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Abstract: In this paper, a new bivariate exponentiated modified Weibull distribution (BEMW) is introduced. It is a Marshall-Olkin
type. Marginal and conditional distribution functions are studied. Furthermore, marginal moments are calculated. Also, joint hazard
rate function and maximum likelihood estimates (MLEs) of the parameters are presented. An application of the BEMW distribution to
an American football league data set is provided and the profiles of the log-likelihood function of parameters of BEMW distribution is
plotted.
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1 Introduction

Elbatal [1] introduced the exponentiated modified Weibull distribution by powering a positive real number (o) to the
cumulative modified Weibull distribution function. This distribution is flexible in accommodating all the forms of the
hazard rate function can be used in various problems for modeling random lifetimes. Another important characteristic
of this distribution is that it reduces to, the Weibull, exponentiated exponential (Gupta and Kundu [2]), exponentiated
Weibull distribution (Mudholkar et al. [5,6]), generalized Rayleigh (Kundu and Rakab [3]), modified Weibull distribution
(Lai et al.[4]) and some other distributions.

The aim of this paper is to introduce a new bivariate exponentiated modified Weibull (BEMW) distribution, whose
marginals are EMW distributions. It is a Marshall-Olkin type. Many authors used this method to introduce a new bivariate
distribution, see for example Marshall and Olkin [8], Kundu and Gupta [7], Sarhan and Balakrishnan [9], El-Bassiouny et
al. [10], El-Gohary et al. [11] and El-Bassiouny et al. [12,13,14].

This article is organized as follows, a new bivariate exponentiated Modified Weibull (BEMW) distribution is given
in Section 2. Also, various properties including the joint cumulative distribution function, the joint probability density
function, marginal probability density functions, and conditional probability density functions are investigated in Section
2. The marginal expectation is provided in Section 3. Some reliability studies are obtained in Section 4. Section 5 is
devoted to the maximum likelihood estimates of the parameters of the BEMW distribution. In Section 6, an application of
the BEMW distribution to an American football league data set is provided. Finally, the results of this paper are concluded
in Section 7.

2 Bivariate Exponentiated Modified Weibull distribution

In this section, we discuss the BEMW distribution. We start with the joint cumulative distribution function and derive
the corresponding joint probability density function of this distribution. Let X be a random variable has exponentiated
modified Weibull (EMW) distribution with parameters a, 8,6 and y > 0, then its cumulative distribution function (cdf) is
given by

Fl = (1= ") x>0, (1)
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and the probability density function (pdf) is given by

f=a <9+yﬁxﬁ*1) o= 0r—7P (1 7879x77xl3)“*' _ @)

2.1 The Joint Cumulative Distribution Function

Suppose that U; ~ EMW (o,3,6,7), Uy ~ EMW (o, 3,0,y) and U3 ~ EMW (03,[3,0,7) are independent random
variables. Define X; = max{U;,Us} and X, = max{U,,Us}. Then, the bivariate vector (X;,X,) ~ BEMW (o4, 0,

(X3 9 ﬁ 9 9) Y) .
In the following lemma, We study the joint cumulative distribution function of the random variables X; and X>.

Lemma 1.7he joint cdf of X1 and X is given by

B\ M Y\ * o
Fgemw (x1,x2) = <1 — e 0 ) <1 — e9x27x2) (1 — efezfyzﬁ) ’ 3)
where z = min (x1,x2).
Proof.

P(X) <x1,X2 <x7)
P(max{U;,U3} le,max{Uz,U3} SXQ)
P(U] §x17U2 S.XQ,U} S min(x],xz)).

Fgemw (x1,x2) =

Where, U; (i = 1,2,3) are independent random variables. Then, we obtain

Fpemw (x1,x2) = P(Uy < x1) P (U < x2) P(Us < min (x1,x2))

- FEMW (xl;alvﬁyan)FEMW(x2§0527ﬁ79a7)FEMW(Z§053,ﬁa977)

_ (1 o eGX]VxI]}>aI (1 . eGXszg>a2 (1 _ 6*91*}’213)063 .

