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In this article we study the wave propagation in materials consisting of two components:
one component is simple elastic while, the other has a nonlinear internal damping with
elastic coefficients dependent on time. Both components have source terms. By using
the potential well method we obtain the global existence. We also show that the energy

of the system decays uniformly to zero.
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1 Introduction

The main purpose of this work is to study the asymptotic behavior of solutions of the
following nonlinear transmission problem

P, Ut — Duge = pa f1 () in |0, Lo[ x RT, (1.1)
PVt — @ (8) Vew + g (V) = pafo (v)  in |Lg, L[ x RT, (1.2)
u(0,t) =0=v(L,t) t >0, (1.3)
u (Lo, t) = v (Lo, t) t >0, (1.4)
bug (Lo, t) = a (t) vy (Lo, t) t >0, (1.5)
u(z,0) =ul (z), ui(z,0) =ul(z) wx€]0, Lo, (1.6)
v(z,0) =" (x), v (x,0)=2v(x) wxe]Lo, L[, (1.7)

where p1, po are different densities of the material, u; € R, ¢ = 1,2, b > 0, g is a non-
decreasing C! function, a is an elastic coefficient dependent on time and f; is a function
like — [u[P ' u, pi>1,i=1,2.

Transmission problem or diffraction problems arise in several applications in physics
and biology. The stability of conservative system by means of a internal damping has been

studied by many authors, see [1,9,12,14], among others. For the transmission problem there



188 E. Cabanillas Lapa et al.

exist several works about controllability and stabilization by means of feedback functions
on a part of the boundary [ 2,5,8,11].

When the coefficients depend on time and f; (s) s > 0, u; = —1, Mufloz Rivera and
Cabanillas L. [10] showed that solutions converge to zero exponentially. In our case we
have p;eR, |fi (s)| < |s|”, V s € R, with non-linear damping g.

The first part of this paper is to study the global existence of regular and weak solu-
tion to problem (1.1)-(1.7), where we have some theoretical difficulties that we need over
come because of that the coefficients depend on time and the source term. Semigroup ar-
guments are not suitable for finding solutions to (1.1)-(1.7) and the method in [10] does
not seem to be directly applicable to the function f;, therefore, we make use of a Galerkin
approximation and the potential well method.

The second part is to give energy decay estimates of the solution of (1.1)-(1.7) for a
general non-linear damping g. We found that the rate of decay of the solutions depend on
behavior of the dissipative term in a neighborhood of zero, that is, for a linear dissipation we
obtain exponential decay while for a polynomial dissipation we obtain polynomial decay.

In section 2, we present the notations and statement of results. In section 3, we prove
solvability of (1.1)-(1.7) while section 4 deals with the asymptotic behavior of the solutions

obtained in section 3.

2 Preliminaries

We denote
(w,z) :/w(x)z(x) dz, 2|2 :/I|z(x)\2dx,

where I =10, Lo[ or | Lo, L[ for u's and v's respectively.
We assume that

(Al) We take f; € C1 (R), i =1,2, f; (0) =0,

pi—1

i)l < s

1<pi,p2 <

and without lost of generality, we assume p; > po and

S

0
(A2) Let g : R — R be a nondecreasing C'! function such that

g(s)-s>0 for all s #0,
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and there exist ¢; > 0, ¢+ = 1,2, 3,4 such that

eslslP < g < eals|V? i |s| <1,

clsl < g < eals| if |s| > 1,
where p > 1.
A3) a e Wi;}c (0,00), a(t) > ag > 0, for some ag > 0.
By V we denote the Hilbert Space
V ={(w,z) € H' (0,Lo) x H' (Lo,L) : w(0) = 2 (L) = 0; w(Lo) =2(Lo)}.

By F4 and E5 we denote the first order energy associated to each equation

Lo

By (tw) = 2 Jus OF + 5 lua (0 = [ Fi (w)do

L
B (60) = 210 OF + 2 o 0F - [ Foo) o
Lo

and we define

b, 9 M1 +1
J = 5 |Ug| — b )
1 (u) 2 "LL | I + 1 ‘u|p1+1
L L
b 2 g a(t) 2
J (u,v) = 5 luz|” — | Fy (u)dx + 5 [vz]” = | Fa(v)dx,
0 Lo
ao 2 M2 +1
Jo (v) = b} |ve|” — P+ 1 |U|§2+1’
1+1 p2+1

2 2
I(u,v) = blug|” + ao [vz|” — 1 |u\§1+1 — M2 |'U|p2+1 )

E(t) = FE (t,u,v) = Ey (t,u) + FE3 (t,v).

We also define the stable set as W = {(u,v) € V' : I (u,v)>0}U{0}.
In order to show the decay property we will need the following lemma.

