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Abstract: In this paper, we introduce generalize Sumudu type integral transform to investigate conformable derivative, convolution as
well as commutative semigroup property and to obtain solution of conformable heat transfer problems.
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1 Introduction, motivation and preliminaries

Mainly the concept of IT has originated from Fourier integral formula. The importance of ITs is to provide an effective
method for solving many mathematical models, IVPs and BVPs that appear in DEs. The IT is a prominent tool for
solving the DEs, FDEs and IEs arising in various sciences [1,2,3,4]. The DEs and FDEs have become important tools in
mathematical model [1,4]. There are several types of fractional derivatives Riemann-Liouvelli, Caputo, ABR and ABC
[5]. The fractional diffusion equation plays an important role in dynamical system, bio-information and finance [6]. In
recent years, considerable interest in ST [7,8,9,10] has been stimulated by the numerous applications in various fields,
such as applied mathematics, physics, and engineering. Also in [11] Belgacem and Karaballi investigated ST
fundamental properties and applications. Recently, Khalil et al. have defined the conformable derivative in [12]. In [13],
Mohamed et al. studied nonlocal telegraph model equation in frame omit using the conformable time-derivative. In [14],
Zhao and Li investigated the concepts of conformable delta derivative and conformable delta integral on time scales.
Recently, Ghadle and Magar [10] applied ST to the fractional advection-diffusion equation to determine the pollution
and dissolved oxygen in river water. In [15] it was derived the formulae for the ST and double ST of ordinary and partial
fractional derivatives and applied them to solve Caputo type FDEs. Also they showed the applicability of this new
transform and its efficiency in solving such problems. Moreover, Panchal et al.[8] defined k-Prabhakar fractional
derivative as well as k-Hilfer-Prabhakar fractional derivative and its regularized version and found LT and ST of
k-Prabhakar fractional derivative, k-Hilfer-Prabhakar fractional derivative. The LT of k-Prabhakar fractional derivative
defined in [9] are obtained. Yang [16] introduced new IT method which is different from the LT, ST, and ET operators to
solve the DE:s in the steady heat-transfer problem.

The classical ITs are not reduced conformable derivative. In the present paper, we introduce efficacious generalize
Sumudu type IT to reduce conformable derivative and omit obtain basic properties. We find a solution to unveil effective
applications to Sumudu type IT.

In section 2, some useful definitions are presented. In section 3, we prove some basic properties, convolution theorem
by new Sumudu type IT and apply it to conformable derivative, convolution operation and semigroup properties. Also,
we study few applications in section 4.

Abbreviations
FDEs - Fractional Differential Equations
IT - Integral Transform
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ST - Sumudu Transform

LT - Laplace Transform

FT - Fourier Transform

ET - Elzaki Transform

DEs - Differential Equations
BVPs - Boundary Value Problems
IVPs - Initial Value Problems

IE - Integral Equation

2 Preliminary
We begin by introducing some necessary definitions and basic results required for further developments in this paper.

Definition 2.1. [7] ST is defined for function of exponential order and we consider functions in the set A omit
defined by,

A={f(t)/3M, 11, | (1) < MelVTi i te(—17) x [0,00)}
the ST is defined by,
Gu) = S[f ()] = / Flutyetds,  ue(—1.0)
0
for a given function in the set A. The constant M must be finite number, 71, 7, may be finite or infinite.

Definition 2.2. [12] (Conformable integral)
Let o € (0,1] and F : [0,00) — R.
The conformable integral of f of order o from zero to t is defined by

Iof(1) = /OIF(s)das = ./(:f(s)s‘x*]ds
=0L(t* (), >0,

where the above integral is the usual improper Riemann integral.

Definition 2.3. [12] Let f € C"(0,), a € (p — 1, p] for all p € N and [a] denote the smallest integer greater than or
equal to a. The conformable derivative of order & denoted by Ty [f(¢)] is defined as,

FUa1=1) (¢ 4 grlTol-a)y _ plal=1) ()

Tal (1) = lim - ,

= ol glleal) (),

The relationship between the conformable derivative and first derivative can be represented,

Tof(t)=1"%f (1), fec"

Definition 2.4. ([17]) The conformable exponential function is defined for every ¢ > 0 by

Eq(c,t) = exp(c%),
wherece Rand 0 < o < 1.

