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Abstract: In this study, fractional singularly integrodifferential equations of first order are investigated. This numerical technique
is based on the reproducing kernel method. This technique gives an accurate results comparing the method in the literature review.
Theoretical results such as the stably and the uniqueness of the solution for this class of problems are given. Some numerical examples
are given.
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1 Introduction

Integral equations have several special forms and some of them are the Volterra integral equations. Several application for
them can be found in [1]. Numerous numerical strategies were utilized to take care of these issues. For example, Legendre
wavelet method [2], Legendre wavelet method [3], collocation method [4], difference methods [5], and STWS approach
[6]. Also, they were solved by Bernoulli polynomials [7]. The boundary layer was investigated by [8,9]. More methods
can be found in [10]-[18].

The singularly perturbed problem has several applications in mathematics, physics, and engineers [19]. One of these
applications is the nonlinear problems of plates and shells [20]. Other application appears in control problems [21,22,23,
24,25], More applications can be found in [27]-[38].

In this manuscript we explore the arrangement of the solution of

EDM+ o(r1) +/'P(r, O)x(C,0)dE = p(r),re (0,1),0<u <1, )
0

1(0) =19 (2)

with & > 0, 1o is constant, ¥ (r,{) and p(r) are differentiable as the discussion required, and D* is the Caputo derivative.
Next, we present the reproducing kernel (RKM) method for solving such problems.

The organisation of the manuscript is depicted below. In Section 2 we discuss the reproducing kernel method for first
order initial value problems. Section 3 is devoted to reported analytical results. In Section 4 we deal with the method of
solution. Section 5 presents the numerical examples. Finally, Section 6 presents our conclusions.

2 Reproducing kernel method for first order initial value problems

First, we define the fractional derivatives.
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Definition 1.Ler 1t > 0. Then, the Caputo derivative is

1 r 1" (g)
D*1(r) = { ) fO( o dt.m—l<p<mel, } .
™ (r), meN

For more details, see [26] and [37].

Definition 2.Let Q # ¢. A function ® : N x N — C is a RKHS G iff

-O(.,r) €Gforallre€ Q,
—(n(.),0(.,r)) = ¢(r) wherer e E and 7 € G.

Consider
Dft+p(t)=a, ref0,1],0<p <1 3)
such that
1(0)=g¢ “)
where a and ¢ are scalars. Let p(r) = n(r)t. Let ® =7 — ¢. Then
Dro+TY(w)=a, re[0,1],0<pu <1 5)
subject to
®(0) =0. (6)
Let

H}[0,1]={®(z) : @ is absolutely continuous real value function (ACRVF), ' € L?[0,1]}.
The inner product (IP) in H3[0, 1] is

(00). 20 pyo) = 000)200) + [ @7 0)ar,

with [| @] 170, 18

| llgj0. = /(@) () g
such that @,y € H}[0,1].
Theorem 1.H; [0, 1] is a RKHS, i.e.; 3 Q(z,t) € H1[0,1] such that

(1), 2(.0)) 0y = ().

_ ) 1+ 1<z
Q(Z’I)_{Hz, t>z}'

Q(z,1) is

Proof: Simple calculations imply that
! 20
(00,210 = 00)R(,0) + /O o ()5 (@.1)dr
20 20 1 9°Q
= w(O)Q(z,OHw(l)W(z, 1)— w(O)W(z,O) - /0 w(t)ﬁ(z,t)dt-
Since Q(z,t) is RK of H}[0,1],

(w(t)a Q (th))H2l [0,1] = (D(Z)
which implies that
2’Q

~Sr N =8(-2), @
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and

Thus, Q(z,t) is

Since ‘;—fz(z,t):—S(tfz),we have
Q(z,z40)—Q(z,z+0) =0,
Q0 Q0
W(Z,ZvLO)—W(z,erO) =-1
Thus,
ao(z) —ai(z) =0,
b](Z) 207
ap(z) +ai(z)y = bo(z) + b1(2) z,

which implies that

Q(z,0)— W(Z,O) =0, (®)
2Q
(=0, )

(10)
(1)

12)

a()(Z) =1, a](Z) = 1,b()(Z) =1+z b[(Z) =0.

Let

H3[0,1] = {p(z) : p is ACRVF,
p.p'.p" € L*[0,1],p(0) = 0}.
The IP in H3[0, 1] is defined as

1

(@), ()10, = @(0)(0) + (1) (1) + | @@ (1) (1)dr,

with [|@]| 270 ) 18

with @,y € H3[0,1].

Theorem 2.H3[0,1] is a RKHS, i.e.; 3

E(z,1) is
where
1
ap=0,a = 3
3

Z 1 3
by = —— b = —(8 by —
0 g 6(Z+Z)a 2

4
S =
273

0

|0l = /(@) 0(0) 0

E(z,t) € H3[0,1] such that

(000,210 = 0().

