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Abstract: The economic growth model with endogenous labor shift under a dual economy proposed by Cai [Applied Mathematics
Letters21, 774-779 (2008)] is generalized in this paper by introducing a time delay in the physical capital. By choosing the delay as a
bifurcation parameter, it is proved that the delayed model has unique nonzero equilibrium and a Hopf bifurcation is proven to exist as
the delay crosses a critical value. Moreover the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions
are investigated in this paper by applying the center manifold theorem and the normal form theory.
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1. Introduction —wy is the survival wage rate of sector |I.

Recently an economic growth model with endogenous laFrom the mathematical viewpoidt and  areC" func-
bor shift under a dual economy has been proposed by C4Ions of their arguments. Moreover

[11]. Specifically the role of the industry (sector I) and of —G(0) = H(0) = 0

the agriculture (sector Il) are taken into account and the &) ; 0 H’(-_) > 0

economy is based on the assumption that the labor shift N H M L '

from the agricultural sector to the industrial sectoris anec- /e (M) = oo.
essary process for developing countries to realize industri-

alization. Accordingly, the mathematical model of Cai [11] | € main result of paper [11] is the proof of the existence
reads: and unigueness of an asymptotically stable equilibrium po-

int of the mathematical model (1). Moreover Cai shows

K= sF(K. Lo+ M _JK, that the initial capital and labor in the industrial sector have

{ Y 7SG ( ’KO; )M (M 1) a substantial effect on the capital growth of the industrial
=G (w (K, Lo+ M) —wo) — H(M), sector and the labor shift.

This paper is concerned with a generalization of the

where: mathematical model (1). Specifically the production oc-
—K denotes the physical capital, curs with a delay while new capital is installed, namely at
—F' is a neoclassical production function, time ¢ the productive capital stock happens to liét —
—) is the depreciation rate of capital stock, T) = Kjy. It is worth stressing that the idea of produc-
—s is the saving rate, tion taking time was firstly studied by Hayek [16], with an
—M represents the total labor shifted from the sector lanalysis based ond@m-Bawerk’s work [10], and later rig-

to the sector I, orously formulated by Kalecki [18]. Other works-related

—Lg is the initial labor in the agricultural sector, were done by Frisch and Holme [13], Kydland and Prescott
—w (K, Lo + M) is the wage rate of sector |, [20], and Rustichini [23].
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(1 —a)ad(Lo+ M.)"'Gy,
s

Nowadays, the introduction of a lag has become a com- n =
mon approach in biology and economics, see, among oth-
ers, the review papers [1,2], papers [3,9,12,14,15,19, 21where
24,25] and the references therein.

Assuming, for simplicity, the following Cobb-Douglas Gy = G (1 — @)K (Lo + M.) ™ —wo) , v € {Kq4, M},
production function:

>0, c=ad >0,

and
F(Kg,Lo+ M) =K$(Lo+ M), ac(0,1), Hyy = Hy(M,).
we have that the economy is now described by the fol-1N€ characteristic equation of the system (3) is

lowing system of two non-linear delayed differential equa- N = (atd)A+ad+[e(d—N) —bne> = 0. (4)

tions:
: _ It is well known that the steady state of the system (3) is
— « l—a _
{ K = sKj(Lo+ M) oK, asymptotically stable if all roots of Eq. (4) have negative
M =G((1—-a)K§(Lo+ M)~ —wo) — H(M). real parts, and unstable if Eq. (4) has a root with positive

(2)  real part. We shall now investigate the distribution of the
It is known that the critical points of the system (2) corre- roots of Eq. (4). First, we consider the case= 0. In this
spond to those with vanishing delay. In particular it is easycase, the characteristic equation (4) reduces to
to show (see Cai[11]) that there exists a unique non-trivial

equilibrium (K, M,) such that: N (adetdr+(at)d—bn=0. (5
sK{™H (Lo + M) ™% =6, By applying the Routh-Hurwitz criterion, we obtain the
G ((1— @)K (Lo + M)~ —wp) = H(M,). following lemma.

