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1 Introduction

Fractional-order models have been more sufficient than integer-order models in the real-world problems. In addition,
for the explanation of memory and hereditary properties, the fractional derivative is acts as excellent instrument. The
fractional differential equations have gained more attention in different fields such as applied mathematics, engineering,
physics, polymer rheology, etc. For more information, see [2-5, 7-10].

Boundary value problems with integral boundary conditions are attractive and applied to find make sense important
class of applied engineering mathematics. These problems have been included with multipoints and nonlocal boundary
conditions. Moreover, integral boundary conditions appear in blood flow problems, chemical engineering, thermo
elasticity, etc. See [14,17,19,20,23-25].

In [3], A. Anguraj et al. investigated the new existence results for frational integro-diffrentioal equations with integral
boundarey conditions. In [8], D. Baleanu, et al. studied the time dependent of the three point boundary value problems
for fractional integro differential equations. Existence of solutions, which was proved using the new method for reliable
mixed method for non-integer order of singular integro-differential equations was discussed in [11]. Existence of weak
solutions for fractional integro-differential equations with multipoint boundary condition was addressed in [14]. In [23], Y.
Wang et al. discussed the existence of solutions for Fractional Integro-Differential Equations with integral and multi-point
Boundary Conditions. In [24], P. Zhang et al. explored the existence and uniqueness of the global solution for a class of
nonlinear fractional integro-differential equations in a Banach space.

In this paper, we study the existence of solutions for fractional integro-differential equations involving multi-point
integral boundary conditions:

‘D% (r) = g(t,x(1),¥x(t)),0<r<1,2< ¢ <3, (1)
x(0) =0,
x(1) =« [y x(s)ds,0 < v < 1, (2)

[JPx](v) =x(1),0<v <1,

where ‘D% denotes the caputo fractional derivative of order ¢, J? denotes the Riemann-Liouville fractional integral of
order p, g:[0,1] x R x R — R is a continuous function, and x € R with the condition that x # %
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Yx(t) = [ok(t,s,x(s))ds and k:A xX — X,A ={(t,s):0<s <t < 1}. This work has been inspired by that of
G. Akram et al. [2]. The fractional differential equation without involving integral term was studied. Here, we extend the
results. The main results, identifications and example are presented in subsequent part.

2 Preliminaries

Let C([0,1],R) be a Banach space of all continuous functions from [0,1] into R with the norm defined by
[I¥ll = sup {[x(r)[ 3¢ € [0, 1]}

Definition 1. [22] The Riemann-Liouville fractional integral of order a for a continuous function g(t) is defined as

150) = s [ Pre(o)dp. a0

Definition 2. [22] For a continuous function g(t),the Riemann-Liouville fractional derivative of order « is defined as

D) = o () [0 edpn =Tl 1.

Definition 3. [22] For a continuous function g : [0,00) — R, the caputo derivative of fractional order o is defined as

. 1 !
‘D% (t) = ) / (t—s5)"" % g"(s)ds,n—1 < a<nn=[a]+]1,
0

L(n—a)
provided that g™ (t) exists, where [o] denotes the integer part of the real number a.
Lemma 1. [2] Consider the following differential equation and for o¢ > 0:

“Dx(1) = 0. 3)
The solution of Eq.(3) can be written in the following form:

x(t) = ap+ait +ant> + ... a1t
where a; € R,i=0,1,2,....n— l,n=[a] + 1.
Lemma 2. [2] Assuming o > 0, then
JEED%x(t) = x(t) + ap+ art + apt® + ... + a, 11",

For some a; e R,i=0,1,2,....,n — 1 where n is the smallest integer greater than or equal to Q.
Lemma 3. [2] Consider the boundary value problem