3 . i <
2(rp) = a2t 1<z
(2,1) {23 obi(2)t', 1>z

=

I
(82327 +2)), a2 =0,a3 = £ (2~ 1),

z
<
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Proof: Simple calculations imply that
((D(l‘), ‘E(Za t))sz [0,1] =

o(t) and Z(z,¢) € H3[0,1] implies that

and

Hence,

(@0(1), Z(2,1)) 2101 =

then

and

_ 3=

= (Z7 1 ) - W (Za

Since 22 (z,) =

o3

Integrate &= 92 (1) =

By 13 and 15-19,

6b3(z) 4+ 2b2(z) = 0,a2(z)

i=1

o2 Z @)+ 0057

Mw

S
A
&\l
~—
A
|

I
-
-.
—
=
|
—_
=
=
=
4\l
S~—
N~
S

37 1 843

O+ [ 057
0(0)=0
Z(z,0) =0.

)+ o' (1)E(z,1) —

83”
—o(l) on (2,1 +/

Because Z(z,t) is a RK of HZ[0, 1],

' (0)Z,(z,0)

84”
8t4 t)dt.
(0(1), E(z, t))H%[O,]] =0(2)
0*E
W(U):MI*Z)

E(z,t){

o=
o
O(z—t)fromz—Etoz+ & wrtrand & — 0,

(z,z40) =

1= =
—3(Z,Z+0)—W(Z,Z—O) =1.

ot

Yo ai(z)tf, 1<z
Y3 obi(2)t, 1>z

n

—
%)
—

S

3m

®(0)2(z,0) + 0(1)E(z,1) + @' (1) Z4 (2, 1) — 0'(0)Ex (2,0)

(z,1)dr.

2

z—0),n=0:2.

13)

(14)

5)

(16)
A7)

(18)

(19)
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3!b3(z) —3lasz(z) = 1.

Thus,
ay =0, a :8(8z73z +27), a2:0,a3:g(z—1),
3
z 1 3 Z Z
bp=——,b;=—(8 by=—=,b3= ——.
0 o 6( 2+7), by=—3,bs ¢

Now, we present how to solve Problem 5-6
0i(2) = 2(zi,2)

i=1,2,... where {z;}7, is dense on [0, 1]. Thus, IT : H3[0, 1] — H1[0,1] is bounded. Assume
Fi(z) =IT"0i(2)

=

where I1(0;(z)) = D*0;(z) + n(z)0i(z) and IT* is the adjoint operator. By GS, we get {ﬁi(z)}_ with

i=1
i i
Fi(s) =) wijt j(2) (20)
j=1
W;; are parameters of GS. In the following them, we demonstrate the presence of the arrangement of Problem (5)-(6).

Theorem 3.If {z;};- | is dense,

 ngk

w(z)za.

1

Z leilei(S)- 2D
1j=1

Proof: To begin with, we need to demonstrate that {f ;(z)};-, is complete system with F ;(z) = IT(2(z,z;)). Thus,
Fi(z) € H3[0,1] fori = 1,2,.... Thus,

=w(z)=0.

Since {z;}7, is dense on [0,1], T®(z) = 0. Since IT~! exists, w(z) = 0. Thus, {F;(z)};, is the complete system of
H3[0,1].
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Second, we prove Equation 21. Thus,

0(z) = Z( (Z)aﬁi(z))HZZ[oJ]ﬁi(Z)
i=1
- Z Z Hij -Q(Z,Zj)))sz[o!l]f,'(Z)
i=1j=1
=Y ) wi(Mp(), (szj))sz[o,l]'Ei(Z)
i:lj:l
= Z tij(a, 2(z, Z}))H2[o 1]15 (2)
i=1j=1
= az Zujj,f,(s)
i=1j=1
Thus,
N i )
oy(z) = az Z I.LijFi(Z)- (22)
i=1j=1
Theorem 4. {M}w converges uniformly 1o L2 forl =0,1.
dZI N=1

Proof: For [ = 0. For any s € [0, 1],

lo(@) — v (@720, = (@) — @n(2), 0() = O ()20,

- Z (@(2), Fi (Z))HZ[OI]'E (Z)a(w(z)a’Ei(z))H2[O,l]'Ei(Z))H22[O,l]

2

Thus,

oo

sup [0(2) ~ o) a0y = Sup Y (@().F ()0
z€[0,1] 2€[0,1] i=N+1 2

By Theorem (6), ¥, (o(z), ﬁi(z))sz 0.1 i(z) converges uniformly to @ (z). Hence,

Lim Sup [|o(z) — oy (2)|| 20, =0
N=eo 210,1] H0.1)

which implies that {wy(z)}y_; converges uniformly to (z).

