G5 (L—2)+1)
p(tg, > Gan) + (5 = 1)p(t9, > Gs2) + (5 (&
—2)+1)p(t, > Ge2) + .| + ...

(G —2)+ 1)p(T9, > 0) + (& — 1)

p(T4, > Gin) + (8u(8u —2) + 1) (19, > Gap)
+(&r = Dp(T9, > Gan) + (51 (&—2)+ 1)
P(Tg, > Gan) + (&) = 1)p(T9, > Gsn) + (5 (&
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=2)+1)p(t9, > Gen) +-..].

Bz < L l(G =2+ D=0

0 0
+521,ZWI§(X§)W’: (dx§)+.°/° Woe (xé)v(:(dxé)
0 0
+ / wag (xg)v§ (dx;;)—i— / Wy (xé)v,;; (dx‘g)
where,
wie(xe) = Z,(Cg = 1)p(Pe(Gaig—1) < —xg),
wag(xe) = Y(C — Dpl(9 (G 1) > —xe),
i1
Wi () = i(ég'(cg —2) 4 1)p(@e(Gig) < —z),
and
was(x5) = T (G484 =2+ D (0g(Gag) > —x5).

Lemma 2.1. Forany k > 0, leta, > 0forn >0, and a,1+1 <

0. Let {d, } ,>0 be a strictly increasing sequence of integers
with dp =0,

oo = oo

Z(dnﬂ —dn)ad,,ﬂ < Z ai < Z(dnH —dn),

n=k n=dy n=k
(see([2]). Theorem 2.2. The chosen search plan satisfies:

wie(xe) < wse(|xel),
woe (xe) < wee (|xel),
wie (xg) <wre(|xel),
and

wye (xg) < wge ([xel),

where, wsg (|xz[), weg (|xz[), wae (|xg|) and wgg (|xz[) are
linear functions.
Proof. This theorem will be proved for wyg (x¢ ), and in a

similar way, the other cases can be proved

oo

(%~

i=1

(i) if xg > 0, then wzé(

woe (xg) = Dp(9e(Goie—1) > —xe,

w35 0).
w0+ X (5~ 1)

) =
(ii) if xg > 0, then wye (x¢ ) =
>0), from Theorem 2.2 (see[1]),

p(=xe < @e(Gaie_y)
then

oo

(Cé*l) (92 (Gaie—1 > 0) Z

G2i§71 ,

Mg

Wzg( )

0<e<l.
Let us define the following

(1) Ve(n) = @:(n0:)\2 = ¥ Wie, where {W} is a
i=1
sequence of (i. 1. d. . v.),
(2) den = Gigz’l"\ei = k(Cg —1),
lxe\2

6) ag(n) = sap(—xe\2 < Ve() <0) = £ pl-0

+1) <Ve(n) <{=j}l.
(4) mg is an integer such that d,,c = bg|xg| + by,
_ &
(5) afg - (ggfl)k’
and .
©) Uiglig+1) = £ pl=(+1) < Vel) < (=)

Then Uj¢(j,j+ 1) satisfies the condition of the renewal
equation (see[1]).

If n> dmg, then By Theorem 2.1 (see[l]) is non
increasing

wag (xg) — wiae) (0) = f‘,o@g (s < 0x(Goe 1)

<0)
—ZC5 (den) + Z Cia(de,)
n=ng)
<Z¢5+0‘5 L (dgn—dgn—1)
e
a(dg,) )
§}i€§++a€ Y ac(n)

n=d 5

o Pel)

<ZC5+°‘5 ) ZP (j+1)<

n= dm§ i=

(=)

<ZC5+065 Z Uléjj-f—l)

n= dm§

Vé( n) <

Since Uj¢(j,j + 1) satisfies the condition of the renewal
equation, hence Ujg(j,j + 1) is bounded fo all j by
constant, S0

woe (xg) <wae(0) + Nig + Nog[xe] = wse (|xe ).
Theorem 2.3. If ¢ = (¢1,02,03,...,0,) € & is a finite
search plan, then E|Zo| is finite. Proof. If E(7;) < oo, then
p(r(z;) is finite)= 1 and so
p(7y, is finite) 4 p(7y, is finite) + ... 4+ p(7y, is finite) = 1,

then one can conclude that
p(7y, is finite) = 0,

p(7p, is finite) = 1,
and p(7y, is finite) = 0, or

© 2020 NSP
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p(7Ty, is finite) = 1, p(7y, isfinite) = 0, .. and
p(ty, is finite) = 0, or  p(7p, isfinite) = 1,
p(7y, is finite) = 0, ... and p(7y, is finite) = 0, ... and
p(Ty, , isfinite=0,....

On the line Lg is p(T¢§ is finite)= 1, then,
Xz = ¢(7,) — S(19, ), with probability one and hence
X|X§| SE(T¢§)+E|S(T¢§)|-

If E(T%) < oo, but |S(T¢§)| < T¢§, then
4E|(19, )| < E(74,) and E[Xg| < eo.