Lemma 2.1. [3, Lemma9.1] Let E : R, — R, be a nonincreasing function, and assume
that there exist two constants p > 0 and ¢ > 0 such that

+oo

/E%(t)dtgoE(s) 0<s< +00.

Then, we have

E({t)<CE(0)(1+ t)fZ/(pfl) forallt > 0andp > 1,
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E({t)<CE)e'™" forallt >0 if p=1,

where c and w are positive constants.

3 Existence and Uniqueness of Solution

We begin this section with defining what we mean by weak solution to the system
(1.1)-(1.7).

Definition 3.1. We say that the couple {u, v} is a weak solution of (1.1)-(1.7) if
{u,v} € L*®(0,T; V)N W"> (0,T,L* (0, Lo) x L* (Lo, L))

and

Lo L

o1 [ @ @ @0 d o2 [0 (@0 (@0 ds - p

0 Lo

Lo

/ upprdxdt
0

f1 (u) pdzdt

0

T L T L
—pg//vtwtdmdt—&—b/ Ugp P dadt +
0

OL0 0

T T L
+O/a( )/vxwxd:ﬂdtJrO//fg (v)q/;dxdtJr/L[g(vt)q/)dxdtO

Lo Lo 0

~ o\’ﬂ
= TSI St~

for any {p, 1} € C%(0,T;V) such that

e (T) = (T) =4 (T) = (T) =

In order to show the existence of strong solutions we need a regularity result for the
elliptic system associated to the problem (1.1)-(1.7), whose proof can be obtained with
little modifications, from the book of Ladyzhenkaya and Ural’tseva [4, theorem 16.2].

Lemma 3.2. For any given functions F € L? (0, Lo), G € L* (Lo, L) there exists only

one solution {u,v} of

—bug, = F in 10, Lo[,
—a(t) Ve =G in Lo, L[,
u(0) =v (L

) =
u(Lo) = v (Lo ) bum (Lo) = a(t) vz (Lo)
with t being a fixed value in [0, T'| satisfying

u€ H?(0,Lo) andv € H* (Lo, L).
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Now we are in a position to state the global existence results.

Theorem 3.3. Suppose that assumptions (Al)-(A4) holds. If {uo7 UO} e w, {ul, vl} €
L? (0, Lo) x L? (Lo, L) and

)

T
2 1 !
max{ |pp| bttt [bpz + E(0) exp/ J (8)|ds
0

(P1—1)/2
p2—1 a(s) }

3.1)

T
2 1
a] ag e+ [“ B [
0

’ (p2—1)/2
ja" ()l -1,
agp2 —1

a(s)

where c, is the constant of the Sobolev’s Imbedding, then there exists a unique weak solu-
tion of (1.1)-(1.7) satisfying

{u,v} € C(0,T;V)NC" (0,T;L*(0,Lo) x L? (Lo, L))

In addition, if {u®,v°} € W (H?(0,Lo) x H? (Lo, L)), {u',v'} € V and (3.1)
holds, and the compatibility condition

bug (Lo) = a (0) vy (Lo) (3.2)
is verified, then there exists a strong solution {u, v} satisfying
{u,v} € C(0,T;H?(0,Lo) x H*(Lo,L))NC" (0, T;V) N
C? (0,75 L% (0, Lo) x L* (Lo, L))

Proof. We employ the Galerkin Method to construct a solution. Let

{e' v}, i=12..}

be a basis to V. We construct approximate solution

m

{u™ (t), 0™ (O} = D him () {¢" 9"},

i=1

which is determinate by the ordinary differential equations

p1 (uft, @) + b (ul, 0%) + (fr (™), 9") + pa (vi, ¥*)

+a(t) (vih ) + (9 (), 0°) + (f2 (™), ') =0, (33)
where ¢ = 1,2, 3, .... With the initial conditions
{u™(0),v™ (0)} = {uo7 vo} , {ui* (0),0" (0)} = {ul7 vl} , (3.4)

and by standard methods in differential equations we prove the existence of solutions to
(3.3)-(3.4) on some interval [0, T,,[, 0 < T, < 0.
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In order to extend the solution of (3.3)-(3.4) to the whole interval [0, co] we need the
priori estimate below.
Weak solutions: Multiplying (3.3) by A, (¢), integrating by parts and summing up on %
we get

d "t
GE a0 o)) < 2 umom), 6.5

Integrating (3.5) over |0, ¢[, we find that

[ (5)] E(s,u™(s), 0™ (s)).

E(tum, um>+/ (g(w7(s)), 0" () ds < E <0’“”v“°)+/ a(s)
b 0

Employing Gronwall’s lemma, from the last inequality, we see that

t

E(tu™(t), 0™ (t))+/(9(vln (s)) 0" (s)) ds

0
o (‘9)|d5), 0<t<T. (3.6)
a

<E (0,u°1°) exp </t B
0

Now to obtain a priori estimates, we need the following result.