Since < gz(z *) is bounded,
‘ w < Y | =
dz! H3[0,1] 7
For z € [0,1],
; d'Q(z,t
0!@) - o (2)] = ](w(@ —CON(Z),#)HZ?[O,I]’
d'Q(z,1)
<o) —ov@llp2py || —7—
RO dd g

< nlloz) — on(@) | g2,
<" Sup] |o(z) — wN(Z)”HZZ[O,I] .

z€0,1

Hence,
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Sup Ha) )—wﬁ,l)(z)‘
z€[0,1]

H3[0.1] z€(0,1]

which implies that

Lim Sup Ha) 7)— a)(l)(z)‘
N= 2ef0,1] v

w0

oo

1
Therefore, {d (ZN,(Z)
¥4

L, converges uniformly to dld“j@ forl=1.
Let IT((r)) = D*t(r) —a and N(¢(r)) = p(¢). Let
A(t,v) =H(t(r)) + vN((r)) =0

with v € [0,1]. If v =0,
DFt(r)—a=0

and t(r) = If v = 1, Equation 3 is produced. Let

(l+u)
t=to+ Vi + Vi + Vi +....

From Equation 24 and 23, we get

VO D*iy(r) = a ,19(0) =g,
v':D’“‘t1 = —N( Z\’t: ) lv=0, 11(0) =0,
_w

dv
_dN(EEVn(r)

dv?

VZ . D“tz(r) = |V:0 aIZ(O)Oa

V3 . D“t:;(l") |V:07 t3 (0) = 07

d"IN(Ez o Vin(r)

k. ph -
v DR (r) = P

By RKM,

‘n .

1 (r) = i(2) k=0,1,...

Y Vi)

=1

s

where

Yo(r) =a

N(f‘avl‘w» o

d*IN(LE Y'0(r))
- dvk*]

Li(r) =

By 25,

|v:0,k > 1

Thus,

<7 Sup [|0(2) — on ()l 20,1

(23)

(24)

(25)

(26)

27)
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3 Analytical results

In this part, we prove some of our theoretical results. Define

At EDMt+ o (r1) +/‘I’(r,§)x(§,t)d§ —p(r),re(0,1),0<pu<1,
0

+(0) =19
_192 Z (x)(r,t) Z _191)
0> x(nt) > —193,

P(r,8) > 04 >0,
for all r € [0, 1], where ¥, 9,93, and B are positive with r € C' (0,1) UCI0, 1].
Theorem 5.Let A7 > 0 and 71(0) > 0. then, T1(r) > 0in [0,1].

Proof.Let T1(r) < 0 with r € [0, 1]. Thus, 7(r) attend its minimum at ry with ry € (0, 1]. Thus,

AT(ro) = EDF(ro) + @(ro, ) + / K(xo,1)v(t, 9)dt
0

ro ¥ i
< &t ()= T0) +0(r0. ) + 0/ W(ro,0) (1, T)dr
<0.

Thus, 71(r) > 01in [0, 1].

Theorem 6.Let @ = (r) and x = x(r). If t(r) is differentiable function as the discussion required,

2] = %max{|t(r)| (ref0,1]} < émax{|t0| ,rren[(a)lﬁ] |At|}.

Proof.Let
o0 = max { o] s [ar] b = max{ o] max Ip (1)}
with
zi(r) = %(1 + F(lrii”))it(r),re [0,1].
Hence,
AZE(r) = ED (%(1 + F(]riiu)):tt(r)) +a)(r)+/0r'f’(r,t)x(t)dt
= 5@ +A1(r) =S £ At(r) >0

§
withr € [0, 1]. Furthermore,

Z7(0) =

%:I:t(O) > B+t >0

since 0 < & << 1. By Theorem 3,

Do rt 00 1 { }
]| < (=) <2 =% f Al L
H ||_rré1[g§]{ g ( F(1+u))} SETE™ |°|’fen[3f1| |

(28)

(29)

(30)

€29

(32)
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Theorem 7.Let @ = w(r) with y = x(r). If t; and t, satisfy Egs. 1-2, t;(r) = t,(r) with r € [0, 1].

Proof.Assume (r) =1, (r) — tz(r). Thus,
A9 =0, ¢(0) =0,

A(—¢) =0, —¢(0) =0.
By Theorem 9, x(r) > 0 with x(r) < 0 for r € [0, 1]. Thus, #; (r) = t2(r) for all r € [0, 1].