D% (t) =h(1),0<t<1,2<a<3,

x(0) =0,
x(1) =& [y x(s)ds,0 < v < 1, @)
[JPx](v) =x(1),0<v < 1,

where (h € C[0,1],R). Define

1
A= (Zvl’“(sz =3)(p+2)—6vP2(2—kV2) + (p+2)!kVvZ(2V — 3))
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such that A # 0.
The solution of BVP (4) is

| o 2t
x(t):m/o (r—s) 1h(s)ds—[m
B Y Y 2 1
U~ R0 - g hisyas
2K 2k(p+2)!1(=21(xv> —3) - 322 — kVv?)
+ [(2_ 2T (@) + AT (a0)(2 — kV2 }

X /0" (/Ox(sm)alh(m)dm) _ %

X (=2(kV3 —3) = 32(2 sz))/o” /Os(u P (s — 1) h(r)ds

207 (p+1)(—2t(kv3 —3) = 3t(2 — kVv?)
*[ AT (p)T (@)2— xv?) }

x /OD/OI (v —5)7"1 (1 = )@ h(r)drds

2k0P T (p+2) (=2t (kv —3) — 3t2(2 — kVv?)
- [ AL (p)I (@) (2 — kv?) }

X /Ov (/Ov /Or(v —s)”l(r—m)alh(m)dm) drds. 5)

1 2 (p+2)1(((kv?)?)(—2v+3))
[F(a+1)+’(2Kv2F(a+1) AT (a+ D2 —xv2) ’
)

|

Let us take

¢ =

yotl 2K 2k(p+2)!1((kv?)(—2v+3

I'la+2) ‘(Z—sz A(2—xkVv?)
N s ‘ (p+2)! (kv (—=2v+3))
T(p+o+tl) A
vP 207 (p+2) (kv (—2v+3))
NTES N CES)) 2 KkVIA ‘
2P (p42) (kv (—2v +3))
(2-kvHA

+

1
NTESNCES))

Theorem 1. [13] (Krasnoselkii’s fixed point theorem)

Let K be a closed convex, bounded and nonempty subset of a Banach space X. Let A1, A, be two operators such that
(i)A1x+Ary € K for any x,y € K.

(ii)A1 is completely continuous operator.

(iii) A1 is contraction operator.

Then there exists one fixed point z1 € K such that z1 = A1z1 + Aszy,atleast.

\c%—v—vv+vmy ©

3 Main results

The main results are proved with the support of following hypothesis.
(Hy) g is continuous function and there exists a constant L;, L > 0 such that:

|g(t,I/l,V) 7g(t7ﬁav)| <L |u7ﬁ| +L2|V7V| :

For any u,v,u,v € Rand t € [0, 1].
(H,) There exists a constant M > 0 such that:

|k(2,s,u) —k(t,5,v)| < M|u—v|
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) > 0 such that forz € J

(H3) There exists a non decreasmg function v( ), 1(t
I]xRxR with v,1 € C([0,T],R).

gt xy)| < v(t), [k(t,x,y)] <1(r), V(t,x,y) €0,
Theorem 2.Suppose that the hypothesis (H) — (H,) is satisfied. If

(L +LM)E] < 1 @)

then the problem (1) — (2) has a unique solution on [0, 1]

Proof-.Consider the operator 1" : C([0,1],R) — C([0,1],R), as

1

Y0 = Fr 09" sl yx(0)ds — [

a [(27 Kv2)I(at)

_ 2 _ _ 142 _ 2 2 1
4 DA = SR [ gsx6), wals))ds
2K 2k(p+2)! (=2t (kv —3) —3r2(2 — kv?)
+ [(2— kv (o) AT (a)(2 — kv? }
[ m ooyt

_ 2t
AL (p)I'(a)
/ / v—95)"" N s—r)*g(rx(r), yx(r))drds

21)”+1(p+ 1)(=2t(kv?—3) = 3t(2 — kv?)
AL (p)I (@) (2 — kv?) }

x (=2t(kv3—3) =322 — xv?))

v rl
X/O /0(vfs)p71(1—r)aflg(r,x(r),l//x(r))drds

[2k0PH (p+2)(—2t(kv3 —3) — 3122 — kV?)
- AL (p)I' () (2 — kv?) ]

X /Ov (./04) /Or(v — )P (r—=m)* g(m,x(m), l/lx(m))dm) drds.

