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Abstract: In this paper, the authors have derived the (p,g)-analogue of Aleph-Function with (p,q)-derivative by using the
generalization of the Gamma and Beta functions. Some particular cases of these results, in terms of (p,qg)-analogue of G-Function,
were established earlier by Swati et al. and I, H-functions and derived earlier by Altaf et al.
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1 Introduction

The (p,gq)-shifted factorial is based on the concept of twin-basic number [n], ) (f;:(q];)

the theory of two parameter quantum algebras and has also been introduced in combinatorics by Jagannathan et al. [1].
Several properties of this number were studied briefly in [2]. Around the same time as [2], Brodimas et al. [3] and Arik et
al. [4] also, independently, introduced (p,¢)-number in the physics literature, but in a very much less detailed manner.
(p,q)-identities are, thus, derived, by doubling the number of parameters, which offers more choices for applications. It
has been observed that many of g-results can be generalized directly to (p,q)-results. If we have (p,q)-results, the
g-results can be obtained more easily by mere substitutions for the parameters instead of any limiting process, as
required in the usual g-theory [5]. This also provides a new look for g-identities.

The g-deformed algebra [6,7] and their generalization to (p,q)-analogue [2,8] have attracted much attention of the
researchers to increase the accessibility of different dimensions of (p,g)-analogue algebra. The main reason is that these
topics stand for real life problems in mathematics and physics, discussed later in the theory of quantum calculus.

In the present paper, the authors attention is towards the (p,q)-analogue of Aleph-Function with (p,q)-derivative by
using the generalization of the Gamma and Beta functions, namely (p,¢)-Gamma and Beta functions.

From the theory of basic hypergeometric series [9], some basic definitions are given below:

The g-shifted factorial is given by

. The basic number occurs in

I, n=0
(a,q)n = (1-a)(1—aq)..(1 —aq""),n=1,2,3,... W

with (ay,az,...,ax;q)n = (a1;q)n(a2; @)n..-(ax; q)n-
The g-gamma function was first introduced by Thomae and later by Jackson. The g-analogue of gamma function, which
is defined by F.H. Jackson [10], is given by

(g:9)=(1—¢q)'

Tyl = (¢%:9)

,0<g<1.
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Jackson gave the general definition that is given below:

/bf(t)dqt = /Obf(t)dqt - ./Olaf(t)dqt’

where /Oaf(t)dqt =a(l—gq) Z flagMq".

n=0
Jackson also defined an integral, i.e.
| rdi=1-a) ¥ flaaa
Nn——oo

P. Njionou Sadjang [11] introduced, the so-called, the shifted factorial as follows:

(xoa)h = (x—a)(px—aq)(p’x—aq’)...xp" " —aq"™") (@)
(x@a)h, = (x+a)(px+aq)(p’x+aq’)...xp" " +aq""") 3)
These definitions are extended as follows:
(aob)y,=[1(ap" b4 )
k=0
(a®@b)y,=[T(ap" +bq") )
k=0

Let x be a complex number, the (p,g)-Gamma function is defined by P. Njionou Sadjang [12], where

(Poa);
L) =——%L(p—q) ™" 0<qg<p ©)
P (p o)y,
If we put p =1, then I, , reduces to I.
The (p, q)-Gamma function fulfils the following fundamental relation

Ipg(x+1) = [x]pglp.q(x)
If n is a nonnegative integer, it follows from above that
Ipg(x+1) = [x]pg!
It can be also easily seen from the definition that
(PO4)py
(P - q)?),q
P. Njionou Sadjang [12] also defined the (p, ¢)-Beta function as

I, I,
Bp4(x,y) = 7pﬂ(x> pa0)
Ipg(x+y)

The (p,q)-derivative of the function f(x) is defined as follows [2,6]:
f(px) — flgx)
(p—q)x
Where D), ,f(0) = f'(0), provided that f(x) is differentiable at x = 0. The (p, ¢)-numbers (], , and (p,q) factorials [n], 4!

