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Abstract: In this paper, some ratio-type estimators for finite population variance have been proposed using known values of the
parameters of an auxiliary variable such as quartiles and their functions under simple random sampling. The suggested estimator has
been compared with the usual unbiased estimator of population variance under large sample approximation. An empirical study has
been also conducted to judge the merits of the proposed estimator over other existing ratio estimators for the population variance.
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1 Introduction

In sampling survey, the use of the suitable auxiliary variable always increases the efficiency of an estimator of the character
under study. The efficiency of the estimator can be increased at both stages selection as well as estimation. For estimating
the population parameters such as population mean Y and population variance S% of the study variable y, several authors

have used information on different parameters such as population mean X, coefficient of variation Cy , standard deviation
o, , coefficient of skewness B (x) and coefficient of kurtosis (x) of the auxiliary variable x. However, the problem of
estimating the population variance S% using auxiliary information on a supplementary variable has attracted the attention of
survey statisticians. Estimating the finite population variance has played a prominentrole in various fields such as industry,
agriculture, medical and biological sciences where we come across the populations which are likely to be skewed. Many
more situations can be brightening in practice where the estimation of population variance of the study variable y assumes
importance. For these reasons various authors like [1,2,6,7,8,9,13,14,15,16,17] have paid their attention towards the
estimation of population variance.
According to the property of quartiles and their functions, their values are unaffected by the extreme values or the presence
of outliers in the population values. For this reason, [4,10,11] and [12] have considered the problem of estimating the
population variance of the study variable y using information on quartiles, inter-quartile range, semi-quartile range and
semi-quartile average of an auxiliary variable x.

The usual unbiased estimator s2 , the estimators of the population variance due to [1,2,4,10, 11] and [12] are presented
in the Table 1 along with their biases and mean squared errors (MSEs).

Table 1: The Existing estimators of population variance S}Z,

Estimator(.) Bias B(.) Mean Squared Error MSE(.)
tg =52 - S5 (A0 — 1))
2
k=53 (%) N Estimawor | 3o = 1)(1=¢) | ¥5}[(hao— 1)+ (o = 1)(1 = 20)
n=s (ff:g') [2] Estimator | 7S7(Z04 —1)61 (61 —¢) | ¥8}[(Aa0 — 1) + 61 (Aos — 1)(6; —2¢)]
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Table 2: The Existing estimators of population variance S)% Conti...

Estimator(.) Bias B(.) Mean Squared Error MSE(.)

b= (S 2y Bsimator | y83(hos— 1)6:(6:—¢) | ¥8¥[(20— 1)+ 0 Aoy — 1)(6, —20)
n=s (%) [2] Estimator | ¥S3(Aos —1)63(685 —c) | ¥S¥[(Aa0 — 1)+ 63(Aos — 1)(65 —2¢)]
o =53 (520 121 Estimator | y83(hos— 1)64(61—¢) | 8¢[(20— 1) + 04 Aoy — 1)(8; —20)
s =57 (52 110) Bsimator | 83 (hos— 1)65(65—¢) | ¥8¢[(2o — 1) + 05 Aoy — 1)(65 —20)
f6 =53 (fﬁig:) [11] Estimator S5 (Aos —1)65(65—¢) | ¥S¥[(Aao — 1) + 66 (Aoa — 1)(6s — 2¢)]
=5 (féig;) [11] Estimator S5 (Ros —1)67(687—¢) | ¥S§[(Aa0— 1)+ 67(Ros — 1)(67 —2¢)]
Iy = 2 ( fgjg:) [11] Estimator | 752(Aoa — 1)0s(6s—c) | 75*[(Auo — 1)+ 65 (Aos — 1)(65 — 2¢)]
to =53 (5284) 111] Estimator | 5301 — 1)8(89—¢) | ¥5}[(2a0— 1)+ 60 (s — 1) (89 —20)]
to=s2 (fzig) [11] Estimator | 75%(Ags — 1)010(810—¢) | ¥Sy[(A40— 1)+ 610 (Aos — 1)(610 —20)]
1y = s (ﬁfigz) [12] Estimator | 757(Aos —1)611 (611 —¢) | ¥Sy[(Aa0— 1)+ 611 (Aos — 1)(611 —20)]
=57 <Zf£gz> [4] Estimator | ¥S2(A4 — 1)012(812—¢) | ¥Sy[(Ado— 1)+ 612(Aos — 1)(612 —20)]