The fixed point of operator 1" is the solution of BVP (1) with boundary conditions (2).
Letx,y € C([0,1],R) V ¢ € J, then

WO =TONON < Fs [ (=9 lalsox(). () = 55(6) ()| s

2t (p+2)!(—2t(kv?—3) =332 — kv?)(kVv?)
2- v (a) A (@) (2-xv?) I

/(175)“ Hg(s,x(s), wx(s)) — g (s,3(s), wy(s))| ds

+1I

2t 2K(p+2)!(—2t(r<v3—3)—3t2(2—1<v2)
* { 2—xvi (a AL (a)(2— kV2 ”
X/o (/0 (s—m)*~ l|g(m,x(m),l/lx(m))—g(m,y(m),wy(m))|dm)
+ % x (=2t(kv3 —3) =322 — kv?))
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[ [ =57 5= lglra(r), watr) = g(ry(r), wy () s
zvp+'<p+1>< (kv 3) 32— kv
AT (P)T (o) (2~ kv

[ [ 1D g,y () — g 0), W) s

N ’ [2KUP+‘(p+2 (—2t(kv3—3)—32(2 - sz)]
I(p)I"(@)(2—Kv?)
) 1

[ =9 =) gl () — . m), wom) s,

PO =T0)O] < L+ LaM) s [ =5 (o) =9 s+

2t (p+2)!(—2t(kv?—3) —3¢2(2 — kv?)(kV?)
Lt LaM) ‘ [(2 —o () AT =) ] ‘
2tk

[0 ) ) s+ 0+ L) |

2k(p+2)!(—2t(kv?—3) =332 — kv?)
+ AT (o) (2 — k2 I

« /0 ’ ( /0 (s = m)® x(m) = y(m)| dm) (L + M) ’AF(‘(’];?(;)
X (—26(xkv? —3) — 32— sz))/ov /Ox(vfs)ﬂfl(sfr)afl Ix(r) — y(r)| drds

207 (p+2)(=2t(kv? —3) = 3¢(2 — kVv?)
“L““M)H AT ()T (@2~ %) ]

// 0 — )71 (1= 1% (r) — y(r)| drds

2k0P T (p+2) (=2t (kv —3) — 3t2(2 — kv?)
[ AT (p)I"(a)(2 - kv?) }

X /Ov (/OU /Or(v — )P r—m)* 1 x(m) —y(m)|dm) drds.

1

(2 — kv (&)

+ (Ly 4 LyM)

< (Li+LaM)[lx =yl

I'le+1)
n ‘ 2 (p+2)!(((kv*)?)(=2v +3)) }
2—xvI(a+1) Al'(a+1)(2—kVv?)
N votl ‘ 2K 2K(p+2)!((KV2)(—2V+3))‘
I'(loe+2)|(2—xkv? A(2—xkVv?)
Lo [P 2)UKVI(=2v +3))
I'(p+o+1) ‘ A
P 207 (p+2) (kv (—2v +3))
NTENCES)) 2 KkVI)A ‘
1 207 (p4-2) (kv (—2v +3))
TSV ACES)) 2- kvI)A }((DV)MUP)H

<Ly + LaM)E] =yl
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which shows that € depends on parameters taken in the problem. Therefore,] is a contraction. As a consequence of the

Banach fixed point theorem, 1" has a unique solution of BVP with boundary condition.

Theorem 3.Suppose that the Hypothesis (H3) is fulfilled, then the problem (1)-(2) has at least one solution on [0,1].