are defined [11] as:

Ipg(n+1)=

Dp,qf(x) = x7#0 @)

and

(n]pg! = p.ql2lp.q---[]pag

respectively. Also it happens that D), ;(x") = [n] X"~
Remark 1: D, ,(x) reduces to Hahn Derivative d, f (x) iff p — 1.
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Remark 2: [n],, , = [n], (Hahn Basic Number) iff p — 1. where [n], = l]iqq" ,q# 1.
Note:

D" (xM) = Ipg(u+1)
Iy —n+1)

i (x,u) — th(”“‘ ])
Ig(u+n+1)

B.K. Dutta et. al. [13] defined the g-analogue of Aleph Function in terms of Mellin-Barnes type contour integrals in the
following manner:

Ny g [(z-q (aj,Aj)1ns [TiajinAji)lnv )]

A Re() 41> 0 8)

X Re(1)+1>0 )

(bjsBj)1ms [Ti(Djiy Bji)lm+ 1.4

Ir—nI G(qu+Bjs) ﬁ G(qlfaijjs)n.Zfs

1 i i
:—,/ — - ds (10)
27i r : i G 1—bji—Bjis i G ajitAjis Gla$)\G(a1=)si
p Yiul 11 Glg ) I Glq )G(¢*)G(q"~*)sinms]
Jj=m+1 j=n+1

where A, Bj,Aji,andB; are real and positive, 7; > 0, for all i, a;,b;,a;,andb j; are complex numbers and

G(g") =[] —¢*")" =

0 (9% q)e

where L is the contour of integration, running from —ico to +ico in such a manner that all poles of G(qu'*Bi“'); 1<j<m
are on the right of the path and those of G(¢' ~%~4/%);1 < j < n, are on the left. The integral converges if Re[slog(z) —
logsinms] < 0, for large values of |s| are on contour L.

Setting 7; = 1, in (10) we get basic analogue of I-Function in terms of the Mellin-Barnes type basic contour integral
introduced by Saxena et al. [14] as:

1) =1 Kz;q (a,Aj) 103 (@jisAjins 1. ﬂ

(bj,Bj)1.m: (bjisBji)mi1.q;

ﬁ G(qu+Bjs) ﬁ G(qlfaijjs)ﬂzfs

1 j=1 j=1
= oni qi Pi ds (1
L Yl I Glg" %8sy T1 G(g“it4i*)G(g*)G(q'~)sinms]
Jj=m+1 j=n+1

Setting r = 1, p; = p,q; = ¢, in equation (11) we get g-analogue of H-Function defined by Saxena et al. [14] as follows:
LA
o . (aj,Aj)1p —
A [(Z 1 (bj,Bj)l,qﬂ

lr—nI G(qu+Bjs) l—”I G(qlfaijjs)n.Zfs

L/ =1 =1 ds (12)

/ q 14
2T Gl B [T Glg ) Glg")Glq!~)sinms
Jj=m+1 Jj=n+1

Further, if we put A; = B; = 1, equation (12) is simplified to the basic analogue of Meijer’s G-Function given by Saxena
etal. [14].

al,az,...,ap o

bi,by,....;by )|

637 | (s
m n
] ‘ H G(quJrs) H G(qlfajfs)ﬂzfs
_./ - S ds (13)
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Altaf et al. [15] gave the alternative definition of g-analogue of Aleph-function by using q-Gamma function as:

N [(z'q‘ (ajsAj)ns [TiajioAji)lns1 p: )}

(bj,Bi)1.m: [Ti(Djis Bji)lm+1.4:

m n
[ 55 (b;+Bys) 1 (1 —a;—Ajs)mz
j=1

1 j=1
= ﬁ/ qi pi ds
p Xiowl 11 Ig(1—=bji—Bjis) 11 Ig(aji+Ajs)Iy(s)Ig(1—s)sinms]
Jj=m+1 Jj=n+1

Where L is the contour of integration running from —iee to +ieo in such a manner so that all poles of I (b;+Bjs);1 < j <m
are to right of the path and those of I (1 —a; —Ajs);1 < j < n, are on the left. The integral converges if Re[slog(z) —
logsinms] < 0, for large values of |s| are on contour L.