Where ¥ = %):f\; ,vi; (population mean of y), X = #):?]:]xi; (population mean of x), S% Yo ](y, Y2
(population variance of Y), S2 = 1):5\7 ,(x; — X)?; (population variance of x), Sxy = ﬁ):izl(x, X)(yi —Y);
(covarlance between x and Y), p = (correlatlon coefficient between y and x), Cy = 3 ; (coefficient of variation of
x), Cy = 3 (coefficient of variation of y), s = = ]Z, 1 (yi —9)? ; (sample variance of y), s2 = pre 121 [ —%)?%
(sample variance of x), Q;(i = 1,2,3) ; indicates the quartile, Q, = (Q3 — Q) ; inter-quartile range, Q; = (Q32Q‘) ;
semi-quartile range, Q, = M ; semi-quartile average 6; = Sasfzct 6, = ﬁi(ﬂ’ 0; = ﬁzlzz)(;i o
O = C'S%Sl;(x) b = S2i2Q2 % = Szferl %=z fQ3 % = S;EQr’ % = S2i2Qd
610 = % 0 = Cg;in 0 = ﬁ, = 1/n, C = (g — 1) (A — 1),

Mg = [,Lm(uéézl.lzr(/)z) ) Mrs = N):l 1 (vi = ¥)"(xi — X)*; (r,s being non-negative integers)

It is noticeable that the estimators #(k = 5,6,---11) due to [4,10,11] and [12] have used the quartiles (Q; : i = 1,2,3)
and their functions such as inter-quartile range Q, , semi-quartile range O, and semi-quartile average Q, and in additive
form to sample and population variances s> and S respectively of the auxiliary variable x. Moreover the unit of the
quartiles and their function as given above is of original variable x, while the unit of S and s is in the square of the unit
of the original variable x. This empowers authors to develop some alternative estimators for the population variance and
study their properties.

The present paper aims to estimate the unknown population variance of study variable y by improving the estimators
suggested by [4,10,11] and [12] using same information on an auxiliary variable x. The remaining part of the paper is
organized as follows: In Section 2, the generalized family of the estimators for the population variance has been
suggested along with the expressions of asymptotic biases and mean squared errors. In addition, some new members of
the proposed family of the estimators have been generated with their respective properties. Section 3 is dedicated to
efficiency comparison of the suggested estimator with respect to the usual unbiased estimator of the population variance
and other stated estimators. Section 4 is devoted to an empirical study of the proposed ratio-type estimators for the real
data sets. Conclusion is presented in Section 6.

2 The proposed family of estimators

Using the known values of quartiles (Q;;i = 1,2,3) of an auxiliary variable X, a generalized family of the estimators has
been proposed to estimate the population variance S\2 of the study variable y as follows:

. 582 +17
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where (852 +L?) > 0,(8s2 +L?) > 0 and (8,L) are either real constants or function of known parameters of an auxiliary
variable x with0 < o <1.

To obtain the biases and mean squared errors (MSEs) of the estimators 1* , we write s; = S5 (1+¢p) , s; = S7(1 +¢1) such
that E(eg) = E(e1) = 0 and to the first degree of approximation ignoring finite population correction (f.p.c.) term, we have

E(e%) _ (M40—1)
E(e%) :(?\offl)

n

E(ege)) = (An—1)

n

Now expressing (1) in terms of e’s, we have

882 + 12
. @ . X -
1 =52(1+e) [H(l “)<5s§(1+e1>+Lz>}

= $2(1+eo) [a+(1—a)(1+9*e,)*'} @)

052
where 0" = o

We assume that |6%e;| < 1,50 (14 8%e;)~! is expandable in terms of power series. Now, we have
' =S(1+ep)[a+(1—a)(l—0% + 02t —--]
= Sg[(] +eg—0%er + 072} —0%ereg+---) +a(0%e; — 0*%eT +0%ereg— )]
Neglecting terms of e’s that have power greater than the two, we have

= Sg[(] +eg— 0% + 02— 0%erep) + a(B%e; — 0*%eT + 0% ere)]

(t" — S}z) =] S)z,[(eo — 0% + G*Ze% —0%ejeg) + 0t (0%e; — G*Ze% +6%¢je)] 3)
Taking expectation of both sides of (3), we get the biases of t* to the first degree of approximation as

52
B(t") = ;’ [6(1—0)B5(x)(6 —C)] “

Squaring both sides of (3) and neglecting terms of e’s having power greater than two, we have
(1" —83)* = Si[eg— 0%e; + ab’ey ] (5)
Taking expectation of both sides of (5), we get the MSEs of t* to the first degree of approximation as

4
MSE(1*) = S—y[ﬁz*(y) +6°(1—a)B (x){6"(1 —a) —2C}] (6)

n
C
Oopr. = (1 - 5)

. * S§ * 2 Q*
minMSE(r") = —[B; () = C°Bz (x)] 7

The MSE of ¢* given by (6) is minimized for

and the minimum MSE of ¢* is given by

Several new estimators of the population variance can be generated for different choices of the scalars (¢,8,L) from the
proposed family of estimators #* given in (1) which are presented in the Table-2.
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Table 3: Some new estimators generated from ¢* for different combinations of (¢,0,L)

Estimators (.) a| o L
i—i(E8) o]o o
=i(E8) ole o
i a0 oo o
A () [0 [ho [0
s=s(pgt) [0]e o
i-s(eng) [o]e [o
=53 () [0 [ B | 0