Lemma 3.4. Let {u™ (t),v™ (t)} be the solution of (3.3)-(3.4) with {u°,v°} € W and
{ul,vl} cL? (0, Lo) x L? (Lo, L) f

9 +1 T|a/(s)| (p1—1)/2
a= max{ luy| b~ ettt { (p2 ) E(0) exp/ ds] ,
0

b\p2—1 a(s)
T
B 2 [pa+1 |CLI (s)| (p2—1)/2
teptt ) Z (2222 ) E(0 / d <1
|/'l’2|a0 Cy |:Cl0 (p2_1> ( )expo CL(S) S ’

Then {u (t),v(t)} € Won [0,T), that is, forall t € [0,T]
I(u™(t),v™(t) >0.
Proof. Since I (u®,v°) > 0, it follows from the continuity of {u™ (¢),v™ (t)} that
I(u™(t),v™(t)) > 0 for some interval close to ¢ = 0. 3.7)

Let tyyax > 0 be a maximal time (possibly tyax = T),) such that (3.7) holds on [0, tax] -
In order to facilitate the notation, we will omit the index m of the solution of the approxi-

mate system. Note that

H1
p1+1

p1+l M2
p1t+1 D2 +1

p2+1
p2+1

b an
J((t),v (1) > 5 Jusl* + 5 foal” ul 0]
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_ 1 _ b(pa —1) u
—p2+1I(u(t),v(t))+72(p2+1>

M1 (pl ) | |P1+1
(p1+1) (p2 +1) it

p2 —1 2
> 5oy APl ol ¥ € 0, s

Consequently, we get
2(p2 +1)
p2—1
< 2(p2+1)
p2—1

T
SW[E (0, u’, v° p/'a > ds} [0, tmax[ . (3.8)
0

J(u(t),v (b))

b ‘“1|2 +ao |Uac|2 <

E (t,u,v)

pa—1 a(s)

It follows from the Sobolev-Poincaré inequality and (3.8) that
1 1
o2t < @ g

= MCT'H ‘ugﬂlmfl (b‘u$|2)

b
(p1—-1)/2
121 2 (p2+1 T la’ (s)] 2
< et 2 E(0 d bu,
S T b \py 1 ()expo als) |ua|
< blug|*. (3.9)
Similarly
T
(p2—1)/2
p2+1 |/’L2‘ p2+1 2 p2+1 E 0 /|a’/(8)|d 2
pa vl < o L ( )eXp0 a5 ao [vg|
< ag|v|?. (3.10)

Thus from (3.9) and (3.10) we obtain

g [ul2 T+ e [0 < blug|® + ag [ve]” (3.11)
Therefore we get I (u (¢);v (t)) > 0 on [0, tmax [, Which implies that we can take tyax =
T This completes the proof of Lemma 3.4. [

Lemma 3.5. Let {u, v} be as in Lemma 3.4. Then there is a certain number 1, 0 < ng < 1

such that

+1 2 2
i [l 5+ iz [0 < (1= no) [blual? + ao o]
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Proof. In Lemma 3.4, we have obtained

| 2 po+1 T|a/ (s) (pr—1)/2
P1+1 1 Cp1+1 £ P2 b 2
‘LL1|U|101+1— ho* |:b(p2—1 p/ a S :| ‘um| )
0
A 1)/2
o |v |p2+1 ‘“2|c1’2+1 2 p2+1 p/|a/ s (p2—1)/ a0 0]
P2l = gy (p2—1 a(s) 01
0
From the above inequalities we get
1 1 2 2
o [ulf2 5+ pa ol < @ (blual® + ao o)
< (1=n0) (blus* +a () o).
where 719 = 1 — «. This completes the proof of Lemma 3.5 O

Remark 3.1. From the proof of Lemma 3.4, we get

2 +1
bl +a(®) el < 225D 1) v ).
p2—1
Using Lemma 3.4, we can deduce a priori estimate for {u (¢),v (¢)}. Lemma 3.4 im-
plies that
1 , 1 )
E(tu(t),v(t) =5 lu (@) + 5 loe @ +J (u(t), v (8)
1 , 1 ) 1
> = — -
> 5 e @ + 5 o (OF + —— 1 (w(t) 0 ()
bpe—1) 12 ag(p2—1) p1 (p1 — p2) pi+1
e T e e L
2D " T 2D T T G DD YA
1 2 1 2 p2—1
> = t - t ——— [ b|uy =z ) - 3.12
2 5 b OF + 5 o @OF + 52— (blual” + ao v ) (3.12)
From (3.6) and (3.12), we get
1 |Ut (t)|2 + E ‘Ut (t)|2 + 1727 (b|um‘ + ag |'U1;| —|—/ ’l)t ) Ut(8)>d8
2 2 2(ps+ 1)
T 0
< E(0,u%") exp( o (S)ds> <L, (3.13)
a(s)

where L1 is a positive constant independent of m € N and ¢ € [0, 7] .
Thus, we deduce that

{u™,v™} is bounded in L>° (0,T; V),
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{uy*,v;"} is bounded in L*° (O,T; L? (0, Lg) x L? (Lo, L)) ,
which imply that

{v™, v} ={u,v} weakly* in L% (0,T;V),
{uf*, 0"} = {us, v} weakly* in  L* (0,7;L*(0,Lo) x L* (Lo, L)).