Proof.Choose

r>o()ut)§
where v(¢),1(¢) are mentioned in (H3) and ¢ is defined equation (6)
Consider, B, = {x € C(J,R) : |x| < r}.
Let A| and A, be the two operators defined on B, by,

A00): = g [ =) alo.x(s) ).
_ 22\ 2207 v\ (1ev2)
(Azx)(t) - [(27 K‘zlg)r(a) (p+2)!( ZI(K\;F(ailiKiz) (2 KV )(K'V )]/0 (] —s)aflf(s,x(s), l/lx(s))ds
2K 2k(p+2)! (=2t (kv —3) = 3122 — kv?)
[(2 — kv (@) ATl (@)(2 — kV? ]
Y g a— (p+2)!
(= mr tmaton). tmam ) - {2
x (=2t(xkv? —3) =322 — kv?)) /'v /s(v — )P (s =) % g(rx(r), wx(r))ds
Jo Jo
207t (p4+1)(—2t (kv —3) = 3¢(2 — kV?)
il AT (p)T (@) 2~ ) |
v gl
></0 ./0 (v —=5)P"1 1 =) f(r,x(r), wx(r))drds
207t (p+2)(—2t(kv3 —3) — 3122 — kV?)
L AL (p)I' () (2 — kv?) ]
X /OV (./(;D ./O'r(v — )P Y r—m)* ' g(m,x(m), l//x(m))dm) drds
respectively.

Note that x,y € B, then Ajx+ Ayx € B,.
Indeed it is easy to check inequality.

1 4 2
Fla =9 86, w)ds + [ g eierees

B 2 Ay 2207 2 2 1
2R 8) = SR YD) [0 ) g(s,5(5), (o)

2tk 2k(p+2)!(—2t(kv?—3) =332 — kVv?)
[(2 kv2I (o) ATl (@)(2 — kVv? ]

|Aix+Azy| =|

v g o— (p+ 2)!
X /0 (/o (s—m) lg(m,x(m)7 l[/x(m))dm) — W
X (=21(kV3 —3) =322 — kV2) /0 ’ /0 (=) s = ) g (rx(r), wx(r) drds

207 (p+ 1) (=2t(kv3—3) = 3¢(2— sz)]

’ AT ()T (@) (2— kv2)

X ./O‘v/ol(v—s)l’*lm _r)ailg(rax(r),lllx(r))drds

[2k0Pt (p+2)(—2t(kv3 —3) — 3¢2(2 — kV?)
- AT (P () (2= K72) }

X /OV </OU /Or(v s)”l(rm)alg(m,x(m),y/x(m))dm> drds|

®)

C))

(10)
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< gy 9 e(0x(0). )|+ e
B 2 220y 2 2 1
(p+2)X Zt(K‘;r( )3(1 Ki; (2 —xv?) (kv )]/0 (1= 5)% g (s,x(s), wx(s))ds|

+

2tk 2k(p+2)!(—2t(kv?—3) —3r3(2 — kVv?)
+|[(2Kv21“(a) AT (@) (2 — KkV2 ]

x /()“(/O‘ksm)a'g(m,x() (m»dm)d'*' (If;)ﬁia)

x (=2t(kv3—3) =322 — sz))/o A (v — )P (s — )% g(rx(r), yx(r))ds|

4 ‘2vP+'(p+1)( 2t(xv3—3) — 3t(21<v2)]
I AL (p)I"(@)(2—Kv?)
U 1
< [ [ o= 1= elx(r), y(r)aras|
21<v1’+'(p+2)( 2t(xv3—3) -3t (21<v2)}
Al (p)I (e )(2 Kv?)

/ </ / v—s)P" 1r—m0t lg(m,x(m%y/x(m))dm)drdﬂ

| , W 2t
< [ =9 g 1(6). ix(s)) s + oA T @)

B 2 220y 2 2 1
L () 2t(1<\;r(a)3(17x3§) (2— kv (kv )]/0 (1—9)%"|g(s,x(s), wx(s))| ds

2tk 2k(p+2)!(—2t(kv3—3) =332 — kv?)
+ [(2 kv2I (o) ATl (@)(2 — kVv? }

< < [ s=m g(on,xom), x<m>>ldm) + Ar(lf +>1%)< o)

x (=2t(kv3 —3) =322 — xv? // v —s5)P s =) g(rx(r), yx(r))| drds

207+ (p4-1)(—2t (kv —3) — 3¢(2 — kVv?)
1 AT ()T (@) (2— kv2) ]