2 Main Results

(A) In this section we will find the (p,q)-analogue of Aleph-function.
Swati Pathak and Renu Jain [16] defined the (p,q)-Gamma function as follows:
((P.9);(P,q)=(p—q)' ™

= a0 1

When x = n+ 1 with a non-negative integer, this definition is simplified to

Ipg(n+1)=n]p,! (15)
And

Ipg(x+1) = [x]pglpq(x),

we can deduce that I}, ,(1) = 1.

Now we shall make use of (p,q)-Gamma function for defining (p,q)-analogue of Aleph-function, which is as follows:
(
b.

aj A s [T A i) i1 )}

xR 2(p— Z;n:]ﬁz*):;’:laz*):leTi[):gnuﬁﬁ*zz[iuﬂO‘H]; ,
Pidit1imr K (P=a) (p-4) (b, Bj)1m: [Ti(bjiy Bji)lmt1,4,(1,1)

ﬁ G(pbiTBis ¢bitBis) ﬁ G(p' =94 gl =ai=Ais) (p — q)L B—Ein At Einy Tt B Xy Al s
j= j=1

1
= o / 7 Z (16)
L Yl 11 G(p'-baBus g'=bu=Bis) [ G(puitAus,quit4is)G(ps,q*)G(p'—*,q"~*)sins]
j=m+1 j=n+1

On multiplying equation (16) by

_ Z;’Zl ar— ;'1:1 br+m+n71+2{:1 Ti [Zfin,] Ari*Z?LmH Bii—Aj] Y1 npitqr—(m+n—1)
(r—q) G(p.q)
and then making use of identity
G(p".q") q
I,(x)=———"F—F——,|=|<1 (17)
PR (p—a)'G(p.g) " p
where
G(pa,qa) _ H(pOth,anrn)fl (18)
n=0
1

((P*:q%): (P:q))e
The R.H.S. of equation (10) becomes

m n
1 s [T 1p.q(bj+Bjs) T Ipg(1 —aj—Ajs)mz
S A o
p Yiiwl I Ipg(1—bji—Bjis) I g(aji+Ajis) I q(s)Ipq(1 — 5)sinms]
Jj=m+1 j=n+1
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Special Cases:
Taking 7; = 1, in above equation we will get the (p,q)-analogue of I-Function defined by Altaf et al. [17] as follows:

WA s (@i A a1 s
o . (@A) s (@jisAji)nt1,p,
pigisr KZ (p.q) (bjsB) 1. (bjisBji)ms1.4:

s

n
Ipg(bj+Bjs) [1 Ipg(1—a;—Ajs)nz™
i =1

1
ot b T - "
1 r : i .
L Xl 1 Tog(l=bji=Bjis) 11 Tpglajit-Ais)Tpg()lg(1 = s)sins]

Jj=m+1 j=n+

Taking r = 1, in equation (19) we will get the (p,q)-analogue of Fox’s H-Function defined by Altaf et al. [17] as follows:
AP
il (col12)
ro |\FP9)|(b,.87)1

m

n
[1154(bj+Bjs) _le}a,q(l —aj—Ajs)nz %ds
]:

Ly
C2mi 0 P .
L II Ipg(1=bj—=Bs) I1 Ipglaj+A;s)Lpq(s)Ipq(l—s)sinms

Jj=m+1 Jj=n+1

(20)

If we take A; = B; = 1, in equation (20) we will get the (p,q)-analogue of Meijer’s G-Function defined by Swati Pathak
et al. [16] as follows:

m,n . ay,dp,...,dp

Gro [(Z’("’Q) b],bz,...,bQ)]
m n
[1154bj+s) [11pq(1—a;—s)mz*ds

1 j=1 j=1
- ﬁ/ P Q1)
L II I, ,(1—=bj—s) II Ipq4(aj+s)I;q(s)I}4(1—s)sinms
j=m+1 Jj=n+1

Put p = 1, the above results of (p,q)-analogue change into well known results of basic analogues of Aleph-function,
I-function, H-function and G-function [15].

