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Abstract: In this paper we address the class of anti-uniform Huffman (AUH) codes, also named unary codes, for sources with finite
and infinite alphabet, respectively. Geometric, quasi-geometric, Fibonacci and exponential distributions lead to anti-uniform sources
for some ranges of their parameters. Huffman coding of these sources results in AUH codes. We prove that, in general, sources with
memory are obtained as result of this encoding. For these sources we attach the graph and determine the transition matrix between
states, the state probabilities and the entropy. We also compute the average cost for these AUH codes.

Keywords: Huffman coding, average codeword length, average cost, entropy.

1. Introduction highly unbalanced cost regime [11], [12]. These properties
L determine a wide range of applications and motivate us to
Let (p1,p2, ..., pn) be the probability distribution of @ gy,qy these sources from an information theoretic perspec-
message Sourcg, = {si,sz,...,5,}. Itis wellknown e ‘One example is the telegraph channel with the alpha-
that the Huffman encoding algorithm [1] produces an Opt"bet{. _ } in which dashes are twice as long as dots [13].

mal binary prefix-free code fa,. A binary Huffman code Another is the{a, b} run — length— limited codes used

is usually represented by a binary tree, whose leaves COy magnetic and optical storage, in which the binary code-

g . a3 rds are constrained so that each 1 must be preceded by
from each intermediate tree node (father) are labeled eithe t leasta, and at mosb, O's [14]. The binary Huffman

0or 1.T_he length between the; root aF‘d aleafis the Iengﬂ}:odes, constrained so that all codewords must end in a 1,
of the binary codeword associated with the correspondmgare used for group testing and self-synchronizing codes

gefsggﬁfi:vetgsnrggessb: ! :anlé 2,[’h‘é .I7e7rl1, i?}e(;ngwgrd [15], [16]. As another example, binary codes whose code-
Thpe o timaﬁt of Huffmagr? coding im Iigs thaﬁ <y l’_' words contain at most a specified number &f dre used
it >p ‘ Fo% related literature c?n HBffman codin j'and for energy minimization of transmissions in mobile envi-
Hlffffmarzljjt.rees we refer the reader to{25] 9 ronments [1?]. AUH sources can be generated by several
Anti-uniforr'n Huffman (AUH) codes we.re firstly intro- pr_obablllty d|§tr|but|o_ns. It has. beep show_n that sources
duced in [7]. A Huffman code representing a finite sourcev-vIth geometric, guasi-geometric, Fibonacci and exponen-
¢, satisfyin S > 0 is an anti-uniform tial distributions lie in the class of AUH sources for some
n 9pr Zp2 =0 ZPn > regimes of their parameters [7], [18] - [20]. Related topics

g O%E{Jréig:alrll’;:ti-t’n%%&rﬁ Zaf%n?gr? lczlogel?siééﬁe%o;;caenti- were a_ddressed in [21], where the authors studied_ weakly
" uper increasing (WSI) and partial WSI sources in con-

uniform source. These sources were extensively analyse ection with Fibonacci numbers and golden mean, which

concerning bounds on average codeword length, entrop . . . o
and redundancy for different types of probability distribu- ;y?gﬁg?r:ec(lgi)gg';Sr:\éﬁlzf:)r:nr?aot?oermhse%?;Ce and have applica

tions [7]-[10]. The AUH sources appear in a wide vari-
ety of situations in the real world, because this class of The paper is organized as follows. In Section 2 we
sources have the property of achieving minimum redun-present the Huffman encoding of an antiuniform source
dancy in different situations and minimum average cost inand the graph of the resulting memory source. We show
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that, in general, by employing Huffman coding, a source

with memory results. The entropy and the average cost of
the code are also derived. In Sections 3 we compute the
code entropy, as well as the average cost for AUH codes
corresponding to sources with geometric, quasi-geometric,
Fibonacci and exponential distributions, respectively. We

conclude the paper in Section 4.

