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Abstract: The purpose of this study is to estimate unknown parameters, reliability, the hazard rate, and the reversed hazard rate
function of the inverted Kumaraswamy distribution based on progressively type-II censoring samples. Maximum likelihood estimators
are obtained. The Bayesian estimation is studied under quadratic (squared error) and general entropy loss functions using Lindley’s
approximation.Non-informative prior distributions are used for the parameters. Based on a Monte Carlo simulation study, the statistical
performances of Bayes estimators based on quadratic and general entropy loss functions are compared between various estimates.
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1 Introduction

In 1980, Kumaraswamy proposed a continuous probability distribution for double-bounded random variable defined on
the interval [0,1]. It is identified as an applicable alternative to beta distribution because they both have same shape
properties such as unimodal, uniantimodal, increasing, decreasing, monotone or constant.

The inverted distributions are widely employed in economic, biological, engineering sciences, survey sampling, medical
research, finance literature, environmental studies, survival, and reliability theory problems. The inverted Kumaraswamy
distribution is considered one of the most important distributions that play an important role in the field of life testing and
studying reliability measures where the failure time of component is observed to the nearest hours, days or months,
hydrological data like daily rainfall and daily streamflow, atmospheric temperatures and growth models such as
epidemiology. For more details [See [1], [4], [S], [6] and [7].

In statistical inference, there are two approaches to estimate the population parameters of several phenomena. The first
one is the non-Bayesian approach (maximum likelihood estimation) where the population parameters under study are fixed
but unknown and the second one is the Bayesian approach in which the population parameters under study are viewed to
be a random variable with a prior probability distribution. This prior distribution supplies an additional information about
unknown parameter 6 that was available before the data were obtained, and there are two types of priors: informative and
non-informative.

The Bayesian approach merge the information in the study sample with the available prior information about population
parameters, and the result of the merger is the posterior distribution of the population parameters, see [9], [8] and [10].
In the Bayesian approach, in order to specify a single value as expressing our “’best” estimators of the unknown parameter,
a loss function must be defined. There are various types of loss functions such as the square error loss function (SE) which
is a quadratic symmetric function suitable in the cases of highest estimate and lowest estimates, and the general entropy
loss function which is asymmetric about the point of origin.
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There are numerous phenomena in life-testing, in reliability experiments, and survival analysis in which the experimenter
usually doesn’t have complete control of failure times from the experiments in hand. For example, patients may enroll
a clinic for treatment from a certain disease at random points of time and leave before completion of treatment or die
from a cause different from the one under consideration. In an industrial experiment, units may break accidentally. In
several situations, however, the removal of units prior to failure is prepared in advance that provides savings in terms of
time and cost associated with testing. Hence, the recorded survival times involve randomly censored data. A progressive
type-1I censoring scheme can be described as follows: Suppose n units are placed on a life test and the experimenter
decides beforehand the quantity m and the number of failures to be observed. Now at the time of the first failure, R; of
the remaining n — 1 surviving units are randomly removed from the experiment. At the time of the second failure, R, of
the remaining n — R| — 2 units are randomly removed from the experiment. Finally, at the time of the m'™" failure, all the
remaining surviving units R, =n—m—R; — ... — R, are removed from the experiment. Therefore, a progressive type-II
censoring scheme consists of m, and Ry,...,R,_1, such that Ry + ... + R, = n — m The failure times obtained from a
progressive type-II censoring scheme is denoted by xp,...,x,,

Assuming X is a random variable which has the Inverted Kumaraswamy distribution (IKum) with shape parameters, o
and B > 0, denoted by X ~ IKum(a, ).