2.2 The Joint Probability Density Function

In this subsection, we study the joint probability density function of the random variables X; and X, in the following
theorem.

Theorem 1.1If the joint cdf of (X1,Xz) is as in (3) then, the joint pdf of (X1,X2) is given by
Ji(x,x) ifx <x

feEMw (X1,X%2) =< fr(x1,x2)  if X2 <xq

frx) Lifxi=x=x
where

fi(x1,x2) = femw (x1:00 + 03, B,0.,7) femw (x2:00,8,6,7)

o +oz—1
— (04 +03) <9+yﬁx[f*1) o0 <1 eexlyx?)
xﬂ B ap—1
x (9 + Vﬁng') e Onmm <1 - e‘”‘”xz) (4)

fo (x1,%2) = femw (x1;501,8,60,7) fEmw (x2;00 + a3,3,0,7)
a—1
= (m+ o) (9+yﬁx€7]) 00— <1 eﬂmyx?)

o+o3—1
X (9 + yﬁngl) efexryxl23 (1 — eexzy)‘g) 5)
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(24]
)= —— x;00 +on+o03,8,0,
f3(x) a1+a2+a3fEMW( 1+ o+03,B,0,7)

= a5 (0+yBaP 1) e 0 (10 (©6)

)Ot] +op+oz—1

Proof.Let us first assume that x; < x». Then, Fpgpyw (x1,x2) in (3) becomes

B op+o3 xﬂ (05)
Feemw (x1,X%2) = <1 — e -y > (1 e O 2> )

Then, upon differentiating this function w.r.t. x; and x, we obtain the expression of fj (x1,x,) gives in (4). By the
same way we obtain f; (x,x;) when x, < x;. But f3 (x) cannot be derived in a similar way. For this reason, we use the
following identity to derive f3 (x)

X oo X1 o
A /0 f1 (xl,xz)dxldxz—l—/o /0 fz (xl,xz)dxzdxl—i—/o f3 (x)dle

let

X 0 X
[12‘/0 /0 f1 (xl,xz)dxldxz and 122/0 /0 fz(xl,)Cz)dedxl

then

X aj+oz—1
I :/ /2(a1+a3)(6+yﬁxf*1) emOn <1e9ﬂ7xf>
0 JO

I B xﬂ on—1
X Ol (9 + }’ﬁxéL ) e Oy (1 — e 0y 2) dxidxy

o B B aj+o+oz—1
:/ o0 (9+yﬁx§ ])efexryxg <1e9"27"2) dxs. (7

0
Similarly

o B 8 ot+op+oz—1
12:/ o (9+yﬁxf 1) ¢0n-nd (169)“7)‘1) dx;. (8)
0
From (7) and (8), we get
/0 f3 (x)dx: 1 —11—[2
oo a+op+os—1
= o+ 0+ o +ypxt e T —e e X
(o + as) (84 7Bl 1) 07 (1m0
0

a0yt Yo (1)

0
7/‘“’ o (9+}’ﬁxﬁ71) efexfyxﬁ (1 7676x77x5)a]+a2+0!3*1 dx.

0
Then

o +op+oz—1
) =03 (9+}’ﬁxﬁ71) P (1 —efex*”‘ﬁ) P
B foww (oq + 00+ 03, B,6,7)
= - 'x’ ) ) ) *
Gt o EMW I 2+ 03 Y
This completes the proof of the theorem.
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2.3 Marginal Probability Density Functions

The following theorem gives the marginal probability density functions of X; and Xj.

Theorem 2.The marginal probability density functions of X; (i = 1,2) is given by

_ s g 4t
in (Xi) _ (OC,-+ 063) (9 erﬁx,ﬁ l) 0%y (1 _ e iy >
:fEMW(xi;ai+a37ﬁ705’}/)7 Xi>0,i:1,2. (9)

Proof. The marginal cumulative distribution function of X;, say F (x;), as follows:

F(xi)

P (X,' S xl-)
P(max{Ui, U3} < x,')
P(U; <x;,U3 <x;)

since, the random variables U; (i = 1,2) and Us are mutually independent, then

F (xl-) = P(Ui S xi)P(U3 S x,'>
= Fgmw (xi; 0+ 03,3, 0,7)

o;+03
_ (1 _eﬂwx?> . (10)

Differentiating w.r.t. x; we obtain the formula given in (9).

