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Abstract: In this paper we discuss some properties of a King-type operator. We give an approximation theorem and a Voronovskaja
type theorem for this operator.
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1. Introduction for any f € E([a,b]), for anyx € I and fori € Np,
] ] ) - . defineT} , by

In [6], J.P. King defined linear positive operators which ’
generalize the classical Bernstein operators. These oper- _ .

ators reproduce the test functions and e,. In the pa-  (TomiLlm) (@) = m'(Ly, ;) (x)

pers [1], [2], [4], [5] and [7], operators of King’s type are m ,

studied. In this paper, we define new King-type operators =m' Z O k() A i (V3,), (2
which reproduce the test functions ande,. After study- k=0

ing its approximation properties, we give a Voronovkaja- for any » € [a,b] N [a,¥']. In the following, let s be a
type theorem. fixed natural number, s even and we suppose that the oper-
ators(L?,).,>1 verify the condition: there exists the small-
estag, as11 € [0;00) so that

o L (T L) @)
Let N be the set of positive integers an = N U {0}. i Mo
In this section, we recall some notions and results which
we will use in this article. Following [8], we consider

I ¢ R, I an interval and we shall use the function sets: as+2 < o + 2. 4)

E(I), F(I) which are subsets of the set of real functions |t 1 - R is a given interval ang € Cj5(I), then, the first
defined onl, B(I) = {f[f : I — R, f bounded on  order modulus of smoothness pfs the functionu(f;.) :
I}y, C(I) = {fIf : I — R, f continuous on/} and  [0; x0) — R defined for anys > 0 by

Cp(I) = B(I)nC(I). Forz € I, consider the func- , "

tion e, : I — R, ¢,(t) =t —x, for anyt € I. Let w(f;0) = sup{lf(2") — f(a")]

a,b,a’, b be real numberd, C Rinterval,a < b,a’ <V, c 2l 2" € I]ah — 2| < 5.

[a,b] C L], 0] C I, and[a,b] N [a,b] # ¢. Forany  RemarkForm e N, the L*, operators are linear and posi-
m € N, consider the functiong,,» : I — R with e

the property thatp,, (x) > 0 for anyz € [d/, '], for .

anyk € {0,1,2,...,m} and the linear positive functionals Theorem 1[8] Let f : [a,b] — R be a function. Ifr €
Ap i - E(la,b]) — R, foranyk € {0,1,2,...,m}. For  [a,b] N[a’, V'] and f is a s times derivable function in X,

2. Preliminaries
= Bj(z) € R, 3)

foranyzx € [a,b] N [a’,b],7 € {s,s + 2} and

m € N, define the operatot:?, : E([a,b]) — F(I) by the functionf(*) is continuous in x, then
™ s ()

(LD = Y fmse) A1), @ o | @@ - S I @ @] =06
k=0 i=0 )
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If fis a s times derivable function dn, b], the function
f(®) is continuous orfa, b] and there exists(s) € N and
k; € R so that for any natural number, m > m(s) and
foranyz € [a,b] N [a’, b'] we have

T .L*

(Thsli)a@) _ ©

m®i

wherej € {s, s + 2}, then the convergence given in (2.5)

is uniform on[a, b] N [a’, b'] and
S, f@®
= (@) - D el < @)
=0
1 s). 1
< ks 4 ksyo)w (f( ); m) ,foranyz €
[a,b] N [@/,b], for any natural numberm, m > m(s).

3. The study the convergence and a
Voronovskaja-type theorem

In the following, we consider a fixed numbery, € N,
mgo > 2. For the functionf : [0;1] — R, we define the
sequence of operato(S;, f)m>m, DY

B = L (1 1)

max — 1 m

zm:mk(l —z)mk (m — ;)k f (i) , (8)

k=0

for anym > mg and anyz € 0171, 1}. For fixedmy,

fromm > my it results thatn > mg— 1. Then, fromz >
> Mmool > 0, soma — 1 # 0

mo

foranyz € [— 1].

mo—1"

(T By @) = "= L) (19
(T, BL) (@) = 21— 2) (14)

mx — 1
hold for anym € N, m > mg and anyx € [ —» 1}.
ProofWe have that

(Breo)(w) = Gty (1= 7)™

> mk(1—z)mF (g; - ;)k

mx — 1 m m
(m— 1z

mx—1"

(Buen)(w) = i (1- 1)

() ()

(Breae) = D (12 0)

> —gmk(l - x)mk (m - ;)k

In the following, we use the construction and the =0

results from the first section. For the operator above,_

we have g, p(z) = @=Dr (. 1y”

mz—1

" mk(l —
1 k
zymk <x _ m) andA4,, , = f (£), foranym > m,

anyk € {0,1,2,. —,

If m € N, m > mg, then the operatoB;; is linear
and positive.

