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Abstract: We consider the general Dirac equation in 3+1 space-time dimensions. We derive an analytical expression for the general
solution of the Dirac equation. This solution has been generated by transforming the Dirac equation for one spinor component to a
generalized 3D-Ricatti type of equation.
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1. Introduction considerations. Most of the known exactly solvable prob-
lems fall within distinct classes of what is referred to as
The Dirac equation is a relativistic extension of the "shape invariant potentials’[2], supersymmetric quantum
Schibdinger equation, which describes the time-evolutionmechanics[2], potential algebras[3], and "point canonical
of a relativistic quantum mechanical particle [1]. It is a transformations”[4] are three methods among many which
relativistically covariant first order linear differential equa- are used in the search for exact solutions of the wave equa-
tion in space and time. It describes a spinor particle at reltion. Finally, we would like to mention that interest in the
ativistic energies below the threshold of pair production. It solutions of the Dirac equation for the case of spin and
also embodies the features of quantum mechanics as weliseudo-spin symmetry has surged due to the great sim-
as special relativity. However, despite all the work that hasplification it entails to the associated spinor equations, a

been done over the years on this equation, its exact solteritical investigation of these cases was recently accom-
tion has been limited to a very small set of potentials. Ex-plished[5].

actly solvable potentials are of great interest both from the

pure mathematical point of view and for testing the valid-  Since the original work of Dirac in the early part of
ity of perturbative, numerical and semi-classical approx-last century up until 1989 only the relativistic Coulomb
imations of physical systems. Furthermore, in some lim-problem was solved exactly. In 1989, the relativistic exten-
iting cases or for under some special circumstances thegion of the oscillator problem (Dirac-Oscillator) was for-
may constitute analytic solutions to realistic problems. Be-mulated and solved by Moshinsky and Szczepaniak [6].
sides, it is a fact that exact solutions are important becausklowever, recently an effective approach for solving the
of the conceptual understanding of physics that can onlyDirac equation with spherical symmetry was introduced
be brought about by the analysis of such solutions. Ex-by Alhaidari[7]. His method was initiated by the observa-
act solvability of a given Dirac equation with its bound- tion that different potentials can be grouped into symme-
ary conditions usually entails the exact knowledge of alltry classes; for example, the non-relativistic Coulomb, os-
its eigenfunctions and the corresponding energy spectruncillator and S-wave Morse problems constitute one such
However, in recent years there have been efforts in claselass. Therefore, the solution of two problems in one
sifying all types of solvable problems based on symmetryclass implies solution for the remaining one. This ap-

* Corresponding author: e-mail:

@© 2012 NSP
Natural Sciences Publishing Cor.



154 NS 2 H. Eleuch and H. Bahlouli: Analytical Solution to the Dirac ...

proach was then applied successfully in obtaining solu-It is worth to mention that
tions for the relativistic extension of a class of shape invari-
ant potentials such as the Dirac-Scarf, Dirac-Rosen-Morse
| &I, Dirac-Pschl-Teller, Dirac-Eckart, Dirac-Hulthn,and g2 — _ (1 0> A (10)
Dirac-Woods-Saxon potentials[8]. 01

In this article we would like to present an efficient
method to solve analytically the three dimensional Dirac
equation. This solution will be generated by transforming

Let us try to find the inverse of this operat6r!. We con-
siderH(—r), so that

the Dirac equation for one spinor component to a Ricattif7(—.;) = (—i—0.—V) G, (11)
type of equation which will then solved using a recently
derived fast converging method[9-11]. whereG is 2 x 2 dimensional function verifying
2. Solution of the Dirac equation /ax (—r)dz; = /70 —r)dz;,
i, =12,3 (12)