2.4 Conditional Probability Density Functions

Given the marginal probability density functions of X; and X, we can now derive the conditional probability density
functions as presented in the following theorem

Theorem 3.The conditional probability density functions of X;, given X; = x;j, f (xi|x;j) ,i,j = 1,2;i 5 j, is given by
P, Calx) i xj <
Xi‘Xj L J 1y
2 .
in\Xj (xilxj) = f;((i‘)xj (xi|xj) if x; <xj,
3 .
f>((,-\)x,. (xilxj) if xi =xj =x,
where
a;i+o3—1
(0 +03) (9 + Yﬁxlﬁ*l) o O (1 - e*"xf'ﬂ’xlp) ’
oxj—pd |
(OCj + o) (1 —e T )
- B Otifl
iy, (xilx)) = o (9 +yBaf ') o Oni (1 — o B )
il

o
o .
f)((?‘)xj (xilxj) = — <1e Oxi 7)‘?) .

1
Pk, Cilx)) =

;i + a3

Proof.The proof follows immediately by substituting the joint probability density function of (X;,X5) given in (4), (5) and
(6) and the marginal probability density function of X; (i = 1,2) given in (9), using the relation
Ix . x; (%)) i—12

fX,-\Xj (xilx;) = (%)
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3 The Marginal Expectation
In this section, the r#h moments of X; (i = 1,2) are computed.
Theorem 4.The rth moment of X; (i = 1,2) is given by
noe e (it oz —1 : j+Dy*
E(Xl.)zzz( . )(_1)1+k(ai+a3)%
j=0k=0 J '
1/9 r+Bk+1 1/9 r+Bk+p
x |6 — Fr+k+1+y(, ) I (r+pk+ an
(g25)  respe (25 (r+Bk+B)

Proof. N
E (Xir) = /0 x{fx,. (x,')dx,'

oo a;+o3—1
= /0 x; (0 + 03) (9 +Yﬁxiﬁil) e O (1 _eex,-yxf) dx;

v°°0 (Oci-f—(;@—l) (—1)j((xi+063)/0mx; (94—7/[3)6,1-371)

J
(i B
Ye (]+1)(6x,+yxi)dx1_

o (ot o1 ~ 0 e,
Zz<a +(;53 )(1)1+k(06i+063) ((G+D7) /O xi+ﬁk

|
i=0k=0 k!

we~Ut1)0x; (9 + Yﬁx,ﬁil) dx;

ey (eta-1) aata) (Dt 1/0 TP
_Z‘”‘Z‘)( ' )( ! ((( >)

j k! j+1

X 9F(r+ﬁk+1)+yﬁ< L/6

r+Bk+p
(J+ 1)>

F(r+ﬁk+B)>.

4 Reliability Studies

In this section, we compute the joint reliability function of (X;,X>), the joint hazard rate function of (X;,X>), the cdf of
the random variable U = max {X;, X,} and the cdf of the random variable V = min{X;,X,}.

4.1 Joint Survival Function

Theorem 5.The joint reliability function of (X1,X5) is given by
. E] (X],XQ) if x1 <xp
Fx, x, (x1,%2) = Fy(x1,x2) if xo <x (12)

Fy(x1,x) ifxi=x=x
where

o0+ o +03
f] (xl,xz) =1- (] —eenyxg) — (] _er]yxl]})

X {1 — (1 e")‘”xg) 2]

o+ 0+03
Fa (1) = 1 - (1 eewx?> - <1 eewxﬁ)

)]

© 2019 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

32 ~N S B Shahen et al.: Bivariate exponentiated modified weibull distribution

and

Fs (x1,0) = 1— (1 7676)(77)43)0‘3 Kl 7679x7yxﬁ)051 n (1 7676)577)6!3)0‘2 B (1 eex’)/xﬁ)al+062:| .

