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Abstract: We consider the general Dirac equation in 1+1 space-time dimension with vector, scalar and pseudo-scalar interactions.
We give general procedure on how to obtain its exact solution which can be put in closed form only for special types of potential. In
addition we have given an analytical approximate solution for general potentials.

Keywords: Dirac equation, analytical solution.

1. Introduction

The Dirac equation is a relativistic quantum mechanical
wave equation formulated by British physicist Paul Dirac
in 1928 and provides a description of elementary spin-1

2
particles, such as electrons, consistent with both the prin-
ciples of quantum mechanics and the theory of special rel-
ativity [1] . The Dirac equation is the most frequently used
wave equation for the description of particle dynamics in
relativistic quantum mechanics. It is a relativistically co-
variant first order linear differential equation in space and
time. It describes a spinor particle at relativistic energies
below the threshold of pair production. It also embodies
the features of quantum mechanics as well as special rel-
ativity. However, despite all the work that has been done
over the years on this equation, its exact solution has been
limited to a very small set of potentials.

Exact solutions of the Dirac equation allow for a bet-
ter understanding of relativistic energy spectrum and their
non relativistic limit should result in the corresponding
Schrodinger spectrum. Hence a lot of efforts have been
deployed to obtain exact solution of the Dirac equation.
The use of supersymmetric quantum mechanic along with
shape invariance, in particular, provided a very elegant
way to obtain exact solutions [2]. Adiabatic approxima-
tions, mainly the JWKB approximation, the variational

and perturbative approaches have also been used exten-
sively in the past to obtain approximate solutions [3] . In
this work we extend the recent approach developed by one
of the authors [5,6] for obtaining analytical solutions of
the Schrodinger equation that goes beyond the adiabatic
approximation. In addition we also consider several ex-
actly solvable potentials obtained by imposing simplifying
conditions to our Schrodinger-like equation for the spinor
components.

The Dirac equation for a free structureless fermion of
mass m is given by:

(ih̄γµ∂µ −mc) ψ = 0 (1)

where c represents the speed of light and{γµ}1µ=0 are
square matrices satisfying{γµ, γν} = 2gµν with the
Mikowski space-time metricg = diag(+−) and the 2-
gradiant is defined by∂µ =

(
1
c

∂
∂t ,

∂
∂x

)
.

After algebraic manipulations [7] we obtain the Dirac
equation in 1+1 dimension with most general potential
coupling inu(1) gauge invariant
(

mc2 + S + qV − ε h̄c d
dx + iqcU + W

−h̄c d
dx − iqcU + W −m− S + qV − ε

)

×
(

φ+

φ−

)
=

(
0
0

)
(2)

∗ Corresponding author: e-mail:

c© 2012 NSP
Natural Sciences Publishing Cor.



150 H. Eleuch et al : Analytical Solution to the Dirac ...

whereS(x) is a scalar potential,W (x) is a pseudo-scalar
potential andq is the coupling parameter.V and U are
components of the 2-vector potentialA = (V, cU).

Therefore, we obtain the following first order differen-
tial relations between the two components in the conven-
tional relativistic units,̄h = c = 1,
(

d

dx
+ iqU + W

)
φ− = Ω+φ+,

(
d

dx
+ iqU −W

)
φ+ = Ω−φ−, (3)

whereΩ± = ± (ε− V±(x))−m andV± = qV ± S. Let
us assume that the potential functionU(x) is integrable
over the desired interval in configuration space and use
the following gauge transformation to eliminate the poten-
tial U(x), φ±(x) = ζ±(x) exp

[−iq
∫

x
U(y)dy

]
, which

is a local phase transformation that does not change the
physics due to theu(1) symmetry of the problem (local
gauge invariance). Hence, we can rewrite Eq. (3) in terms
ζ±(x) as follows

(
d

dx
+ W )ζ− = Ω+ζ+,

(
d

dx
−W )ζ+ = Ω−ζ−, (4)

Eliminating one component in terms of the other results in
the following second order differential equation
[
− d2

dx2 + Ω
′
∓

Ω∓

(
d
dx ∓W

)

+W 2 ± dW
dx + Ω+Ω−

]
ζ± = 0 (5)

Ω+Ω− = (m−S)2−(ε− qV )2. It is important to mention
that the solution space of the Dirac equation consists of
two disconnected subspaces; one is for ”positive” energy
and the other for ”negative” energy. One of these two sub-
spaces is constructed from the solution of Eq. (5) forζ+ ,
which will be substituted into Eq. (4b) to giveζ− that be-
longs to the same subspace. However, the other subspace
is obtained from Eq. (5) with the bottom sign and then Eq.
(4a).