Lemma 2.1.All roots of Eq. (5) have negative real parts if
In this paper the asymptotic dynamics of the systemand only ifa + ¢ +d < 0 and(a + ¢)d — bn > 0.
(2) is studied in terms of local stability. Taking the delay g eafter we assume that the conditions stated in the
as a bifurcation parameter, a Hopf bifurcation is proven 104hove Lemma hold. By Corollary 2.4 in Ruan and Wei pa-
exist as the (_jelay crosses a critical VaIue._Add|t|onaI.Iy anper [22], it follows that if instability occurs for a particular
explicit algorithm is established for determining the direc- value of the delay- > 0, a characteristic root of (4) must

tion of Hopf bifurcation and the stability or instability of intersect the imaginary axis. Suppose that (4) has a purely

the bifurcating branch qf periodip solutions. . imaginary rootiw, with w > 0. Then, by separating real
The present paper is organized as follows. Section nd imaginary parts in (5), we have

deals with the local stability result of the positive equilib-

rium and the occurrence of the Hopf bifurcation is also in- { w? — ad = (cd — bn) coswr — cwsinwr, ©)

vestigated. Section 3 is devoted to investigations on the di- ~(a+d)w = (cd — bn) sinwT + cw cos wr.

rection of Hopf bifurcation and the stability of bifurcating
periodic solutions by using normal form and center man-tparefore

ifold method introduced by Hassard et al. [17]. Finally,

conclusions are drawn in Section 4. Wt (a? — 2 4+ d®)w? + (ad)? — (cd — bn)2 = 0. (7)

) - ) Settingp = a? — ¢ + d?, ¢ = (ad)? — (cd — bn)? and
2. Asymptotic stability and existence of Hopf  r = w?, Eq. (7) rewrites as
bifurcation )
" +pr+q=0. (8)
The first step for studying the local stability of the equilib-
rium (K., M.) isto linearize the system (2) ne@d ., M,). Lemma2.2.

Therefore the linear system reads: i) If ¢ < 0, org = 0 andp < 0, Eq. (8) has exactly one

. positive root.
K =a(K - K.) +b(M — M,) + ¢(Kq — K.), @) ) Ifg>0,p<0andp? > 4q, Eq. (8) has two positive
M =d(M — M,) +n(Kq — K,), roots.
iiiy If p < 0 andp? = 4q, Eq. (8) has only one positive
wherea, b, ¢, d, n have the following expressions: root.
iv) If ¢ > 0andp > 0 orp < 0 andp? < 4¢q, Eq. (8) has
a=-6<0, b=(1—-a)dK.(Lo+ M,)">0, no real roots or non-positive roots.
(1 — a)adK, (Lo + M,)"2G%, . Without loss of generality, we can assume that Eq. (8)
d=— . — Hy <0, has two positive roots; andr., with the possibility of
© 2013 NSP
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r1 = rg. Then Eq. (7) has only two positive roatg =
/71 andw, = /r3. From (6), we can define

1 {—cwf+[acd+(a—|—d)(n—c)b}wl}’

7] = — arcsin
wy 2w? + (cd — bn)?

wherel € {1,2}. Setting

T0o =T, = min {7} andwy = w;
0 16{1,2}{} 0’

then (7o, wp) solves Egs. (6).
Lemma 2.3.Let 7 = 74. Then Eq. (5) has a unique pair of
simple purely imaginary rootsiwy. Furthermore,
d (ReX)
dr

>0 if g(wd) >0,

where
g(wd) = (a+ d)? [(cd —bn)? +2(wd — ad)]
+c? {wé - (ad)Q] .

Proof. Let A(7) = p(7) + iw(7) denote the root of (5)
such thatu(mp) = 0 andw(my) = wp. SubstitutingA(7)

is locally asymptotically stable when € [0,7), and it
is unstable when > 7. Moreover, a Hopf bifurcation
occurs ai K., M,) whent = 7.

Remark 2.5.1f g(wg) # 0, then[d (Re)) /dr]._. > 0.