Similarly one can identify many other estimators from the proposed family of ratio-type estimators ¢* for different
combinations of (&,8,L) . To the first degree of approximation the bias and MSE of the estimators #/(i = 1,2,---,7) are
respectively given by

B(t) = 7S5 (Aos — 1)6;(6; — ¢): (i=1,2,---,7)
MSE (1) = Sy [(Aao — 1) + 6; (Ros — 1)(6; —2¢]; (i=1,2,---,7)
(psg%QS,)’ O = (cxggizb?,)’ o7 = (#ng@)

3 Efficiency Comparison

We have derived the conditions under which the proposed family of estimators ¢* are more efficient than the usual unbiased
estimator s§ ,[1,2,4,10,11] and [12] #x(k = 1,2,--- ,12) estimator. Table 1 and (6) shows that

1

0*(1—
MSE(t") < MSE(s?) Ifc > % ®)
ii MSE(t*) < MSE(tg) If
. 1 2¢—1 . 1 2¢—1
ol (72) (=) <o e (72) (52 ®
iii MSE(t*) < MSE(tx):k =12, 121f
. 9k 2C—9k % 9k 26‘—9k
k=1,2,---.12 1
ol (725)- (=) <o <o (722)- (=) a

4 Empirical Study

To see the performance of the proposed estimator * of the population variance over the usual unbiased estimator s)z,, [1,2,
4,10,11] and [12] estimator 7 (k = 1,2,---,12) , the description of the considered population data sets are as follows:

Population-1[5]

Y: Output for 80 factories in a region
X: Fixed capital

N = 80, n = 20, 7 =51.8264, X=11.2646, 0=0.9413, S, =18.3549, C,
=0.3542, S, = 8.4563, C,=0.7507, Aoa= 2.8664, o= 2.2667, 222=2.2209, 0
=5.1500, 0, =10.300, 05=16.975, 0,=11.825, 0, = 5.9125, 0.=11.0625
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Population-11[3]

N =70, n =25, ¥ =96.7000, X=175.2671, p =0.7293, $,=60.7140, Cy
=0.6254, S,=140.85, C,=0.8037, Ao =7.0952, Ag0=4.7596, Ay =4.6038,
01=80.1500, 0> =160.30, 03=225.025, 0, = 144.8750, Q4=72.4375, Q, =152.5875
Furthermore, for the purpose of efficiency comparison of the estimators #;*(i = 1,2,---,7) , the relative efficiencies of the
estimator fy(k=1,2,---,12) and £/ (i = 1,2,--- ,7) w.r.t. s§ have been computed using the formula:
PRE (tt,s; MSE(S%>X100 for(k=1,2,--,12
t [ — P ...
(kasy) MSE(tk) OI'( Id) ’ )
SE(s2)
PRE(t},s3) = 22X 100 for(i=1,2,---,7
(17Sy) MSE(tl*) Or(l 1< ’ )

Findings are presented in Table-3

Table 4: PRE of the estimators f(k = 1,2,---,12), ¢/ (i =1,2,---,7) w.r.t. s}g

Estimators (.) Population I Population II
tr = (%) 183.2345 142.0218
n=5(55) 179.6210813 | 142.01093
i = 52 (fzjl@;g;)) 169.2398 141.9261
n =33 (BU%C) 181.9786 142.0202
u=s3 (250 164.4934 141.9028
=5 (52) 226.8671 144.1754
15 =52 (512) 206.6417 143.1002
=2 (fﬁjgj) 247.2471 145.0414
1 = 52 <fzjg) 232.1285 143.9687
ty = 52 (fjg:) 209.8595 142.9965
no = (32 229.5416 144.0721
m =5 (252) 238.1734 144.6995
=53 (B2 249.8426 146.1556
=5t la+(1-a) (35| | 2706324 230.8138
f=2(55) 266.3895 222.2802
=5 (249) 270.3844 218.7164
i =5 (B2 270.6075 185.8162
;=5 (RS0 266.8421 178.7482
) 270.6148 214.4873
=5 (8% 268.1147 210.3682
;=3 (RS0 269.7894 182.2565

Table 3 indicates that the performance of the proposed estimator and the new estimators generated from the proposed
family of the estimators #/(i = 1,2, ---,7) are better than the usual unbiased estimator sﬁ, [11,[2], [4], [10], [11] and [12]

f(k=1,2,---,12) estimator.
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5 Conclusion

In this paper, the family of ratio-type estimator for finite population variance S}z, using known values of the parameters
of an auxiliary variable such as quartiles and their functions has been proposed under simple random sampling. The
bias and mean squared error of the proposed family of estimators have been obtained under large sample approximation.
Furthermore, the condition has been derived under which the proposed estimator #(i = 1,2,--- ,7) performs better than
the usual unbiased estimator s§ ,[1,2,4,10,11] and [12] #z(k = 1,2,--- ,12) estimator. The performance of the suggested
family of estimators has been assessed. It was detected that it is more efficient than the other considered estimators for
known natural population data sets under certain conditions.
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