The verify is immediate.

.,m}andanyx € [ 1}.

Lemma 1.The identities

(Byeo)(w) = L1 ©
(Ben)(@) =, (10)
(Biyea)(w) = 22, (11)
(T 0B () = LD (12)

mer—1"

oty 2y

k=1
which means that (3.2)-(3.4) hold.
By using the relations (3.2)-(3.4) we have that

(T4 0B5) (@) = (Bleo)(z) = o lr,

(T Bo)(x) = m(Bh) (@) = m((Bhe)(z) —
2(Bre0)())

:mrfz(zw_ll)’

<T* 2B5)(@) = m?(B2)(x)

m?((Br,e2)(z) —22(By,e1)(x) +a*(B,e0)(x)), from
where (3.5)-(3.7) follows.
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Lemma 2We have that (B @) = ()] < [f(2)] — fl (20)
Bo(z) = lim (17, 0 By)(z) =1 (15) 5mg — 1 < 1 >
wifi—=
* * 4 m
@B vm
By(z) = lim ————~ =z(1 —x) (16)
m—o0 m foranyz € | ——, 1} and anym € N, m > m(0), m(0)
for anyz € [m[}_l’ 1} and introduced in Theorem 1.
. o B ProofThe relations (3.14) results from Theorem 1 for
(Tn,0Bm)(@) < mo —1 = ko (7)1, Lemma 1 and Lemma 2. By using the inequality
T B la —¢|—|b—¢| < |a— b|, wherea, b, c € R, we have
m 4
foranyz € [ —» 1}. . (m—1)x
[(Bpf)(@) = fz)] — mf(x) - f(z)
ProofThe relations (3.8)-(3.9) results immediately from
Lemma 1. The function—"— is decreasing orﬁ — 1}, < ‘(B* ) - (m — l)xf(x)
- max — 1 ’
so the maximum is obtained for = ——. On the _ _ _ _ _
other hand, the inequality(1 — =) < % holds, for any gilgetgklng (3.14) into account, the inequality (3.15) is ob-
re |1, 1] . Then (T"L’zi"‘)(I) =m—t5r(l-x)< . _ _
4(m77;:10+1)' and because—"— < my, for anym € '(I)'Se(;)rlem_rsr’]lé?]tf : [0,1] — R be a continuous function
N,m > my, inequality (3.11) is obtained. Similarly, we [0,1].
have that(T,, 0 B;,)(z) = (m — 1) < mTrr:olJrl < lim (B}, f)(z) = f(x) (22)
mo — 1, so (3.10) results. meee
Theorem 2Let f : [0,1] — R be a continuous function uniformly on[ } There existsn(0) so that
on [0, 1]. Then (m _ 2)M
* x * _ < Ao T A)E
(B f)(@) = f(2)] < [f(2)] 552 1+m_1 |(Bf)(@) — f(z)] < e — (22)
(m—l—&—%\/ m — 1)x( 1—30)
* (mo—2)M 2(m—1) dmo — lw f L
|(Bmf)(x) - f(.’l?)‘ S m—mo+1 + m—mo—+1 4 ’ \/m
fi 57— (18) for any
( 2vm 1) foranyz € [ﬁ,l} and anym € N, m > m(0).
§>0,m € N,m >mgandz € 1J},where M= 0
ProofBy using the mequallty— mo—2__ demon-

sup{|f(a)|: v €

_1
mofl’

ProofWe have(B},42)(x) = ) and by taking

(3.7) into account we obtaiﬁ?,*nwg.)( )= ﬁ Now,
by using Shisha-Mond Theorem (see [3]), we obtain in

equality (3.12). We take thgf =% < o2, o
andz(1 —z) < T 1}, any

Then,

1”

(Th, 2322)

1 foranyz € [

m—mo+1
m € N,m > mg and we consided =
from (3.12), (3.13) follows.

1
2v/m—1"

Lemma3Letf : [0,1] — R be a continuous function on
[0, 1].
There existsn(0) so that
. _(m—-1)z
(B - T ) (19)
5mo — 1 1 L
f— 4 w 3 \/ﬁ )

_Theorem 4Let f

m—mo+1

strated in Theorem 2 and taking (3.15) into account, the in-
equality (3.17) is obtained. The relation (3.16) results from
(3.17).

0,1 — R be a continuous
function on[0,1]. If = € [ﬁ,l}, f is two times
differentiable inz and f® is continuous inz, then

Jin (55,0 - @)
(z — 1)f(1)( :”(17_

]

)+

Mf@)(x)_

ProofRelation (3.18) results from Theorem 1 for= 2
Lemma 1 and Lemma 2. From (3.18), it results (3.19).

RemarkTheorem 4 is a Voronovskaja'’s type theorem.
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