We are now interested in solving the differential equa-
tion (5) which, in addition to (4), are equivalent to the orig-
inal Dirac equation. Exploring the analogy between (5)
and the Schrodinger equation we can rewrite (5) as follows
[
− d2

dx2
+

dΩ∓
dx

Ω∓

d

dx
+ a(x)

]
ζ± = 0 (6)

where

a(x) = Ω+Ω− + W 2 ± dW

dx
∓

dΩ∓
dx

Ω∓
W

= (m− S)2 − (ε− qV )2

+W 2 ± dW

dx
∓

dΩ∓
dx

Ω∓
W. (7)

At this point, we define a point canonical transformation
which eliminates the first derivative term in equation (6).
This is accomplished through the following transformation

µ± =
ζ±√
Ω∓

, (8)

then equation (7) becomes
[

d2

dx2
+ V eff

± (x)
]

µ±(x) = 0

V eff
± (x) =

2d2Ω∓
dx2 Ω∓ − 3

(
dΩ∓
dx

)2

4Ω2∓
(9)

−W 2 ∓ dW

dx
±

dΩ∓
dx

Ω∓
W −Ω+Ω−

Thus the original Dirac equation has been transformed into
two Schrodinger-like equations for one component cou-
pled with their corresponding kinetic balance equations
for the other component of the spinor. Using the method
recently developed by one of the authors [5,6,8] we can
write the general solution of (6) as follows

ζ±(x) =
√

Ω∓A1± exp i

[∫ x

x0

(
f1±(y) + η1±(y)

)
dy

]

+
√

Ω∓A2± exp i

[∫ x

x0

(
f2±(y) + η2±(y)

)
dy

]
, (10)

With

f1±(x) =
√

V eff
± (x); f2±(x) = −

√
V eff
± (x),

and

η1±(x) = exp
[
−2

∫ x

x0

(
f1±(y)

)
dy

]

×
∫ x

x0

{
−df1±

dy
exp

[
2

∫ y

y0

(
f1±(z)

)
dz

]}
dy,

η2±(x) = exp
[
−2

∫ x

x0

(
f2±(y)

)
dy

]

×
∫ x

x0

{
−df2±

dy
exp

[
2

∫ y

y0

(
f2±(z)

)
dz

]}
dy,

(11)

where A1± and A1± are complex amplitudes that can
be determined by the boundary conditionsζ±(x0) and
ζ
′±(x0). The numerical implementation of this method its

fast convergence was discussed in detail in a previous pub-
lications [5,6,9,10]. In addition to the above general so-

lution, we can also generate additional special potential
solutions by looking for potential formsV (x), S(x) and
W (x) for which the Schr̈odinger-like equation (9) has ex-
act solutions. For this purpose we suggest to simplify the
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above equation using the following strategy, first we elim-
inate the first term in the effective potential this will result
in requiring

2
d2Ω∓
dx2

Ω∓ − 3
(

dΩ∓
dx

)2

= 0, (12)

with solution given by

Ω± =
1

(a±x + b±)2
, (13)

wherea± and b± are free parameters. This form should
be used along with the definition ofΩ± in equation (3)to
deduce the form of the solvable potentialsV±(x). Next we
use this form ofΩ± and chooseW±(x) so that it satisfies
the following Riccati type equation

−W 2
± ∓

dW±
dx

± Ω
′
∓

Ω∓
W± = 0, (14)

having the following solution

W±(x) =
F±

(a±x + b±)
, (15)

where F± is an additional free parameter. This special
choose ofΩ∓ andW± reduces our previous Schrödinger-
like equation to the following simple form
[

d2

dx2
− 1

(a+x + b+)2 (a−x + b−)2

]
µ±(x) = 0 (16)

with the general solution

µ±(x) = C1±





(a+x + b+)
1
2

[
1+

√
1− 4

(a−b+−a+b−)2

]

× (a−x + b−)
1
2

[
1−

√
1− 4

(a−b+−a+b−)2

]



+C2±





(a+x + b+)
1
2

[
1−

√
1− 4

(a−b+−a+b−)2

]

× (a−x + b−)
1
2

[
1−

√
1− 4

(a−b+−a+b−)2

]



.(17)

The solution of the Dirac equation for the spin symmetric
caseS = qV has been considered in recent literature [4]
in this caseΩ− = −(ε + m) and hence the corresponding
Schr̈odinger-like equation simplifies to the following form
[

− d2

dx2 + dW
dx + W 2

+2S(x)(m + ε)− (
ε2 −m2

)
]

µ+(x) = 0. (18)

This is a generalized type of Klein-Gordon equation whose
analytical solution can be derived for certain specific forms
of W (x) andS(x). Furthermore similar approach used for

generating analytical solution for Schrödinger-like equa-
tion (see eq(6) and eq.(9)) can be used to solve the general
Klein-Gordon equation given by eq (18) .

In summary we have solved the general Dirac equa-
tion in 1+1 dimension and obtained simple solutions for
some special potentials. This approach can be extended to
deal with the Dirac equation in 2+1 and 3+1 dimensions
with cylindrical and spherical symmetry, respectively. The
radial Dirac equation will be analogous to the one in 1+1
dimension withx → r and W→ W + κ/r, whereκ is
the spin orbit quantum number. However, in these cases
the affine term in the differential operator does not man-
age becauseκ cannot be zero (in fact in 2+1 dimensionsκ
is equal±1/2, ±3/2, ±5/2...while in 3+1 dimensionsκ
is equal±1, ±2, ±3...). Furthermore this procedure will
be extended to real 3+1 Dirac equation following a similar
procedure used to solve the 3D Schrödinger equation.
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