The probability density function (pdf) and cumulative distribution function (cdf) [See, [11]] are given, respectively, by

foaB)=af(+x) @1 —1+x7%"" x>00,8>0. (1.1)
And

FroB)=[1-(1+x %" x>0ap>0. (12)

The Reliability Function is

B

Rx)=P(X>x)=1—(1-(14x %" ,x>0. (1.3)

The hazard (hrf) denoted by h (x) and reversed hazard rate functions (rhrf) denoted by h,(x) are given by

SN C) D7 U B L U
m()—R(x)— TR x> 0,0, >0. (1.4)
hy (x) = Iff((fc)) —af(1+x) D1 —(14+x)"%" x>0ap >0. (1.5)

This paper is organized as follows: maximum likelihood estimation for the parameters, reliability function, hazard rate
function, and reversed hazard rate function of the /Kum distribution based on progressive type-1I censored samples are
obtained in section 2, Bayesian estimation of the parameters, reliability, hazard rate function, and reversed hazard rate
function of the /Kum distribution based on progressive type-II censored samples under the square error loss function, and
general entropy loss function are derived in section 3. A simulation study applying Monte Carlo method is presented in
section 4 to illustrate results developed in this paper.

2 Maximum Likelihood Estimation

This section develops the maximum likelihood estimation (MLE) of the shape parameters, reliability function (rf), hrf,
and rhrf based on progressively type-II censored samples. Based on the observed sample xi,...,x,, from a progressive

type-II censoring scheme (Ry, ..., R,;,), the likelihood function can be written as
m R
L(xo,B)=c[[f () [1—F ()", (2.1)
i=1
wherec=n(n—1—Ry)....n—Ry —...— R, 1 —m—1), f(.) and F(.), are given by (1.1) and (1.2) respectively. Then

L(xo,p) = ca’"ﬁ'”ﬁ (14x0) 1] (1-0 +X<i>)7a)ﬁ7

i=1 i=1

R;

: {1 —(1-q +x,»)*“)ﬁ}

The log-likelihood function can be written as
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m
Log (L) = ¢ = Log[c|] +mLog[o] + mLog[B] — (a+1) ¥ (Log[1 +x])
m g m = BTy (2.2)
HB-1 X (Log[1-(14x) ) + L (RiLog[1- (1= (1+x)")"])
= i=
The MLE:s of the unknown parameters can be obtained by differentiating the log-likelihood function (2.2) with respect
to the unknown parameters and equating to zero, we get

m_ T (— & Log[l+x](14x) "
a iEILOg[1+x’]+( 1+B)i§1 1—(14x;)"%
m xR (14x) % (1= (14x) —1+B
+y, Aol U By, . (2.3)

1-(1=(14x)%)”

mo, 0 - Mmoo Log[l—(14+x) %R (1-(1+x;)"%)
My Y Log(l—(1+x) %+ Y% —
B ,'El g[ ( ) } ,'E] 17(17(1+x,-)’°‘)ﬁ

1

B
=0

The solution of the non-linear equations numerically (2.3) is &,ﬁ .

The MLEs of the reliability function, the hazard rate function, and reversed hazard rate functions are given as

Ri)=1— [17(1+t)76‘]ﬁ,t>0 (2.4)
N . ~1B—1
) 6B+ D 1= (1407
h () = — >0 (2.5)
- {1 - (1+t)*“}
hy (1) = aB(1+1)~ (D {1—(1+t)7&}71,t > 0. (2.6)

3 Bayesian Estimates for the Unkown Parameters o and 3

In this section, Bayesian estimation of the parameters of the inverted Kumaraswamy distribution along with reliability
function, hazard rate, and reversed hazard rate functions, using progressive type-II censoring samples, based on the square
error loss function, and general entropy loss function, assuming non-informative prior, are obtained.

Assuming that o, 3 are independent random variables, and no information about ¢ and f is available, considering a
non-informative prior distribution for ¢ in the form

1
n(a)oca;0<oc<oo

and a non-informative prior distribution for 8 in the form

n(ﬁ)o«%;0<ﬁ < oo,

The joint non-informative prior for @ and f is given by

1
A,P)ox —;0<a <o 0<f <o 3.1
7(@.B) = o5 p (3.1)
by using equations (2.1, 3.1) we get the joint posterior distribution for ¢ and 3 as follows
2) — z(a.p)L(X;0.B)
7(@.BIX) = f e Bila.pidadp

—(a1) M

B o B-1 (1 \—a\B R;
- ,-131(1 (14x() ) [1 (1-(14x) )]R (3.2)
— m —(a m —a\B-1 —a i
I Iy o1 IT (14 ( H)_El(lf(lwtx(,-)) )ﬁ [1-(1=(1+x) )ﬁ} dodp

m
Cam—lﬁm—l il;ll (1+x(i))