Using Aubin-Lions compactness lemma, we find that
{u™, v™} — {u,v} stronglyin L*(0,T;L?(0,Lo) x L* (Lo, L)),
and consequently

u™ — u ae in 0, Lo] and f1 (u™) — f1 (u) ae.in ]0, L],

v™ — v ae in |Lo, L] and fo (v™) — fo (v) ae.in Lo, L].
Besides, from the growth condition in (A1) we have that

f1 (u™) is bounded in L? (0,7 L? (0, Ly)) ,
f2 (v™) is bounded in L? (0,T;L* (Lo, L)),

and therefore

{fl (um) 7f2 (Um)} - {fl (u) ) f2 (’U)} in L2 (OaTa L2 (OvLO) X L2 (L07L)) :

Now, we note that from (3.13) and the assumption (A2), we get

t

/ g (o () ds < I,

0

where L is a positive constant independent of m and ¢.
So, we can take a subsequence, still denote by (v™) such that

g (v") — x weakly in L* ( ]Lo, L[ x ]0,T7 ).

Returning to (3.8) and using standard arguments we can show, from the convergence above,
that

prigs — buge =p1 f1 (u) in L? (0,73 H™' (0, Lo))
P2V — a (8) Vgw + X =p2fa (v) in L? (O,T; H™! (LO,L)) .

Our goal is to prove that

X=9g(v),
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but this relation follows from a standard theory of monotone and hemicontinuous operators
(cf. [6]), so the proof is omitted. Therefore, {u, v} satisfies (1.1)-(1.5).

Regularity of solutions: To get the regularity result, we take a basis
B={{¢,v'}, ieN)

such that

{u® 0%} {ut vt} € Span {{p” ¢"}, {0} } .
Let us differentiate the approximate equation and multiply by &}, (t). Using a similar
argument as before, we obtain that

L
d
5B (t,u,v) +/g’ (W™ (1)) (U (2, t))° da
Lo
pa (f1 () u™ ugd) + p2 (fy (vm) v, 037
1
—ag (t) (U, 0m,) + S (t) [vae|® (3.14)
where ( )
Ey (t,u,v) = *| tt| + = |U1t‘ + | tt| +7| xt|
Note that
— Gy (v;nvvmt) = - (a‘t (v:c ) xt)) + a’tt( Vg s a:t) + ay |,Uzt‘ ) (315)

E5 (0,u™,v™) is bounded, because of our choice of the basis.

Now, from the growth condition (A1) and the Sobolev imbedding we have

R T CES T
/fl Yutugidr < c[/|u?| dac} lul| |uge| s (3.16)
0
and similarly
(p2—1)/2
/f2 Yvtvgde < c[/|vm dm] [oy] [vie] - (3.17)

Taking into account the first estimate (3.13), (3.15)-(3.17), from (3.14) and the Gronwall
inequality, we conclude that
Es (t,u™,v™) <, (3.18)

which implies that

{u, 0"} = {us, v} weakly * in L™ (0,75 H' (0, Lo) x H' (Lo, L)),
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{ugy, viy} = {ug, v} weakly * in L (0,75 L* (0, Lo) x L* (Lo, L)) .
Therefore we have {u, v} satisfies (1.1)-(1.5) and we have

—bUze = —pruge + p1f1 (u) € L?(0,Lo),
—a(t) vew = —p2vu — g (vi) + p2fo (v) € L*(Lo, L),
u (Lo, t) = v (Lo, t), bug (Lo, t) = a(t) vy (Lo, t),

u(0,t) =0=wv(L,t).

Then using Lemma 3.2 we have the required regularity for {u, v}. O

4 Exponential Decay

In this section we study the asymptotic behavior of the solution of system (1.1)-(1.7). In
the remainder of this paper we denote by c a positive constant which takes different values
in different places. We shall suppose that

p1 < p2 @1

and
a(t) <b, a;(t) <0, Vt€]0,00]. 4.2)

Let f;, 7 = 1, 2 be such that

|11 |
< F <
0< 1(8)_p1+15f1(5)7

|2
0< Fy(s) < ——=5f>(s),
< 2(),p2+1 f2(s)
Fl (S) S FQ (5) .
Note that odd polynomials satisfy the above inequalities.