Proof.The joint reliability function of (X, X>) can be obtained by
FXI!XZ (x1,x2) = 1 — Fy, (x1) — Fx, (%2) + Fx, x, (x1,x2) - (13)

Substituting from (3) and (10) in (13), we get

o +0og3 p+03
FX] Xs ()C] ,xz) =1- (1 — eﬂxlyx€3> — <1 — eﬂxzyxg)

o (2%)
+ <1 _ e tnny ) <1 — eexzwf?> (1 — e*ezfyzﬁ)"“
where z = min(x},x7).

First case: if X; < X,, then Z = min(X;,X;) = X, hence,

— B a1+0o3 B o0+o3
Fi(x,x)=1- <1e9x‘7xl) - <1e9x27x2>

o o o
+ (1 —eex‘yxll}) | (1 —eexzyxg) ’ X (1 —eex‘yxlls) 3
o0+ o+ o
=1— (1 _eQXZ'}/Xg) ? ’ _ (1 _eGJﬂYx?) ] ’ % |:1 _ (] _erszg) 2:| . (]4)

Second case: if X, < X, then Z = min(X;,X,) = X,, hence,

— B a1+0o3 B o0+o3
F2 (xl,xz) =1- (1 _ee)qyxl) — (1 —€9X2YX2)

o o o

H(emt) (1o t) (1)
o+ n+o a

=.1- (] _eﬂxlyxlls) o - (] —eexzyxlzs) o % |:] _ (1 _e9x17xll3) l:| . (15)

third case: if X; = X, = X, then Z = X ,hence,
_ o o o o)+
Fs ()C] ;XZ) —1_ (1 B efﬂxf}’xﬁ) 3 [(1 o 879)6*7)(!3) ! + (1 . efﬂxf}’xﬁ) 2 (1 o 879x7yx13) 1 2:| . (16)

From (14), (15) and (16), the proof is complete.

4.2 Joint Hazard Rate Function

Theorem 6.The joint hazard rate function of (X,,X2) can be obtained by

h]()C],)Cz) ifxl < X2
hx, x, (x1,02) =3 ha(x1,x2) if x2 <xy
h3 (xl,xz) ifx1 =X =X
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where

hy (x1,x2) = ((Ot] +03) <9+yﬁxl1371) e—9xlfyxf <1 eexl’yxllg)(xl+0631
X 0 (9 + Yﬁngl) e*"xzfvxg (1 _ e9x27x§) azl)
I e )
hy (x1,%2) = <(Oﬂz +o3) 0 (9 —H/ﬁxlﬁ*l) o On—nf (1 —e9x17xl]3) @l

o+oz—1
(o) ermmrt (1 eonnt) ) :

<] _ (] _erl}’xI]})a]Jra} _ (] _erz}’xg)afra} % (1 _ (1 _ee)qyx?)al))

aj+op+oz—1 )

and

hs (x,x) = (a3 (9 +7ﬁxﬁ71) e*foyxﬁ (] _efgxﬂ,xﬁ)

. [1 3 (1 _e—exfyxﬁ)% ((1 _e—exfyxﬁ)a‘ n (1 _efexfyxﬂ)% N (1 _eexyxﬁ)al+az)] .

Ix %, (x1.%2)
Fxy x, (x1,%2) "

Proof.This can be easily deduced by using hx, x, (x1,%2) =
Lemma 2.The cdfs of the random variables U = max {X;,X,} and V = min{X,,Xx } are given by
o) = (1o
o) = (1 e om0 (1 oen ) g

Proof.The cd f of the random variable U = max {X;,X»} is
FU(M) = P[USM]

)O{|+O!2+Ot3

)

X) <u, Xo <ul

[max{U;,Us} <u, max{U,Us} < u]
U1 <u,Us <u,Us < u

[U) <u]lP[Uy <u|P[U; < u]