The proof is by contradiction. Assum& Re)) /dr < 0

for - = 79 andt close tory. Then Eg. (5) has a charac-
teristic root\(7) = p(7) + iw(7) with p(7) > 0, which
contradicts the fact that all roots of Eq. (5) have negative
real parts whemr < 7. Thus, when the delay nearr,

is increased, the root of Eq. (5) crosses the imaginary axis
from left to right.

Remark 2.6.If g(w?) = 0, then the equilibriun{ K., M..)

is locally asymptotically stable while € [0, 7). How-
ever, whenr = 7y, we cannot conclude to stability or in-
stability of the equilibrium. In this case, from Lemmas,
we haveld (Re)) /dr] =0.

T=To

3. Direction and stability of Hopf bifurcation

In this section, we investigate the direction of Hopf bifur-
cation and the stability of the bifurcating periodic solu-
tions based on the normal form approach theory and center
manifold theory introduced by Hassard et al [17]. For no-

into Eq. (5) and differentiating both sides of it with respect tational convenience, let= 7o+, 4 € R. Theny = 0is

to 7 yields:
—AT —AT dA
{2X = [e(d = X) —bn]Te T — (a+d) — ce }d—
.
= [e(d — \) — bn] Xe™ 7. (9)
From Eg. (9) and using Eq. (5), we have
ATt a+d—2)
dr ), AN —(a+d)A +ad]
C T

CAfe(d=N) —bn] A
Therefore
. d (Re) iy A\
stgn { I T_TO} = sign {Re (dr) T_TO}
= sign {(a + d)* [(cd — bn)? + 2(w§ — ad)]
+c? [wé - (ad)z]} ,

and then the proof]
Applying Lemmasg2.1 — 2.3, we can draw the follow-

ing conclusions on the stability of the equilibrium point
(K., M,) of the system (2) and the existence of Hopf bi-

furcation at( K., M.,).

Theorem 2.4.1f condition iv) in Lemma2.2 is satisfied,
then the equilibrium( K., M.,) is locally asymptotically
stable for all values of > 0. If either conditions i) or ii)
or iii) of Lemma2.2 hold andg(w?) # 0, then there exists
a critical valuery > 0 such that the equilibriur(i,., M)

the Hopf bifurcation value for the system (2). By the trans-
formationz = K — K.,y = M — M,,t = t/7, our system

is equivalent to the following functional differential equa-
tion system inC' = C([—1, 0], R?):

w= Ly (ue) + f(pu), (10)

whereu = (u1,us)” = (z,y)T € R?, u(0) = u(t+0) €
C,andL, : C — R? f : R x C — R? are defined,
respectively, as follows:

Lto) = (i) [ 5] o) + (o) [ 0| o)

and

(1)
[, @) = (70 + 1) H(;)} :

Here,p = (¢1,¢2) € C, and the expansion of near the
equilibrium point is given by

f(l) — % [(Oé _ 1>CK*_1()01(—1)2

+2(1 = a)e(Lo + M) o1 (—=1)p2(0)

—ab(Lo + M) 2(0)?]

—l—% [(1 —a)(2 — a)cK; 2p1(—1)3
+3(a® = 1)(Lo + M)~ 'eK o1 (=1)%p2(0)
+3a(a — 1)e(Lo + M) 201 (—1)2(0)?
+a(l+ a)b(Lo + M*)_2<p2(0)3}

and

© 2013 NSP
Natural Sciences Publishing Cor.



24 NS C. Bianca, M. Ferrara, L. Guerrini: Bifurcations and stability analysis of the delayed Cai model
@ = [ e p1(—1)? the eigenvector(9) of A belonging toiwyTy and eigen-
vector ¢*(s) of A* belonging to the eigenvalueiwg.
+2P @1 (—1)p2(0) + Py 02(0)%] Then, it is not difficult to show that
* 2 .
3' [P ywawa$1(=1)° + 3P azayP1(—1)"02(0) q(0) = (1, p)Te' w0l q*(s) = B(1,0)e*°™?