Theorem 4.1. Let {u,v} be the weak solution obtained in Theorem 3.3. Suppose that
(4.1)-(4.2) and (A2) hold with p = 1. If, in addition, the initial data satisfy

vy (Lo) =0, 43)
then there exists positive constants vy and c such that
E(t) < cE(0)e™ ", vt >0. (4.4)

We shall prove this theorem for strong solutions, our conclusion follow by standard
density arguments.
The dissipative property of system (1.1)-(1.7) is given by the following lemma.
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Lemma 4.2. The first order energy satisfies

d
By (t ) = = (g (v0) 00) + a [oa 4.5)

Proof. Multiplying equation (1.1) by u,, equation (1.2) by v; and performing an integration
by parts we get the result. O

Let ¢ € C§° (0, L) be such that ¢p = 1in |Lg — d, Ly + [ for some small constant
0 > 0. Let us introduce the following functional

Lo

L
I(t)= /Plutquxdx—i-/pgvﬂ/)qvxdx,
0 Lo

where ¢ (z) = x.

Lemma 4.3. There exists ¢y such that

%I(t) < - % {(pz =) v (Lo, 1) +a(?) {1 B al(’t)]}

— Lo [Fa (v (Lo, t)) — Fy (u (Lo, t))] — %/ (pruf + bu2 — 2F (u)) dx
0

+cl{ /L (vf%—vi)dw%—/L(vz—i—g(vt)Q)dx}—i—sE(t,um).

Lo+6 Lo
Proof. Multiplying equation (1.1) by qu,, equation (1.2) by tqu,, integrating by parts
and using the corresponding boundary conditions, we have

d L
— (prue,qu,) = = [plu? (L07 t) + bui (Lo, t)}

dt 2
7
+ LOF1 (u (Lo,t)) — 5 / [,Dl’uf + bui — 2F1 (U)} d.’ﬂ, (46)
0
d Lo 5
ar (p2vi, qpvs) < —5 [p2v7 (Lo, t) + a (t) v (Lo, t)]
Lo+d
— LoFy (v (Lo, t)) — # / vide
Lo
L L
+ ¢ [ / (’utz + ’ug) dx + / (g (vt)2 + | Fy (v)|> dx} ) 4.7
Lo+06 Lo

Adding (4.6) and (4.7), we get

DT < ~22 (02— pr)? (Lo, 1) + (1) 03 (Lo, 1) — bu2 (Lo, 1]
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Lo
— Lo [F> (v (Lo, t)) — Fy (u(Lo,t))] — %/ (Pluf +bu? — 2F, (u)) da
Lo+é L ’ .
_ # / vid:ﬁcl{ / (v? +v2) d:c+/(g (00)? + | F (v)\) dm]. (4.8)
Lo

Lo Lo+6

According to (A.1), we have that

[Py (s)| < c|s|P2H! < els|?2. 4.9)
Now, applying the interpolation inequality
_ 1 a (1-a)
< « 11—« - _ = , clo.1
|Z‘p—‘z|2 ‘Z|q ) P 9 q o [ ’ ]7
and the inmersion H' (Lg, L) < L*?P2=1 (Lo, L), we get, for all ¢t >0
2p2 2(p2—1) 2 £ 2(2p2—1)
v (t )|2p2 <cE(0) v (t)]3 + E(O)Q(pzfl) vz ()5 , forall e > 0.
Considering inequality (3.8) we infer that
2
ve (B)|; < cE(0),
then
o (t)l3p2 < B0V o ()5 + € E (t,u,0). (4.10)
From (4.8) — (4.10), our conclusion follows. O
= 0 in 15/2 =

Let peC*™ (R) be a non-negative function such that ¢
|Lo —6/2, Lo + 6/2] and ¢ = 1 in R\I; and consider the functional

L
J(t) = /pgvtgovd:v,
Lo

we have the following estimate.

Lemma 4.4. Given € > 0, there exists a positive constant c. such that
Lo+6

L
iJ )< — %/ Qda:—&—s[a )/vidm—&—E(t,u,v)
Lo+9d

dt

L
/ vZ + g (vy) +v2)dx.
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Proof. Multiplying equation (1.2) by pv and integrating by parts, we get
plying eq Yy g gbyp g

L1 = ~a(0) (v p02) — (1) (v, 220) + (o 0) — (9 (), 00)
+ p2 (f2 (v),pv) .
Applying Young’s inequality and hypothesis (A.1) and (4.10), our conclusion follows. [
Let us consider the following functional

K(t)=1(t)+2c+1)J(t).

Using Lemma 4.3 and fixing € = €1 in Lemma 4.4, where ¢; is the solution of the equation
1
8 b

we have that there exists a positive constant co such that

(261 + 1) g1 =

L
%K (t) < —Eq (t,u) — éa (t) /vidm +eE (t,u,v)
Lo
L
+62</ (vf+g(vt)2+v2) dx). @.11)

Lo

Now in order to estimate the last term of (4.11) we need the following result.