_ (1 B 87914771413) ajt+on+aos

The cdf of the random variables V = min{X;, X} is given by
Fy (v) = P[V <]
= P[min{X1 ,XQ} S V]
=1-P[min{X;, X2} > ]
=1 —P[Xl >v, X >v]
=1-F(vv)
= Fx, (v)+FX2 (V) —Fx, x, (Vav)
B (1 B efeviwﬁ)(xnﬂh N (1 B e*9V*WB)O‘2+a3 B (1 B e*GV*Wﬁ)a]+a2+a3 '
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5 Maximum Likelihood Estimators

Kundu and Gupta [7] used the method of maximum likelihood to estimate the unknown parameters of the bivariate
generalized exponential distribution. In the same way we use the method of maximum likelihood to estimate the unknown
parameters of the BEMW distribution.

Suppose ((x11,X21), -, (X12,%2,)) is @ random sample from BEMW distribution.Consider the following notation

I = {i; x1i <xai}, b={isx;;>x0}, B={i; xji=x2i =x;}, I=LULUL, |I}| =ny, |L|=ny, || =n3, and
ny+ny+nz=n.

The likelihood function of the sample of size n is given by:

nj ny n3
(o, 00,05,B,0,7) =[] £ (ciinx2) [ [ 12 (erinx2i) [T 5 (x0)
i=1 i=1 i=1
The log-likelihood function can be expressed as

L(alaa25a37ﬁ7eay) :lnl(a17a25a3aﬁ597y)

ny ]
=n ln(OCl +(X3)+n|lna2+21n (9+’)/ﬁxll3;]) — Z <9X1i+}’xlf,»)
=

i=1

eta-1)Y In <1 - e"xuyxﬁ') Y (6+v85 ")

i=1

i=

Jrf:ln (9+7Bx§;1) — il: <9x2,-+ yxgi) +(p—1)
i=1

i=1

np ny
X Zln <1 - eex2i7x§f) +nmlnay + Zln (9 + Yﬁxlflfl)
B
_ Z (9)61, + yx“) (aj—1) Z]n ( 9)61[7)6“)

+ns1n (062 + 063) + Z In (9 + Yﬁxgiil) — Zz (9)62,’ + ngi)
i=1 i=1
n3

Z (meL }/xlﬁ)

ny
+((X2 + o3 — 1)Zln <1 — ¢ i yx2l> +n3lnog —
i=1

i=1

n3 ] n3 5

+3 In (9+7ﬁx,‘3* ) +(o+0m+o3—1)) In (1 — ¢ Oxi ) _
i=1 i=1

Differentiating the log-likelihood with respect to oy, @, a3, 3,0 and 7 respectively, and setting the results equal to
zero, we have

o om < » )
-=— = + ) In(1—e 7™ + =
oy o+ 03 Zl o

i=

nyp ﬁ n3 xﬁ
+Y In (1 —e‘”‘lfYXu) +Y In (1 — e 0N ) (17)
i=1

i=1
)
ﬁ = ﬂ + Z]n (] _eex2iyx§i) + nz
oy o A 0+ 3

¥ fjln <1 - e%yxﬁ-) Yn <1 o ) ()

i=1

oL B ny
= + In — Oy —yxy; +
oz o + o Z ( o+ o3

i=1

n3 B
+Zln <1 e"XZfYXzf) +24Y In <1 e"xf'%> (19)
i=1 i=1

o3
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oL ny ] xlie*f’xli*?’xﬁ
— = xi+(og+a—1)y
20 121 9—|—yﬁx 1; l z:ZI 1 7676)(”,),)(!13[_
B
n ny o 0x2i— x5,
Z szz (o —1) Z e 5
i—1 0+ Yﬁx i=1 i=1 1 — ¢~ 0x2i—7xy,
B
n o xye i
+ Z lel OC[ — 1 Z _
-1 0+ Yﬁx i=1 i=11— eiex“*yx?i
n . *6x2i77x123,'
+Yy —— ZXQ, aﬁarl)ZWixﬁ
=16+ Yﬁle i=1 i=11— e76x2i77 2i
+ Xz (u+o+toz—1)) ——r
i=1 0+ Yﬁxi i=11— e*"xr‘*%ﬁ