4 Method of solution
Let

ED"t + ax(r,1) +/0r‘1’(r,z)x(z,t)dz —o(r),re(0,1),0<u <1,
such that

1(0) =1

with & > 0. Thus,
Step 1: Let & = 0, then

r

a)(r,t])+/'I’(r,z)v(z,t1)dz:p(r), reo,1].
0

11
Step 2: Choose r = EH zH to get

1 r
DHi(r) = TS| 7”)/0 (r—2)"%'(z)dz
1 ghol iy
- F(l—u)/o (§¥z¥ —2) e (g)az
1 1
‘l /éﬁsﬁ 1 z B ,
= h — )R (2)dz
ariomh g e
Assume p = —%-. Then, dz = iﬁdp and
3
dr_didp 1 dr
dz dpdz  gydp’
Thus,
ﬁ
1 SIS 1 dt .1
D*t(r :7/ i —p) H———EHd
(r) EF(=10) o (2" —p) 5ﬁdpé p

=

1 1 dt
- - _p)uZt
éF(lfu)/o @ =p) dpdp
1 1
= —D*t(z¥).
z (z#)
Hence, Eq.1 becomes

cho
Dirt o0+ [ WERP0)(0.0)do = p(EHz).
0

(33)

(34)

(35)
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Putting £ = 0 in Eq. 35 to get
(36)

D*t+ w(0,7) = p(0).

The solution has the form 7{(0) -+ 72(r). Substitute
1(r) = 11(0) +12(r)

in Eq. 36, we obtain
1 1
DFty(z#) 4+ (0,11 (0) + 12 (z#)) = p(0).

==

Thus,
() =n<r>+rz<%>,

with
o =1(0) =1,(0) +1,(0)
tz(O) =1Iy)—1 (0)

Using RKM, we get the solution.

S Numerical examples

Tow examples will be presented in this part.

Example 1: Consider
p

gpét(r)+t(r)+/t(o)do —p(1),0<r<1,0<&<<1,

0
with
1(0)=2
such that
2 12 1/2 —ror —r/&

p(r):ﬁr —r E|’3/2(?)+?+2r+(2—§)e +(1+4&).

When & — 0,
" 2
tl(r)—l—/tl(c)d(f: T
0

i limE =) =0. Thus,
since 51;1}) 1,3/2( 7 ) us

Hence,
tn(r)=14r+ae "

Substitute Eq. 43 into Eq. 42 to get
2 2

1+r+aefr+%+rfaefr+a: %+2r+1.

(37)

(38)

(39)

(40)

(41)

(42)

(43)

Thus, a = 0 and
t(ry=r+1.
Let r = £%222, we get
D'’0y(2) +1+4n0() =1
© 2019 NSP
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or
D'21)(22) +12(2%) = 0
subject to
tz(O) Zt()—ll(()) =1.
Using the RKM, we get
23
T A
tz(Z )—1 1+2! 3!+...
o (D
- k!

=e -

k=0

Thus,

1(r) = n(r) +n(%)

f“\% J\m|§

=r+l+e
Figures 1-3 show our solution to £ = 0.1, 0.01,, 0.001.

y(x)
201

14

| |
X
f\v//ﬁz 0.4 0.6 0.8 1.0

Figure 1. Proposed solution to & = 0.1.

Example 2: Let

.
1
{gD%t(r)—Etz—l—/t(G)dG:O,OSrS1,0<:§<<1, (44)
0
subject to
1(0)=1. (45)
When & — 0,
1 r
f?ﬁn+/nwmo:o (46)
0
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y(x)
20F

1.8
1.6
14

1.2

| | |
X
0.2 0.4 0.6 0.8 1.0
Figure 2. The proposed solution to § = 0.01.
y(x)
20F
1.8
1.6
14+
121
| | | | | X
0.2 04 0.6 0.8 1.0
Figure 3. The proposed solution to & = 0.001.
Thus,
—t1 ()t (r) +1(r) =0
Hence,
t(ry=a+r 47)
Substitute Eq. 47 into Eq. 46 to get
1 1
3 (a+r)+=(a+r)’— §a2 =0
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y(x)

Figure 4. The proposed solution to & = 0.1.

Figure 5. The proposed solution to & = 0.01.

which implies that @ = 0 and
t(r)=r

Using the change of variable r = £4z*, we get

1
D'ty (z) = 38() = 0
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¥x)

Figure 6. The proposed solution to & = 0.001.

subject to
1(0) =19 —tl(O) =1.

Using the RKM, we get

2 2

t2(24): 1+§+Z+§+...

7iz"7 12
&2t 1- 27

Thus,

=
NI~

t(r) = n(r)+n(

26
:r+w

Figures 4-6 show the proposed solutions to & = 0.1, 0.01, and 0.001.

)

ol
~

6 Conclusions
In this article, we study singularly perturbed problem of first order with fractional derivative. We present a numerical
scheme based on RKM. We prove several theorems related to this topic. Two examples are presented. The outcomes

demonstrate that the proposed technique is promising and give precise outcomes. Six figures are presented to support this
conclusion.
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