The free Dirac equation is given by

(iy"0, — M)W (t, 7) =0, (1) herex; are defined as followingz1, z2, x3) = (2, ¥, 2).
Let us calculate
where we have used the Einstein summation conven-

tion for repeated indices. Taking into account the VeCtOr/(Z'*)O'.d—)T‘)H(HT’), (13)
V (—r) and scalas (—r) interaction potentials the Dirac
equation can be rewritten in its spinor component form as 10
follows Sinceo? = ( ;| | ando;o; +0;0; = 0fori # j and by
[M+ S (—=r)+V (=)o + (—i—0.—V) ¢~ using the restriction for the x 2 dimensional functior;
=eco™, (2) weget
(mim0.V) 6 + [-M = § (=) + V (=) 6
=¢e¢, @) /(z’—>a.d—>7")H(—>r)
+_ (9 - (%%
whereg < i) and¢ ( ) are the upper and _ /(i—>a.d—>T)£(G(—>r)) — G(—r). (14)
lower two-component spinors @f, respectively. From the
above equations we obtain Let us calculate
(—i—0.—V) ¢ ) .
T = 4 —1—0.— —0.d— —
10) EEMES (=) -V (=) (4) t—o.—V /(z 0.d—r)G(—r) (15)

The Dirac equation after algebraic manipulations for
o1 then becomes

LimeV { / (i—>a.d—>r)G(—>r)}

. 2 4+
(—i—0.—V)2 ¢ :agﬁ/de+a§3/Gdy+oig/de
Hh(=r) (im0 oY) 6t + g6t =0, (§) 01 o 0z
0 7]

whereh (—r)and g (—r) are functions ir2 x 2 dimen- +0w0y7/Gdy + Uyaw*/de

! ox Jy
sions. o d
b (1) = (—imsos¥) 1 ©) +Uxoy%/Gdy+ayaz8fy/de

[e+ M+ S (—r) =V (—r)] 5 3

10 +oy0, / 8—Gdz + oy0. / aGdy (16)

s =8Ny n-4 (). O y
which gives

Let us first define the operator - ,

= oY ®) —i—0.—V /(i—>a.d—>r)G(—>r) =G(—r), (17)
The above Dirac equation (5) can be then written in termsin other words

of this operator as follows _ ;

£2[¢F] + h(—r) £ [¢1] + g(—r)¢t = 0. 9) —i—0.—V /(i—>a.d—>r)G(—>r) (18)
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y [ / (i—>a.d—>T)G(—>r)} — G(—r).

so we have
£ { / (i—>a.d—>r)G(—>r)} — G(—r), (19)
and
/ (ims0.d—r) £ [G(—7)] = G(—7), (20)
we can write then that
L£7HG (=) = /(z’—>a.d—>r)G(—>r), (21)
for any2 x 2 dimensional functioriz verifying
/31 —r)de; = /aij —r)dx;

1,7 =1,2,3 (22)

Using the same technique developed
Schibdinger equation [9-11] we can write

recently for

F(=r) = Fo(—=r) +n(—=7), (28)
where Fy(—r) andn(—r) are2 x 2 dimensional func-

tions. Fy(—r) represents the adiabatic part of the solution
verifying

F(—r) + h(=1)Fo(—7) + g(—71) =0, (29)
with formal solution

oy T ([h(—;mf )
neglecting they(—r)? we get

EF3(=71) 4+ (=i—0.—V)n(—r) (31)

+ [h(—7) 4+ 2Fy(—7r)] n(—r) = 0.

Let us analyze the last condition, we can deduce more re-

stricted condition by deriving this condition byi and
then by8 and we get a more restricted condition

0? 0?2
220~ 2% (23)
J

(2

The 2-dimensional constant vectots. in the general so-
lution (42) are to be fixed by the boundary conditions.

3. Conclusion

where, as an exception to the general rule, repeated indices
are not summed over in (27). If we define the following
coordinatgéy, (2, (3) = (z, iy, z) then our previous equa- We have succeeded in solving the three dimensional Dirac

tion reduces to

ALQG - O,

and
A33G =0, (24)
whereA,; ; = 342 + 64‘2 .Letus return to our main problem

the Dirac equation and let us defin@ a< 2 dimensional
function F verifying the condition and

¢+ = exp [£_1F] A (25)
= exp [/(z—m’d—)’r)F(—n") A,
in other words
F=£[n[¢pt.AT]]
= (—i—)o’_—)V) In [¢+AT] (26)

equation by reducing the one component spinor equation
to a generalized Ricatti equation which was then solved
using a recently developed fast converging technique, the
final form of the solution is given by equation (42). The
present method can be applied to a broad class of rela-
tivistic problems ranging from atomic to laser applications.
This approach promises that it is more accurate than the
usual perturbative approach and goes beyond the adiabatic
limit.
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