JL yxﬁ +v x[lsl ! In(x;)

1]
— Z }/xﬁ.ln(xu) +(a+oz—1)
i=1

IB = 0+ yﬁxli
B _ _
y Z P nCeg)e ®xi v ¥ v yBah n(xy)
i=1 1 —e Onim xﬁ i=1 0+ yﬁngl
] nj ﬁl . 79x2,-7yx§i
-y ngl. In(x) + (= 1) Y] Prgilnan)e 5
i=1 i=1 1 — ¢~ 02—y
ny
+Z Yxll ‘H’ﬁxll n(xy;) Zyxll}zln (1) + (0 — 1)
i~ 0+ yﬁxli
B _ _
X iz: Yxﬁ In(xyi)e” ® P + y: szi ‘H’ﬁle' 'In(x)
i=1 1 —e Onim xﬁ i=1 0+ yﬁngl
B
n2 n XBI ) p— 0x2i—yx5;
o Z yxgiln(XZi) + ((XZ o — 1)2 Y. i n(le)e
i=1 i=1 1— e*9x2i*7x§,~
3 BB )
’y ] ’yﬁ lBil ( 1) *Z’)/xlﬁ]n(x,)
i=1 0 + yBx; i=1
o In(xp)e— 05
+(ag+ o+ a3 — Zy n(xie 7
efﬂx,-fyxi
oL nj ﬁxlz ny xl?'efﬂxli—yxﬁ.
= X OC] + 03 — 1) L E——
Y 121 0+ yﬁxl, z; et 1:21 1-— e*f’xli*?’xlfi
B
] ﬁx ] nj Xﬁ_e*9x2i*}’x2,-
+ X Olz — 1 2
zZI 0+ }/ﬁx ; 2t ,Zl 1— 9*9)(21'*7)(5,-
B
2 ﬁ 2 np xﬁ_efexl,-fyx”
+ X (aj—1) el A ——
; 0+ Yﬁxh ; i 121 1— e’ex“*yxﬁ'
ze, xﬁ

2 m Pe
Z be O‘2+0‘3*1)Z 2

S et

i= 19+Yﬁx i=1
n3 ﬁxﬁ 1 n3

Serypdt S

Zx + 061+062+OC3—1)Z

s B e’exi’yxfs
L
*exi*VXf

i=11—e

(20)

1)

(22)
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The maximum likelihood estimates &;, &, &, O, B and ¥ of the unknown parameters o, 0, 03, 0, B and y
respectively, are obtained by solving Equations (17) - (22).

6 Data Analysis

In this section, a real data set is used to compare the fits of the Bivariate Generalized Gompertz (BGG) distribution,
Bivariate Exponentiated Modified Weibull Extension (BEMWE) distribution, Bivariate Exponentiated Generalized
Weibull Gompertz (BEGWG) distribution and Bivariate Exponentiated Modified Weibull (BEMW) distribution. The
data set (see Table 1) was first analyzed by Csorgo and Welsh [15] and represents the American Football (National
Football League) League data and they are obtained from the matches played on three consecutive weekends in 1986. It
is a bivariate data set, and the variables X; and X, are as follows: X; represents the ‘game time’ to the first points scored
by kicking the ball between goal posts, and represents the 'game time’ to the first points scored by moving the ball into
the end zone. These times are of interest to a casual spectator who wants to know how long one has to wait to watch a
touchdown or to a spectator who is interested only at the beginning stages of a game. Also all the data points are divided
by 100 just for computational purposes.

The variables X| and X, have the following structure: (i) X; < X» means that the first score is a field goal, (ii) X; = X,
means the first score is a converted touchdown, (iii) X; > X»> means the first score is an unconverted touchdown or safety.