2. Entropy and average cost of AUH codes

Let us consider a discrete and memoryless source, charac-
terized by the distribution:

S1 82 ... 8p
n ) 1
¢ (plpz.--pn> @

pL=>p2 > > pn (2

Zpi =1 (3)
i=1

If [7]

n
Y pe<pi1<i<n-—3 @)
k>i+2
the source becomes anti-uniform.
After a binary Huffman encoding of the source with Figure 1 The graph of binary Huffman encoding for the source
the distribution in (1), that fulfils (4), the graph in Fig. 1 is &» with distribution in (1)
obtained. The structure of codewords resulting from binary
Huffman encoding is:

50 —vg — 1

S1 — V1 — 01 - .
Sy — Uy — 001 Dnti = Z pryi=1,2,...,n—2 (8)
k=n—1i
Sp—1 — Vp—1 —00...01 The branches between succesive nodes have the prob-
n—2 abilities equal to the ratio between the probability of the
Sn — vp, — 00...00 node in which the branch ends and the probability of the
n—1 node from which it starts.

_ . For a sequence of messaggsthe source delivers a

sages; is the number of edges on the path betweenthe roof,;, —  z; = 1}. As the probabilities of the symbols

and the node; in the Huffman tree. in the binary string depend on the node from which they
o are generated, the s&t, which is the output bitstream ob-
li=ui=12,...,n—1 () tained as result of binary Huffman coding, is a source with
lp=1ln_1 (6) memory.
) ) ) When a terminal node;,i = 1,2,...,n is reached,
The average codeword length is determined with the source,, will deliver another message and the source

" — with memoryX will generate another string of binary sym-
T . bols.
b = lezll N Zl ipi+ (= 1)pn ) The graph attached to the source with memargan
= = be obtained from the Huffman encoding graph in Fig. 1, as
In Fig. 1,s,,44,i = 1,2,...,n — 2 denote the inter- follows:
mediate nodes in the graph, also called parents. The prob- «) We link the terminal nodes with the graph root;
ability of a parent is obtained as the sum of the two sibling ~ b) Each terminal node;,i = 1,2, ...,n, or interme-

probabilities. Denoting by,,+; the probabilities of inter-  diate ones,+;,i = 1,2,...,n — 2, (excepting the root
mediate nodes, we have of the encoding graph) will represent the statgsi =
© 2013 NSP
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1,2,...,2n — 2, of the souce with memor¥. The set of Letm;,i =1,2,...,2n—2, denote the stationary state
these states is denoted By= {51, Ss,...,S2,-2}. The probabilities of the source with memory. They can be de-
graph of the source X is shown in Fig. 2. termined by means of [22]
The transition probabilities from the stat, to the
state S}, that is,p(S;]S;), is equal to the probability of [T1, 2, Top—o] = [m1, 72, ..., M2n2] T (13)
the branch between the nodg and the nodes;. When
the source enters the stafe from the stateS;, it gener- Im—2
ates either the symbal, = 0, or z; = 1. Therefore, the Z =1 (14)

probability of delivering the symbat;, j = 0, 1, from the
stateS; is the same as the probability to reach the stgte

starting from the stats;, that is: Considering (7), from (13) and (14) we obtain the state

probabilities as:

xr SZ' =p(S Si = ,i=1,2,...,n 9 i
p(2118i) = p(51S:) = p1 9) wi:p:,i:1,2,...,n (15)

p($0|S7) Sgn Q‘S Zpk,l = 1 2 (10)

1 n
7rn+i:l: Z PRyt =1,2,...,n—2 (16)
n o

Pn—i
pxSni:pSn—iSni:nia . .
(@1]Sn:) ( [Snt:) Z » Generally, the entropy of the source with memory is
k

computed by [23]

k=n—1
i=1,2,....,n—2 (11) -2 2
H(X)=— Z Zmp(:vj\Si)log p(x;]5;) 17)
i=1 j=1
n wherer; are given in (15) and (16) angz,|S;) are given
Z D in (9), (10), (11) and (12).
k=n—it1 Considering (9), (10), (11) and (12) as well as the graph
p(o|Snti) = p(Snyi-1|Snti) = —5——, in Fig. 2, the transition matrix between states is given in
Z Dk relation (18), where the entries of the matfixaret;; =
k=n—i p(S51S;).
i=1,2, n—2 (12) Let ¢ andc; be the costs of storing or transmitting

symbols “0” and “1”, respectively, resulted after the binary
Huffman encoding of the sourdg,. The average cost is
determined by [9]

C = pilnoli)eo +na(i)eal, (19)

i=1

whereng () andn (¢) denote the number of9and 1s in
the codeword;.