Lemma 4.5. Let {u, v} be a solution in Theorem 4.1. Then there exist Ty > 0 such that if
T > Ty we have

T T T
/|v|2ds gs/\vz|2ds++cs/ (|vt|2+|g(vt)|2) ds (4.12)
S 5 S

Sforany e > 0and c. is a constant depending on T but independent of {u,v} and 0 < S <
T < +oo.

Proof. Let suppose that (4.12) does not hold, then there would exist a sequence of solutions
{u”,v"} such that

T T T
JrwPas=y [(wP+laenPds) e [1orPas, @3
S S S

for some Cy > 0.

We observe that in our work, in view of (3.1), the energy of the initial data
{{u” (0),v” (0)}, {uy (0),v; (0)}}, denoted by E* (0), remains uniformly bounded in
v, that is, there exists M > 0 such that £V (0) < M,Vv € N.
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Consequently, we have EV (t) = E (t,u”,v") < M, Vv € N, since E¥ is a non-
increasing function. Then, there exists a subsequence {v”, v”} which we still denote in the

same way, such that

u” — u weak star in L* (0, T H' (0, L)) ,
uy — uy weak star in L™ (0,77 L? (0, L)),
v” — v weak star in L™ (0,75 H? (Lo, L)),
(

vy — vy weak star in L (0,7 L* (Lo, L)) .
Applying compactness results we deduce that
u” — u strongly in L2 (0, T; L? (0, LO)) , (4.14)

v” — v strongly in L? (0,75 L* (Lo, L)) . (4.15)
According to (4.14)-(4.15), we have that

fi (W) — f1(u) ae.in )0, Lo[ x 0, T,

fa (") — fa(v) ae.in |Lo, L[ x]0,T7.

From the above convergence and since the sequence {f; (u”), fa (v”)} is bounded in
L? ((), T;L? (0, Lo) x L*(Ly, L)) we conclude by Lion’s Lemma that

{f1 (W), f2 (")} = {fi(u), f2(v)} weaklyin L? (0,T;L* (0, Lo) x L? (Lo, L)).
(4.16)
The term fST [v”|? ds is bounded since E¥ (t) < M, Yv € N, Vt > 0 and [v” (t)]* <
cEY (t), where c is a positive constant independent of v and ¢. Then, from (4.13) the term

T

/(\vt| +|g(fut)|2) ds — 0as v — +o0o.
s

Particularly, it comes that
T

/|g(v;’)|2ds—>0asu—>+oo.
S

As S is chosen in the interval [0, 7], we can write

lirf /\g(v,’f)|2 ds = 0.

Therefore
g (v?) — 0 strongly in L? (0,T; L? (L, L)). 4.17)
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Using analogous arguments we get from (4.13) that
vy — 0 strongly in L* (0,T; L (Lo, L)) . (4.18)

Besides, from the uniqueness of the limit we conclude that

vy (z,t) =0,
and therefore
v(z,t) = ¢ ()
Note that {u”, v”} satisfies
pruyy — buy, = pafi (u”) in ]0, Lo[ x ]0, 7T,
p2vy — a(t) vy, + g (vy) = pafa (v¥) in |Lo, L[ x ]0, T'[,
u” (0,t) = 0=12"(L,t), t>0,
u” (LQ, t) =Y (Lo7 t) 5 (419)

bu (Lo, t) = a (t) v¥ (Lo, 1),
u? (z,0) = u” (), u? (z,0) = u”t (),

v’ (z,0) = v (2), v (z,0) = vt (2).

Taking limit in (4.19) as v — +o0, we get, for {u, v},

P1lyy — buzz = lel (u) in ]Oa LO[ X ]OvT[7

—a (t) Vex = ,LLQfQ (U) in ]Lo, L[ X ]0, T[,

U (0, t) =0=vw (L, t) , (4.20)
bux (L())t) =a (t) Vg (LOa t) )

v (z,t) =0 in Lo, L[ x 10,77,

and for y = uy,
P1Ytt — byrr = :Uflf{ (u) Yy in ]O7LO[ X ]05 T[a
y(0,t) = 0=y (Lo,1t), 4.21)

by (Lo, t) = a’ (t) vy (Lo, t) .

Here, we observe that

and we get after an integration
ug (Lo, t) =k a(t), kisaconstant.
But, using the hypothesis we obtain

0= lim+um (Lo,t) =k a(0).

t—0
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Consequently & = 0 and u, (Lo, t) = 0. Thus, the function y satisfies

P1Ytt — DYuw = pa f1 (w) y in 0, Lo[ x ]0,T7,
y(0,t) =0=1y (Lo, t) on 0,77,
Y (Lo, t) =0 on ]0,T7].