+3PZdyy<p1(—1)<,02( ) + P yipz( ) } . where

We use the notation ]
B ne—’Lo.)oTQ b

P(l‘d,y)EG(U](xd+K*,L0+y+M*)—U}O)—H(y+M*)7 P= ’l:uJo—d, 7:&10-d7
with Py = Py, (K« Lo + M,) and so on. By the 1

Riesz representation theorem, there exists a matrix func-

tion whose components are functiop®) of the bounded
variation ind € [—1, 0] such that:

0
u¢=/¥mwwww>

In fact, we can choose

pedC.

060 = (10| § o] DO +) | ] DO
whereD(G) =0ifd #£0,D) =1if 0 =0.Foryp €
C([-1,0],R?), we define
dy 0c[-1,0),
Ap)p = 0
| o). o=o
and 0, 0e[-1,0)
9 S ) )
L P

Then system (10) can be written as follows:

u= A(p)ur + R(p)us, (11)

whereu; = u(t + 0), for 6 € [-1,0].
Fory € C([0,1,], (R?)*), we define the adjoint oper-
ator A* of A as

dip(s)
ds ’

0
[1 dn(r, p)p(=r), s

s € (0,1],
A"P(s) =

0,

and the following bilinear inner product

< U(s),9(0) > = B0
0 0
- P omesee

wheren(6) = n(#,0) and the bar means complex conju-

" 1+ po + 1o(no + c)eiwono’

Moreover,< ¢*(s),q(8) >= 1 and< ¢*(s),q(#) >= 0.
Next, we study the stability of bifurcated periodic solu-
tions. By using the approach of Hassard et al. [17], we first
compute the coordinates to describe the center manifold at
u = 0. We define

z=<q"uy > andW (t,0) = u;(0) — 2Re [zq(0)] .

(12)
On the center manifold, we have
W(t,0) =W(z,z0)
22 z2
= Wgo(e)? + WH(H)ZZ + WOQ(G)? + - (13)

In fact, z and z are local coordinates for the center man-
ifold in the direction of¢* andg*. Note thatlV is real if

uy is real. We consider only real solutions. For the solution
ug, sincep = 0, from (11) we have

gate transpose of a vector. From the discussions in the préRewrite Eq. (18) as follows

vious section, we know thatiwy7 are eigenvalues of.
Thus, they are also eigenvaluesAf. Next, we calculate

z = iweroz+ < q°(0), f (0,W(z, Z,0)2Re [2q(0)]) >
= iwoToz + ¢ (0)f (0, W (2, 2,0)2Re [2q(0)]) . (14)
We rewrite the above equation as
z =iweToz + g(2, 2), (15)
where
g(Z,Z) = _*(O)fO(ZaZ) (16)
2 52
= 920(9)3 +g11(0)2Z + 902(9)%
2
+gn ()5 +-- (7)
From Eq. (11) and Eq. (14), we have
W =1y — 2q— 27
{ AW —2Re{q"(0)fq(0)}, 6 € [-1,0), as)
= 1
AW —2Re{q(0)fq(0)} + f, 0 =0,
W = AW + (2, 2,0), (19)
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where where
2
2(2,2,0) = 2a0(6) 5 + 201(6)7 (Py,e™ 0™ 4 Prp)® = Py, e %womo
72 * 77,on *
+902(9>% +-- (20) 2P e "p+ Py, p?

Substituting the corresponding series into Eq. (19) and conli-remains to computéls, () and Wy, () that appear in
paring the coefficients, we obtain go1. From Eq. (18) and Eq. (19), we have

(A = 2iwgT) Wao(0) = —1220(6), 2(2,2,0) = —7"(0) foq(0) — ¢* (0) fod(6)

AW1(0) = —211(6).

Noticing thatq(9) = (1,p)Teiw0mb ¢*(0) = B(1,0),
from (12) we get

= —gq(0) — gq(0).