(B) In this section, we will evaluate the (p, g)-derivative operator involving (p,g)-analogue of Aleph-function.
Theorem 1: Let the parameters p;, g; be non-negative integers satisfying the inequality 0 <n < p;,0 <m < g; and 7; >
0;i=1,2,3,...,ris finite and a;,b;,aandb j; are complex numbers, then

(ajal)l,n; ceny [Ti(aﬁ, 1)]n+1717i ):| :|
Bjs D)1 gmy s [T(Djis D) 1.,4:

_Jdeargmn | (a1 = 1,1)(aj, Dap, s [Ti(@jis Dlngr,p; 29
< p,-,q,-,l',-,r |:<Z’ (p7q) (bj) l)l,m;---v[Ti(bjivl)]m+1,q,- ( )

Where z#£0,0< g < pand 0 =/—1.
Proof: To prove theorem (1), when a; > 0, we apply equation (8)

ZDI’vq |:Zlal Ngl,-’z,-;r,-;r |:(Z’ (pvq)

n

m
Tpq(bj+5) I Tpg(1 —aj—s)me™"ds
=1

l—a; 1 = j=1
LHS.=2Dpg|z ]271760 gi pi
L X @l 11 Ipg(W=bji—s) T1 Ipglajit+s)Ipq(s)Ipq(1—s)sinms]
Jj=m+1 Jj=n+1
m n 1
1 [11,40bj+s) 11,41 —a;—s)D, 4z~ *]ds
=1 j=1
~“2n0 / , gi Pi .
L YTl I Ipg(L=bji—s) T1 Ipg(ajit+s)Ipqe(s)Ipq(l—s)sinms|
Jj=m+1 Jj=n+1
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n
(b +S) H l—h‘q(l 70]'—_5‘)7'[[1 —aj *S]p,qzlialixds

=1
27ra)/ r , Pi .
Gl I Tpg(W=bji=s) T1 Tpg(ajits)Ipe(s)Ipq(1 = s)sinms|
Jj=m+1 Jj=n+1

Since

pa o qa
I g(1+a)= g I q(a) = lalpqlp.q(a)
—ar=slpglpg(l—ar—s)=1Ip4(1—(a1—1)—s)
Thus

m n
X H (b +S)1—},,q(] —(al—])—S) H[‘pq(] —aj—s)n'Z*SZlfalds
LHS. = / s I
2nw 7 P .
Yioal I Ig(=0bji—s) I1 Ipglaji+s)Ipq(s)Ipe(1—s)sinms]

Jj=m+1 j=n+1

(ar

1]) (aj, D ny - [Ti(@jis D]as1p, )}

— l—ay Nm,n. ) . 1
z PivfIi,‘L'i,r|:(Z7(paCI) (Bj 1) 1y [T (bjlal)]m+1,qi

Hence the result.
Theorem 2: Let parameters p; and g; be non-negative integers satisfying the inequality 0 < n < p;,0 <m < g; and
7,>0;i=1,2,3, %, ris finite, and A, B}, Bj; and B; are positive real numbers, and a,b;,a; and b j; are complex numbers,

then
)1 ,(aj,, Jt)n+1m)H
)l, ,( Jis jt)erl,q,
- ( ])Hx m-+1,n (aj7Aj)1,n7(ajl7Ajl)n+1]J,
= o Nt |\ PV oD | 2) b B)1 i by B s (0.2) @y