Then, using the results of [6] (based on Ruiz arguments [13]) adapted to our case we
conclude that y = 0, that is u; (z,t) = 0, for T suitable big.

Returning to (4.20) we obtain the following elliptic system

' —buge = 1 f1 (u) s
—a (t) Voz = p2f2 (v).

Multiplying by v and v respectively and integrating, then summing up we arrive at

Lo L Lo L
b/uidw +al(t) /Ugdx =1 /f1 (u) udx + ,LLQ/fQ (v) vdzx.
0 Lo 0 Lo

Hence

2 2 +1 +1
blug|” + ao vz < |U|§i+1 + 2 |U|£z+1 .

But, this contradicts the Lemma 3.5, if v # 0. Similarly, if u # 0 we can obtain a contra-
diction.
Let us assume that © = 0, v = 0. Defining

v t
)\l%:fST \v,,|2ds, w” (z,t) = w g\f’ ),
(4.22)
v t
2 (a,t) = - E\x ), 0<t<T,
we have that )\, — 0 and
T
/ 2,2 ds = 1. (4.23)
S
‘We also have that
>V v v 1 v 2 b v 2 1 v 2 a’(t) v 2
B (1) = B(tw”,2") < shuf OF + 5 [l 0 + 5 12 (0 + 227 122 (1)

= % {Iut OF +blu” O + [0 ) +a(t) oY (t)|2} .

<~ (pQH> E” (t). (4.24)
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Also
B (02 3 { ok 0F + 124 0 + 222 (bl +a(6) |241°)
— 2 t t p2+1 x T
1 p2—1
> — EY (t). 4.25
> (2) e 25

On the other hand, applying inequality (4.11) to the solutions {u”,v"} we have

L

d

@KV (t) < =6 FE (t,u”,v") + 03/ (v,ﬁ'Q +g 00 +v” 2) dzx.
Lo

Then integrating over [S, T|, we obtain

T T
K" (T)+50/ B (t,u”,v")dt < K" (S)+C3/ (1o + 19 WO + 07 ?) d.
S S

Since K satisfies
coE (t,u”,v") < KV (t) < 1 E (t,u”,v")

and that F is a decreasing function, we get

T
/ E (t,u”,v")dt

/
E(T,u”,v") + (56 - ;{)
s

T
< cg/s (10f 2 + 1o ()P + o) di. (4.26)

Dividing both sides of (4.26) by A2, applying inequalities (4.24), (4.25), (4.13) and taking
T large enough, we conclude that E (T, w”, z¥) is bounded.

Integrating (4.5) over [S, T|, we obtain
T T ,
() =B (@) + [ (o) opyde— [ oo ds
¢ ¢

T
<B @+ [ (gD + P+ o) .

Dividing both sides of this inequality by A2, we have that, for every ¢ € [S,T] with 0 <
S <T < 400,

EV(t) _ (p2+1
)\2 - p2,1

v

T

v v c vy|2 V2 v|2

JE@wr e [ (la OO+ o)
v JS

From (4.13) we deduce that

M 1 r v 1% 1%
i [ (IR + o+ o) de = @)
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and, consequently, there exists M > 0 such that

E (1)
oo =M

forallt € [S,T] and v € N. From (4.24) we find that

E (t)<c

forallt € [S,T], 0< S <T < +oo,and v € N.
Then in particular, for a subsequence {w”, 2"}, we obtain

w” — w weak star in L> (0,75 H"' (0, Lo))

w; — w; weak star in L™ (O,T;L 0, Lo ) ,
z¥ — z weak starin L> (0, T; H' (Lo, L)) ,
2 — 2z, weak starin L (0,T; L* (Lo, L)),
w” — w strongly in L* (0,7 L* (0, L)) ,
z¥ — z strongly in L? (0,7 L* (Lo, L)) .

In addition, {w"”, 2"} satisfies

pruy, = bwt, = L2 f1 (u”) in 10, ZLo[ x 0,71,
14 v Y 1 v M v .
pzztt_a(t)zxx+rg(vt) = )\72]02 (U ) n ]LO,L[X]O7T[7
w’ (0,t) =0=2"(L,T), t >0,
(L07 ) ( ) (LO? )a t>0.
From (4.27) we get that
T vy (2 T
lim IO g —o  and  tm [ |2r[Pdi—o.
v——400 S )\u v——+0o0 S

Then, in particular, for S = 0, we obtain

g (vy)
Ay

— 0 in L?(0,T;L* (Lo, L)) asv — —+oc.

In addition
z/ =0 in L?(0,T;L*(Lo,L)) asv — +o0,

T Lo v T Lo
/ / (f1 (u )> dmdtg/ / (u”)2P =Y gy dt
0 0 )‘V 0 0

T
/ u ( )2(1)1 l)d dt

0
[u|<e

205

(4.28)

(4.29)

(4.30)

431
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/ / VYEPD g gt.