+I

X ./O‘v/ol(v —s)P*l(1 _r)Otfl 1(r.x(r), wx(r)| drds

2Pt (p+2)(—2t(kv3 —3) — 3r2(2 — kV?)
| AT(p)T (@)2— xv?) }

X ./O‘v </OU ./O'r(v — )P Y (r—m)*! |g(m,x(m),l[/x(m))|dm> drds.

<Ol
+‘ 2 (P+2)’(((’<V2)2)(—2V+3))’
(2—xVI(o+1) AT (a+1)(2—KVv?)
yotl 2K 2k(p+2)!((kv?)(—2v+3))
Jrl"(oc—i—z)‘(Z—szjL A(2—KkVv?) ‘
N vPte '(p+2)!(1<v2(2v+3))
Tp+a+1) A
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vP
I'p+ I (ax+1)

1
C(p+ DL (a+1)

+

207 (p+2)(kv3(—2v +3))
2—KkVv?)A '
207" (p+2) (kv (-2v +3))

+ (2—xkVv?)A

(o= o)

<)o)

<r

It is also clear that A is a contraction mapping. From continuity of x, the operator (A;x)(z) is continuous in accordance
with g. Also we observe that

A)0)] < gy =% eto.x(s) ) s
< ﬁvml(r)

A1 is uniformly bounded on B, .
Now, let’s prove that (A;x)() is equicontinuous.
Lett,t, € J,to <t and x € B,. Using the fact that g is bounded on the compact set

sup lg(t,x,Px(2))| = Cp <
(t.x,y)€[0,1]xB,

we will get

1 1] .
m/o (t1—s) 1g(s,x(s),l[/x(s))ds

~ g 2= sl xlo) )|

[(A1x)(t2) — (Arx) ()] = |

< ﬁ /‘[l [(11=5)*7" = (12— 5)* "] |g(s,x(s5), wx(s))ds]

JO
)

+ [ (=) g(sx(s), y(s)) | ds

n

< Frary Rl ) 1) = ()]

Which does not depend on x and tends to be zero as t, — #;. Thus A (B,) is relatively compact. Hence by the Ascoli-Arzela
theorem, A; is compact on B,.. We conclude that problem (1)-(2) has at least one fixed point on J.

4 Example

Consider the boundary value problem:

s—t

e 1)
Dx(t) = 5e’+2(11+\y(z)\ +f(§ 10 y(s)ds
0 =0, (1)
x(1) = [’ x(s)ds
3x
(72)(3) = x(1)
whereset v =5,a=3,p=3,k=1,0=14,L1 =Ly = 55,M = 15,5 = 98.0392 = Kk # % and
2 (P+2)1((xv*)*)(=2v +3))
Ly +IoM)C =(Ly + LM
(Lt LoM)E =(Li+ Lo )[F((x—i—l)Jr‘(Z—szF(a—i—l) AT (a+1)(2—KV?)
N yortl 2K 2k(p+2)!((kv?)(—2v +3))
I(a+2)|(2—xv? A2 —xv?)
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N LA ‘ (p+2)1 (kv (—=2v+3)) ‘
r'(p+a+1) A
vP 20P (p+2) (kv (—2v +3))
T(p+ DI (o+1) ‘ 2—xkVv?)A ‘
1 20P (p+2) (kv (—2v +3))
T(p+ DI (o+1) ‘ (2—xVv?)A

+

+ ’(—(—v—v)”—i—v”)].

where

1
A= (ZDPH(KVZ =3)(p+2)—6vP+2(2—kV2)+ (p+2)!kvi(2v — 3))

Furthermore, if [(L; + L,M){] < 1 ~ 0.0885
Thus, the boundary value problem (11) has a unique solution on [0, 1].
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