Comparing the coefficients with Eq. (20) gives

u11(0) = 2+ 2+ W(2,0), { $250(0) = —g209(0) — Go2q(0), 22)
ug:(0) = pz +pz + WP (t,0), 211(0) = —g119(0) — §114(0).

Uy (—1) = e~ @070, 4 w00z 4 T (¢ 0), Hence, from Egs. (22) it follows

Uy (—1) = e~ 00 pz 4 o5z L W@(¢,0). Wao(6) = 2iworoWao(0) + g20q(8) + Go2d(0),

According to Eg. (14) and Eqg. (15), we have
g(z, z) = q*(o)fO(Z7 Z)'

By Eq. (13), expanding and comparing the coefficients withSOIVing with respectizo
those in Eqg. (16), it follows: ; ,
. Wan(6) = 220 g (g)etenms

Wi1(8) = g119(8) + 5114(6).

(9) andW4(0), we obtain

goo = TOB { [(0( — 1)CK*_1€_2inTO woTo
+20[(1 — Oé)azK (LO + M )*1 e*iono + i§02 7(0)671.&)07—00 + E einOTOG
PO 1 ’
—ab(Lo + M,)~ 1 2] —|—U(P* —iwoTo —I—P* )( )} 3woTo
goz = ToB {[(a — 1)K te2iwoTo ; , G .
Wia(6) = — D (om0 emsam 1,

+2a(1 — a)52 (Lo + M)~ 1 petwoTo o _wOTO woTo

_ —1-2 — * WO T * =\ (2)
ab(Lo + M.)~'p*] + (P, €™ + Pyp) } whereFE;, E> € R? are constant vectors.
Following Hassard et al. [17], by using the found ex-

g1 = 10B{(a® = 1)(Lo + M.) 'K, ' + UP;kdxd pressions fopao andgi1, we can build the following two
F(em 0™ 5+ 0™ ) [(1 — ) (Lo + M.) e+ 5P%,,] eduations:
+p* [—ab(Lo + M.) ™" + 5P5y]} [inOTOI - /0 2000 (9, 0)| By = M(2)E,
g1 = Wiy (1) {eom [(a=DeK T +0P7,,,] = [2a(1 - a)g;K*(LO + M)~ pe~ oo
+p(12+0)} + Wﬁ)(_l) Hla—1)eKLem2%0m0 _ op(Lo + M*)flpZ]

« {2671&107—0 [( — )CK + UP;dId] +2p(1 + 5’)} +(_T(P;d€7iw07—0 + Py*p)(Q)
+WD(0) {2e7070 (1 + &) 4 2p [—ab(Lo + M.) ™"
+o Py, ]} + Wao (0) 0
{e“0™(1+5) +p [—ab(Lo + M) +5P;,]} {—/ dn(970)} Ey = M(0)E,

_ , -1
-I-ToB{ —2uuo7'0ﬁ—|— 2p) [(a2 — ]_)(LO + M*)_ch*_l _ [204(]- B 04)52 (LO + M, ) 1— eiwoTo

and

+O’P;d‘1«dy:| +( 1) K*l 2iwpTo b(L +M )71_2]
+ (2|p[? e7iwom0 4 giwomo p2) [ — 1)e(Lo + M,) ™2 @ i, e ab( Lo «) P
+oP; ]} (21)+5(P% e + P2p)®),
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where It is worth stressing that further generalizations of the
_ iwoTol model proposed in the present paper can be performed by
iwoC — a — ce="0T —b introducing a thermostat which can guarantee the conser-
M(C) = , ) » ¢€40,2}. yation of some quantities in the system, see papers [5,8],
—ne~ 0T iwoC —d and an internal structure that takes care of the ability of the

interacting entities in the system, see papers [4,6]. Finally
the analysis should be addressed to the comparison with
empirical data following the suggestions proposed in the

Solving this set of equations, we can derfvgandEs,
respectively. According to the above analy$i$,,(0) and
W11(0) are determined. Thus, ajl; are known and we

can compute the following quantities: paper [7].
e1(0) = —— |g11g20 — 2 lgua* - 00" + Acknowledgement
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