[uY|>e
Since the function F (s) = |s["*™!

defined, from (4.31) we get

Tt (f)
1 20,V 2(p1—1) |,,,v|2P
/0 /0 ( , ) dzdt < M? |w |L2(Q0)+)‘ P |28 @

where Qo = 10, Lo[ x |0, T .
From (4.28), {w" } is bounded in

is continuous in R and M. = sup, <. [F (s)] is well

L> (0, T;H' (0, L)) — L (0,T; L** (0, Ly))

and, consequently, there exists B > 0 such that

T /L U\ 2
/ / ’ (fl(u)) drdt < B {MQ + )\2(p1—1)} .
0 o >\1/ — € 14

Then, taking ¢ — 0 and v — 400 we conclude that

fi(u”)

v

— 0 in L? (0,75 L* (0, Lo)) as v — +oc. (4.32)

The same argument shows that

f2(v")
Passing to the limit in (4.29) as v — 400 and taking (4.30) and (4.32)-(4.33) into account,
we obtain

—0in L? (0,T;L* (Lo, L)) as v — +oo. (4.33)

p1wyg — bwy, =0 in Qo,
Zew =0 in Q= ]LOa [ ]OvT[v
w(0,t) =0=2z(L,t), t>0,
bwy (Lo, t) = a(t) z (Lo,t), t>0,
zt (z,8) =0 in Q.

Repeating the above procedure in the case u # 0, we get w = 0 and z = 0, which
contradicts (4.23) . So, Lemma 4.5 is proved. O

Proof of Theorem 4.1 1Tt is not difficult to see that K (¢) verifies
wE (1) < K(t) < qE(t), (4.34)

where qo and ¢; are positive constants. Now, from hypothesis on the function g we get

L

lve|? + g (ve)]? < c/ g (vt) vidz. (4.35)
Lo
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Applying the inequalities (4.11), (4.34) and (4.35), along with the ones in Lemma 4.5, and
integrating from S to T', where 0 < S < T < 400, and choosing € > 0 sufficient small,
we obtain
T
/ E(t)dt <CE(S).
s
In this condition, Lemma 2.1 implies

E(t) <CE(0)e .

S Polynomial Decay

In this section we study the asymptotic behavior of the solutions of system ( 1.1)-(1.7)
when the function g (s) is non-linear in a neighbourhood to zero like s? with p > 1. In this
case we shall prove that the solution decays like (1 + t)72/ (P=1)

Theorem 5.1. With the hypotheses in Theorem 4.1 and p > 1 the weak solution decays
polynomially, i. e.
E(t)=CE(0)(1+t)~Y®Y vt >o.

Proof. First of all, we shall use some estimates of the previous section which do not depend
on the behavior of the function g. From (A.2) and making use of Holder’s inequality, we
deduce that

L
/ (vf +g (vt)2> de < C i g (vy) vidx 5.1
[ve[>1 0
and that
2 L 2 1
(e +9@))de<C | (g() v @ do
[ve|<1 Lo
L 2/(p+1)
< C(/ g(ve) vtdx> . (5.2)
Lo

Summing inequalities (5.1) and (5.2) we get

L ) L L 2/(p+1)
/ (vf +9g(ve) )dx < kl/ g (vt) vedz + k2</ g (vy) vtd:v> . (53)
Lo L

Lo 0

Using the inequality (4.11), Lemma 4.3, (5.3), and taking £ > 0 small enough we have that

KI S _le o wQE/ 4 ws (_E/)2/(p+1)
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for some constants w;, wy, wz > 0 which are independent of the data. Multiplying this
inequality by F(P—1)/2 we obtain

w EPHD/2 < _p, E0-D/2E g ER-1)/2 |y, pr=1)/2 (,E/)Z/(p“)
< —w,EPD/2g (KE@A)/Q)’ +2(p— 1) KEP—3/2

+ w3E(p—1)/2 (_E/)Q/(p-H) )

Integrating the above inequality from S to 7', and using (4.34), we get

T T
/ E®HV2; < CE®HV/2 (0) B (S) + %/ @02 _pn¥ et g (5.4)
s w1 Js

Using Holder and Young’s inequalities we can estimate the last term of this inequality by

% TE(pfl)/Q (_E/)2/(p+1) dt

w1 Js

1 (T wa\ P2 L (p-1 (p—1)/2
<= [ Ee/2g (23> +1)7! () E(S). (55
<5/ e B e (5). 63

Substituting (5.5) into (5.4) we arrive at

T
/ EPHD/24t < CE(S).
S

Applying Lemma 2.1, we obtain
E(t) < CE(0) (1+1t)2/®*Y,

which completes the present proof. O
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