Where x # 0,0 < g < p,and @ = /—1.
Proof: For A > 0, the left side of above equation becomes

mn ( Aj)] n,[Ti(ajiaAji)]nJrl,p,-
LHS. = pq[Npi,qi;r,-;r {(px i (p,q) ‘(bJ,B V1 (%o B It 1.,

I q(bj+Bjs) |
/ -
T 2nw 1 Pi .
=1 Gl L Tpg(U=bji=Bjis) 11 Tpg(ajitAjis)Lpq(s)Lpq(1 = s)sinms]

j= m+1 j=n+

1 Ig(1—a; _Ajs)”Dp-,q[(le)is]ds

:5
T::

That is

L .
o 277(1)/ 9i pi As .
L X al 11 Tg(=bji—Bys) T1 Tglai+Ais)Tq(As-+ 1) (pa) 4 Ty g () (1 —s)sins]
Jj=m+ Jj=n+

m n
I1 I (bj+Bjs) T1 T g(1—aj—Ajs)Rl 4 (As+p)p~*x 2 Hds
j=1 j=

Ipg(p+As) rm1 Ipg(bi+Bjs) ﬁ Ipg(l Ajs)m pt Ad
P:q s pqbj is pg(l—aj—Ajs s
j=1 S J (pg)—HA

qi pi
L YL 5llpg(1=0+4s) T Ipg(l—bji—Bjs) TI Ipglaji+A;is)Ip.q(s)p.g(l—s)sinas]
j=m+1 J=n+1

ek /
(pgH=1)/2 Zm

_ U i [ (p.q) (@A) 13 (@jisAji st s
(pq)(u=1)/2 " pisgit1ir (U, 2)(Dj,Bj)1ms (Djis Bji)my1,4;(0,4)
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Hence the result.
Special Cases:
By putting 7; = 1 in (23) and (24), we get the (p,q)-analogue of I-function defined by Altaf et al.[17] as mentioned below:

zD,,,q[1 apen, Kz;(p,q)

(@j, D103 (@jis D1 p;
(bjyl)l,m; (bji; 1)m+1,q,-

1 .
=z Kz (P,q)

(a1 —1,1)(aj, V)2 n: (ajis )ngip;
(bj71)l,:n;(bji71)rfl+l,4i ’ ﬂ =

DA (@A) 1,
D | (@ Aj) s (@jiyAji)nt Di
”"’[ PG [(px (p24) ’(bj,Bj)l,m; (Bjis Bji)m+1.4;

(DR px* (@j, A7) 105 (@isAji)ns1 s
o (pq)#(#,l)/zlp,-,qﬂrl;r (pq) ua’ (p q) ([,L )L)(b B )l m’(b]liji)mel,Qi(Oak) (2)

By putting p = 1, the above results of (p, g)-analogue change into well known results of basic analogue of I-function [18]
as mentioned below:

D, [, | (s

== allzt ;l Kz;q (a1 —1, 1)(‘11’ I)Z,n(ajivl)nﬂyﬂi)] (26)

(aj, i (@5 D1 ﬂ ]

(bj; l)l,m;(bji; 1)m+1,q,-
(ijl)l,m;(bjia 1>m+1~,qi
Jmn q ( hAj )1n7(ajuAji)n+1,p,~
Pisqist ’ (b B; )lin,(b]liji)M+],Qi

— wlnﬂrl,n xl ‘ ( aj, Aj )1 ”’(aJ”Aji)"+1’p" @n
(q)ﬂ(ﬂ*l)/z pingit+1ir (q) ([,L )L)( )] m,(bjt, )inJrl,q,'(Ov)L)

u
Dq

3 Conclusion

The results proved in this paper give some contribution to the (p,q)-algebra and are believed to be new and fruitful for
(p,q) analogue and are likely to find certain applications to the solution of the (p, ¢)-integral equations involving various
(p,q)-hypergeometric functions.This research is certainly not complete and should be a starting point of many other
researches.
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