3 Existence of an Optimal Search Plan

Let ¢, € ®(r) be a sequence of search plan, ¢, converges
to ¢ as n tends to oo iff for any 7 € I't, §,(¢) converges to
(1) uniformly on every compact subset.

Theorem 3.1. For any ¢ € I, let S(¢) be a process. The
mapping ¢ — E (Té) € RT is lower semi-continuous on
d(1).

Proof. Let I(¢,7) be the indicator function of the set
{143 > t}, by the Fatou-Lebesgue theorem (see[16]), then:

t=1

E(t;) =E lil(é,t)] =E

Y liminf(g,, t)]
=1

< lim inf E(75),
i—yoo

for any sequence ¢, — ¢ in ds(t) sequentially compact
(see[3]). Thus the mapping ¢ — E(Té) is lower

semi-continuous on (), then this mapping attains its
minimum.

4 Application

In one of industrial gas companies, the discovery of
hydrogen gas molecules from other gases mixed in air is
needed, it moves randomly with a random walk motion in
one of three similar straight pipes. The expected value of
the first meeting time between one of the sensors which
follows the above coordinated search plan and the
hydrogen gas molecules depends on the values of the
distances Hie,i = 1,2,...; & = 1,2,3 that the sensors
Suyn = 1,2,...,6 cover. Since A1,A2,A3 and &y, &, 5 are
positive integer numbers greater than one and k = 1, then
for different values of A;,A2,43 and {1, &, {3we can use
(2) to obtain the value of Gy;e_; of Gye. Hence, we use
(3) to obtain the values of Hie (the distance) which the
sensors should cover, see Table 1.

Note that the sign refers to the movement in the
negative direction. From the property of random walks,
the hydrogen (target), the intersection points between the
path of one sensor and the motion of the hydrogen gas
molecules are the integer points of the distance
Hg,i=12,.;6=12.3.

Let the hydrogen gas molecules move with a random
walk ¥; = Y;_; + u(t) where Y(0) = 0 and u(f) is an
independent identically distributed standard normal
random variable with mean 0 and variance 1. Also, the
initial point of the motion of hydrogen molecules is any
random point and the speeds of the sensors and the target
(is equal to one).

Figures. (3), (4) and (5) show the first meeting time
between the path of the sensors and the motion of the
moving hydrogen molecules where, the target moves on
the first pipe, second pipe and the third pipe.

Random walk motion of the drunk man The search path of the serachers 51,52
€0
e o A
00 20000 -
R e — - 200,00
==t i R
200 ¥
-1000.00
T T
1234567891011 =—=Hil
800

Fig. 3: The first meeting time between the sensor S and the
hydrogen molecules on L;.

The search path of the serachers 53,54

Random walk motion of the drunk man
650 -

500 -
550 -

-4t
500 -

450

L s s |
1234567891011

2000 %
1500 A
i / \
e =
5 _
- bt e F N em
Lol T N ¢ E e 7 AN T
-1000 \\
-1500 \
-2000 &

Fig. 4: The first meeting time between the sensor S3 and the
hydrogen molecules on L,.
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Table 1: The relation between the distance and the time of search
i 1 2 3 4 6 7 8 9 10
M=30=3
Gait 12 48 156 480 4368 13116 39360 118092 354288
H, Search Distance 6 24 78 240 2184 6558 19680 59046 177144
Return Distance -6 -24 -78  -240 -2184  -6558 -19680 -59046 -177144
M=2(=4
Gait 1260 252 1020 4092 16380 65532 262140 1048572 4194300
H Search Distance 6 30 126 510 2046 8190 32766 131070 524286 2097150
Return Distance -6 -30 -126 -510 -2046 -8190 -32766 -131070 -524286 -2097150
AM=51¢86=3
Gaj1 20 80 260 800 2420 7280 21860 65600 196820 5940480
Hy Search Distance 10 40 130 400 3640 10930 32800 98410 295240
Return Distance -10 -40 -130 -400 -1210 -3640 -10930  -32800 -98410 295240
fondom walk motion of the drunk man The search path oftheserachers 5555 independent; this helps us to find the lost target without
wo— 2000 - wasting time and cost. A real life application to clarify the
L e R efficiency of this model is introduced.
) In future work, one can generalize the multiplicative
fﬁg : semi-coordinated linear search plan for a randomly

1234567891011

1500

1000 t :
500

il
0+ . s - —
1 2 3 4 5 6 8  \nn
-500 \
-1000

-1500

Fig. 5: The first meeting time between the sensor S5 and the
hydrogen molecules on L3.

5 Conclusion

The multiplicative semi-coordinated linear search strategy
for a random walk target on one of several real lines is
illustrated, where the initial position of the lost target is
represented by a random variable Zj as in Figures (1) and
(2).

The main objective of Theorems 1, 2 and 3 is
explained, and a finite search plan exists under some
conditions; the existence of an optimal search plan which
minimizes the expected value of the first meeting time
between one of the searchers and the target is confirmed.
In this model, the motion of the searchers on n lines are

moving target.
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