Definition 2.5. Let

A={fe LPR)/IIf)po= /Om (%P f(0)]dt < M: M
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forsome, M >0, V peN and ac(p—1,p]}.
The Sumudu type IT of a function f € A of order o € (0, 1] is defined as,

FalfO0) = Fulu) = [ e 19 p(0yan,

where .%, is Sumudu type IT operator and u € R.

In perspective of these outcomes, we have omit characterized the accompanying Sumudu type IT and studied its

different applications.

3 Main results

In this section, we study Sumudu type IT and basic results.

Theorem 1.Let f € A then Sumudu type IT S [f (t)](u) = Fy(u) is bounded for all u € N.
Proof: By Definition 2.5, we have

© ] e 1= e 1
Fatu)| = [ e poar] < = [ JeTe | pie)lar < MM; < e,
0o u uJo u
where
o
M1:Sup|e7;_a| for t€]0,0)
=1
1
S_ M27
u
for some, M5 >0, %§M3, for u#0,
where

1 00
MQ:—/ 1) de <M,
u.Jo

from the Definition 2.5.

Theorem 2.Let f,g € A, Su[f(1)|(u) = Fu(u), Fulg(t)](u) = Ga(u) and a,b are any scalars then

(a) Falaf(t)+bg(t)](u) = aFy(u) +bGo(u).

6)  Falflan]w) = g Fal—)

iat®

@) FuleF F0)0) = Fal; —ia).

Theorem 3.The Sumudu type IT of conformable derivative of f € L' (R*) of order a € (0,1] is given by

FalTal F))(0) = 2 Falu) = 0),

where To (f(2)) € A and Fo[f(2)](u) = Fo(u).

®© 2021 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

148 N S e K. P. Ghadle et al. : A new Sumudu type integral transform ...

Proof: Form the Definition 2.5, we have

FalTafO)w) = [ e 15 (1

0

1 1 /1 -
:f—f(0)+—/ —eﬁt"‘*lf(t)dt

u uJjo u

= = Fau)~ =1 (0).

Note that,
(1) The Sumudu type IT of e~a fora€Ris given by
—ar® il | 7<%+u)ta 1 7<u +a)x d.x 1
L le o = / — 7] [afldt = / a . 2
ale”@Jw) o u’ o u’ o (1+au) @

(ii)The Sumudu type IT of cos(%- ) for a € R is given by

—iar®

t¢ ol R} % [7]
u {f(t)cosa—] (u) = / —eTia <$>tald1‘
a 2
— ——m)r — (L +iap®
2/ { +e @ }taldt

1+ a2u2

3)

( -)

(iii)The Sumudu type IT of ¥« for g € R is given by

ya[f(t)%](u):/o Loz o ysin(ie )dt

a u a
iar® —iat®
oo _a o —
:l / le# er —e .e * ta*ldt
alJJo u 21
- u
1 +d%u?
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(iv)The Sumudu type IT of

Now for f,g € A, we define the convolution (f ® g) as

4 = o o o
(F8)0) =u [ 0" /) R ) 1318 p(a)g )
0
1

u
— ouatdil—o f o e .
= ueua' "t /Of(x)g(t x)dx
= ueia“ 11 (F43)(1)
where
(F@0 = [ Fogt—dx

o~

for f(x) = uew™* x@~1 f(x) and g(t —x) = Lewa =9 (1 — x)*Tg(r — x).
Theorem 4.(Convolution Theorem)
Let f,g € A and Sy [f(1)|(u) = Fo(u), Sulg(t)](u) = Ga(u) then the Sumudu type IT of convolution (f ® g) is given by

Zal(f ®8)(1)](u) = uFa(u)Ga(u).