Considering the structure of the codewords for AUH
sources, (5) and (6), the average cost is

n

C=> pili—1co+ec1]+(n—1)eop,  (20)

i=1

3. Case studies for distributions leading to
AUH sources

In the following we will analyze several source distribution
types. More precisely, we will determine the conditions
that should be respected by the distributions parameters so
that the resulting sources are AUH. We also compute the
Figure 2 The graph of the source with memaky entropy and average cost of the resulting codes.
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pr 0 - 0 0 0 0 0+ 0 D m
kiQ
pp 0 - 0 0 0 0 0 0 D p
k=2
pp 0 - 0 0 0 0 0 0 D p
" k=2
> P
o o0 - 0 Pn_1 k=n 0 0--- 0 0
= ORI (18)
k=n—1 k=n—1

0 0 —fn=2 0o k=l o 0 0
Zpk Pk

0 22— ... 0 0 0 0 0 k=3 0
> P > e
L k=2 k=2 A

3.1. AUH sources with geometric distribution

Let there be a discrete source characterized by the geomet- jnorm _ 1
ric distribution: " (1=p)(1—p)
L= = (n = 1p" 4 (n = 1)p" ] (25)

§ . < S1 52 ce Sn >
"\m=l-ppa=p(l-p)--p.=p""(1-p) )’
(21)
In this case the source is not complete, because

Theorem 1The entropy and the average cost of the source
with memory resulted by binary encoding of the AUH source
with geometric distribution are determined by:

dopi=1-p" (22)
= Ha(X) = = e Tog(1 = ")~ log(1 ~ )~
In order to get a complete source, we normalize the " 1 1 1)p"
probabilitiesp; given in (21), obtaining: o A= Up plogp] (26)
(1=p")(1—p)
f"orm ( S1 52 T Sn )
noo _ 1= _ p(1-p) _pla-p | 1 1—nppn1 —1)pn
p1 = 1,ppn P2 = 1—pn Pn = T—pn Cn — — {(1—;0”_1)00-1- np + (n )p per
(23) L—p 1—p
For this source to become AUH, relation (4) is required (@7)
to be fulfilled. Replacing the probabilities from (23) in (4),
we obtain, as in [18]: Proof. The stationary state probabilities are obtained by
replacing the probabilitieg; from (23) into (16) and (17),
51 and considering (25):
0<p< \[2 (24)
) ﬂ'i:%,izl,l...,n
The average codeword length results by replacing the prob- “‘Q)fgl(l_ iy (28)
abilitiesp; from (23) into (7). Tpi = W’Z =1,2,...,n—
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The probabilities to deliver the symbolg = 0 andx;, = ) )
1, fromthe state$,,i = 1,2, ...,2n—2, result by replac- 6, (2"~ = 1)per + (2" = p)eo

ing the probabilitieg; from (23) into (9)— (12): = = (37)

Whenn — oo, we obtain

p(x1|S;) = _pn,zfl 2,. .

p(aolS;) = 1”(1177”1) i = 1,2,...,n 2 Hoo(X) = =755 1(1 = p) log(1 — p) + plogp — 2p]
p(x1|5n+z)=1ﬁ;7ﬁ“i:1,2,...,n—2 (29) _ (38)
plwolSnpi) = 2B i=1,2,... 02 Coo =2pc1 + o (39)

In the special case, when= % the source,, becomes
Substituting (28) and (29) into (18), the relation (26) re- dyadic one. In this cas& becomes memoryless and then:
sults.