Tablel. American Football League (NFL) data
Lx [ I x [[X% | X [ X% [ X [ X |
2.05 3.98 853 | 1457 | 290 | 2.90 1.38 1.38
9.05 9.05 | 31.13 | 4988 | 7.02 | 7.02 | 10.53 | 10.53
0.85 | 0.85 | 1458 | 2057 | 642 | 6.42 | 12.13 | 12.13
3.43 3.43 5.78 | 2598 | 8.98 8.98 | 14.58 | 14.58
7.78 7.78 | 13.80 | 49.75 | 10.15 | 10.15 | 11.82 | 11.82
10.57 | 1428 | 7.25 | 7.25 8.87 8.87 | 552 | 11.27
7.05 7.05 4.25 4.25 | 10.40 | 10.25 | 19.65 | 10.70
2.58 2.58 1.65 1.65 2.98 298 | 17.83 | 17.83
7.23 9.68 6.42 | 1508 | 3.88 | 6.43 | 10.85 | 38.07
6.85 | 3458 | 4.22 9.48 0.75 0.75
3245 | 42.35 | 15.53 | 1533 | 11.63 | 17.37

The required numerical evaluations are carried out using the Package of Mathcad software. Table 2 provide the MLEs
of the model parameters.The model selection is carried out using the A/C (Akaike information criterion) and the CAIC
(consistent Akaike information criteria):

2
AIC = =2L+2q, CAIC = =2L+ %
n—q-—

Where L denotes the log-likelihood function evaluated at the maximum likelihood estimates, g is the number of
parameters and 7 is the sample size.

Table 2: MLEs for American Football League (NFL) data

I Model I MLEs I
BEGWGD 0 = 0.0323,0 — 0.186
(64,6,33,0.1,0.2,0.2,0.5) 0 = 0.406
BGGD 7 =0.024,% = 0.150
(;71,772,;73,71,0.1) % = 0.310, = 0.0044
BEMWED 7 =0212,% =1315
(;71,772,;73,71,0.1,0.42) % = 2.645, 1 = 0.096
BEMWD Q= 03140, = 1.945
(&1,&2,&3,§,B,?) 0 = 3.923,0 = 0.061
B =0.386,7 = 0.594
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Table 3: The statistics L, AIC and CAIC for American Football League (NFL) data

[ Model [ L 1 AKC ]| CAKC |
BEGWGD -354.03 | 714.06 | 714.69
(0, 0,03,0.1,0.2,0.2,0.5)
BGGD -260.5 529.0 | 530.03
(%..%.2,0.1)
BEMWED -239.86 | 487.36 | 488.39
(%.%.%.,2,0.1,0.42)
BEMWD -239.442 | 490.88 | 493.284
(@.8,.,0.8.7)

Since the value of (—L) (see Table 3) is smaller for the BEMW distribution compared with those values of the other
models and the values ofAIC and CAIC (see Table 3) are smaller for the BEMW distribution compared with those values
of the other models except BEMWED , then the introduced distribution seems to be a very competitive model to these
data.

The profiles of the log-likelihood function of a;, @, a3, 6, B and y for American Football League (NFL) data are
plotted in Fig. 1, Fig. 2, Fig. 3, Fig. 4, Fig. 5. and Fig. 6. respectively. From the plots of the profiles of the log-likelihood
function of oy, az, 03, 6, B and ¥ ,we observe that the likelihood equations have a unique solution.

-240 - -2404

-250-
-245

-260
~250 1
-270

-255
-280+

-260 -290
-300
-265

-310+

ol o2

Fig. 1: The profile of the log-likelihood function of ¢ Fig. 2: The profile of the log-likelihood function of
.American Football League (NFL) data. .American Football League (NFL) data.

7 Conclusions

In this paper, we proposed a new bivariate exponentiated modified Weibull (BEMW) distribution, whose marginals are
EMW distributions. Some statistical properties of this distribution have been studied and discussed. The maximum
likelihood estimates of the parameters are derived. A real data set is analyzed using the new distribution, Bivariate
Generalized Gompertz distribution, Bivariate Exponentiated Modified Weibull Extension distribution, Bivariate
Exponentiated Generalized Weibull Gompertz distribution. Based on the comparisons between all these models, we
conclude that, the introduced model is highly competitive in the sense of fitting this real data set.
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.American Football League (NFL) data. American Football League (NFL) data.
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