Proof: Let f, g € A then from the Definition 2.5 and convolution (f ® g), we have

1 =% .
Fal(f@)O)u) = [ Zee 1!
t = o a = a
X <u/ e (¥t )leuiﬂlt(tfx) (tx)alxaltlaf(x)g(tx)dx>dt
0 u
:u/ le%)c‘%l]”()c)/ le;*ﬂlt(tﬂ‘)m(tfx)‘)‘*]g(tfx)dtdx
0o u x Uu
] * Ball B
—u [Tt ) [ RO (3)0 () dydx = uFa(u)Garw)
0o u 0o u

Theorem 5.The space (A, ®) is commutative semigroup.

Proof: Let f,g,h € A, (f®g) = s and (g ®h) = v. We have to show that operation ® is commutative and associative in
A.

(i) Commutative:

r _ a_ o = o

—u [ emte )L em e (¢ yya-tye s g o)y
0 u

= (g®f)(1)
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(i1) Associative:

(f®g)@h)(t)=(s®h)()

1 LA -1
= yewa' 11— / —e @ e =% (1 — x) x5 (x)h(t — x)dx
JOo u

= ueﬁtatlfa(sﬁkﬁ)(t) = ueﬁ’atlfa((f*g) *xh)(t).

Similarly we have

(f® (g®h))(t) = uewa 1" ~*(F+7)(1)

1 o -~

— e (P () (1) = (e 8) ) ).
This implies (feg)@h)(t)=(f®(g®h)().

4 Applications

In this section, we obtain the solution of IE, diffusion equation and heat-transfer problem involving conformable derivative
using Sumudu type IT and the FT.

Example 1.For s € ! (R") and ¢ > 0, the solution of the conformable diffusion equation

Tos(x,t) = Asye(x,1), 4)
5(x,0) = f(x), ©)

o —a(x—§)?
s.0) =\ oz | _fE)e e dE. ©)

~

Solution: Let 5(x,s) and 5{/,7) denote the Sumudu type IT and the FT of s(x,¢) respectively. f(k) is the FT of f(x). Now,
taking Sumudu type IT and the FT of (6) and using (2) and (7) we get

is given by

1= i0) 2%
=s(l,u) — ——==—-2Al

£
l,s) = ———.
O ey
Taking inverse Sumudu type IT and using (3)

-~ —AL2e
sit)=f(l)e « for t>0.

Now using inverse FT, we get

-~ — A2

s(x,1) = (De™ @ dl.

‘l 00
V2 /m
From the convolution property of FT, we have

oo

1
swr) = = [ f(E)se-&)ag,
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AP —ox?
where g(x) = .# " [e A | = \/5tme ™™ fort > 0.
The operator .# ! is inverse FT operator.
Finally, we see that the special case involving impulsive initial condition u(x,0) = §(x) and the property of delta function
given by,
= 8(E)y(E)dE = y(0), the solution reduces to (8)

(04 —ax?
s(x,t) = 4nlt“€4ha , t>0. ™

Example 2. The solution of the conformable heat-transfer equation

—pNO(t) = pUa,Ty0(t) ®
60)=n,  for n=0, )

where p- density, U- volume, a;- specific heat of material, p- convection heat-transfer coefficient, N- surface area of the
body and 0 € £1[0,0), 0 <t < eo;x € (0,1] is given by,

=pN
o(t) = nel7i) 7 (10)
Solution: Let @ (1) denote the Sumudu type IT of 6(¢). Taking Sumudu type IT of (10) and using (2) and (11), we get,

—pNOq(u) = pUay, B@a(u) - g]

@a(u) == #,
1 PN
u<u + pUah)
Out(1t) = !

N b
(1+;U;h)

Taking the inverse Sumudu type IT of the above equation and using (2), we get the required solution.

( PN )ta

0(t) =ne PUm’ . (11)

5 Conclusion

The solutions of DE and FDE play a crucial role in mathematical physics. The classical ITs are not reduced conformable
derivative. In the present paper, we introduced efficacious generalized Sumudu-type IT and obtained basic properties.
This new IT reduced conformable derivative omit. We found a solution to conformable heat transfer equation omit using
generalized Sumudu-type IT. This generalized Sumudu-type IT is useful to find the solutions to DEs, such as diffusion
equations and wave equations involving conformable derivative.
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