Substituting (23) into (20), the relation (27) results. p(x;]S;) = %,j =0,1;7=1,2,...,2n—2 (40)
When the number of messages of the sourcg,, in- _ 1

creases, when — oo, we obtain lan =2— o2 (41)
.1 ) Han(X) =1 (42)

F1-p — 21— 1)(er +c
Cdn _ ( 2n)_(1 1 U) (43)

Heo(X) = —plogp — (1 —p)log(1l — p) (31)  imposingn — o in (41) and (43), we obtain

Coc=cot 700 (32) lioo = 2 (44)
Caso = Co+ 1 (45)

3.2. AUH sources with quasi-geometric
distribution o S
3.3. AUH sources with Fibonacci distribution

Let there be a discrete source characterized by the quasi- . - .
geometric distribution: Il_et there be a discrete and finite AUH source characterized

by the Fibonacci distribution

. S1 52 e Sn—1 Sn, Sy . Sn—1 Sn,
5”'(191—1pp2—§~~~pn1—2£’zpn—2"”2>’ €n <p P pfl>7(46)
(33) 1= Futa n—1 frngr £ frng1
Following similar procedures as in the previous Case’wheref is thent" Fibonacci number defined as
we get: "
fl f2 - 1 47
— The range for the source parameter for the source to Fo = foci & fooo,n >3 (47)
be AUH S T
The sourcé,, is also AUH, because relation (4) is fulfilled.
For this case we obtain:
2
0<p< 3 (34) — The average codeword length
—The average codeword length B Fovs—3
[, =108 2 (48)
n—2 1 fn+1
l,=1+ Qniigp (35) — The entropy of the source with memaky
— The entropy of the source with memaky f 1 n—1
Hoy(X) = = og frpg — —-— > filog f;
» (X) = 773 log fun fn+3_3;f g f
Hn(X)n:HW» (49)
Alp) = (171_ p)" " log(1 — p)+ (36) —The average cost of the source with memary
. 1 —np™ +((n *)1)p”]z>(10gp,) B
Blp)=1—-p""7"—(n—-—1p "+ (n—1)p" o _
. Cn — fn+1 fl o + fn+2 1 (50)
— The average cost of the source with memary Int1 Jnt1
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Natural Sciences Publishing Cor.



e =

Valeriu Munteanu et al : Entropy and Average Cost of AUH Codes

3.4. AUH sources with exponential distribution 4. Conclusion

The density probability function of exponential distribu- |, this paper we have considered the class of AUH sources

tion is \
e if x>0
f(x’/\)_{O,ifx<0 (51)
We define the cumulative density function
F(i)=1—e (52)

and the probabilities
pi=F()—F@i-1)=e D (1-e?) (53)
Let us consider the sourgg with exponential distribution
1 . S
&n <p1 =l—e? - p,= e_("_lp‘(l - e_)‘)>

(54)
For this case we obtain:

with finite and infinite alphabets. Performing a binary Huff-
man encoding of these sources, we show that sources with
memory result. For these sources we build the encoding
graph and the graph of the source with mematy The
graph of the source with memory is obtained from the en-
coding graph by linking the terminal nodes with the graph
root. The states of the source with memory correspond to
the terminal or intermediate nodes in the encoding graph,
excepting the root. We determined in the general case the
state probabilities of the source with memory, as well as
the transition probabilities between states. The entropy of
this source with memory is computed. We assumed the
costscy ande; for the symbols “0” and “1”, respectively,
and compute the average cost for these Huffman codes.
Obviously, the Huffman encoding procedure assures min-

_ The range for the source parameter for the source tdMum average length, but the average cost has not a mini-

be AUH [8]
1
A>In <\/52+ ) (55)
—The average codeword length
Jrorm — 1
" (e M) (1 — e
[1—em DA~ (n = 1)em™™ 4 (n — 1)e” (MDA
(56)
—The entropy of the source with memaky
1 —nA -
Hn(X):_W log(1 —e ") —log(1 — e ™)+

1 —ne=DA 4 (n — 1)e~m
(1—e M) (1—e?)

—The average cost of the source with memary

e log e} 567

— 1
Cn = 1 —enA |:(1 - e_(n_l))\)00+

1— ne—(n—l))\ + (’II _ 1)e—n)\
1—e 2

e_)‘cl} (58)

Whenn — oo, we obtain

- -
Hal(0) = ~(1 = ) | tog(1 = ) 4 B
(59)
— ef)‘
Coo = Com + (60)
- 1

mum value. If the costs of symbols “0” and “1” are equal
to unity, the average cost becomes equal to the average
length. We applied the results for several AUH sources
with geometric, quasi-geometric, Fibonacci and exponen-
tial distributions. We have also analyzed the limit cases,
when the source alphabet increases unlimited, that-s,

Q.
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