Integration in equation (3.2) cannot be obtained in a closed form, so we solve it numerically. In the following sections
we derive Bayesian estimators for shape parameters, the reliability function, the hazard rate function and reversed hazard
rate under two different loss functions.
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3.1 Bayesian Estimators Under Square Error Loss Function

1. Bayesian estimator for shape parameter o

Oy =E () =
com—1gm=1 11 )@ B-tr o-a)B R;
Fra Bt 11 (1) %(1 (1) ™) 1= (=) )] (3.3)

m _ — —1 R;
00 fi Iy cam1pm=t 1T (1+x) (aﬂ)_lill(lf(l#»x(,-)) ")B [17(17(1+x,-)70‘)ﬁ] dodp

Provided that E(a) exists and is finite. This integration cannot be solved analytically, so we use Lindley’s Bayes
approximation, [2]. Let u(c, ) be a function of o and 3, and we want to find Bayes estimator for it, based on (o, 8) as
a prior distribution. The log-likelihood function for the inverted Kumaraswamy distribution based on progressive type-II
censored samples is given by (2.2), Bayes estimate using Lindley approximation is obtained as follows:

[0 Jo u(e,B)m (e, B)L(X; 00, B)dodp
5 Jo' (e, B)L(X; 0, B) dxd B

E(u(a,B)[x) =
Let Q(a,B) = log[n(ct, )]

E(u(a,B) %) = <M(Oﬂ,ﬁ)+—

ZZ(MU—FZM,'QJ')TU+ZZZZLijkuwTikaw1) (3'4)
] i koW

(0B
Vi jkow=1,2,0 = aQ ocB 0y = %lﬂ "y = ‘9";‘;’5%»:2: 3u5905ﬁ),
Uy = 213((1052,/3),“22 = a(ﬁzrﬁ)vulz = 8¢§caﬁﬁ)’Lll - g_Z’le N a‘a’gﬁ’
Ly, = ﬁzaLlll az,an azaﬁvl‘lzz aggiaz’Lm:g_;g

Calculate the elements of matrix {fL,- j}

SNPLTNTh

Z: dg> — Jadp _ (T T2

_ 9t _ 9t T T )’
Jdadf ~ Ip?

by using Mathematica, the values of ,i,j = 1,2, can be obtained where 7;; are the elements of the information matrix

X,
Substituting in equation (3.4), Q| = %‘ .00 = %‘ ,u = o, the Bayesian estimator for shape parameter « is given as
o T2 | 2 2
Qg R 00— — — F + - 5 (Linitii” + 3Lt T2 + Lina (2T +27127) + Looa Tio T2)

2. Bayesian estimator for shape parameter 3

Substituting in equation (3.4),
—1 —1
0= 77Q2 = FMZB,

the Bayesian estimator for shape parameter f3 is given as

A T2 T |
Bsqg =~ B — o B + 3 (Lin T T2+ Lina (12711 +2712%) + 3L1o2T12 o2 + Laon To?)

B

3. Bayesian estimator for reliability function R( )
Substituting in equation (3.4), Q1 = -, =1 0,= B Lu= R(t), the Bayesian estimator for reliability function R(z) is given
as

~R(1)— % (T +uatin) — % (1 T2+ uaT2) + 5 (w1 T + 2u12 T2 + 122 T22)
Lin (u1T112 +u2711712) + L2 (3M1T11712 +u (T11T22 +2T122)) +

R,
i Lo (ul (2T122 + T11T12) + 3uzT12722) +Loxn (M1T12‘sz + uzfzzz)

(ST

4. Bayesian estimator for Hazard rate function hl( )
Substituting in equation (3.4), 01 = 5 Lo ==1u= hy (t), the Bayesian estimator for Hazard rate function A (¢) is
given as
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hisg = hi(t) — L (T +uatin) — %(ul‘ﬁz +urT) + 5 (U T + 2u1n T + U2 Ton)
1 [Lin (i + wam12) + Lo (Bup 71 T2 + wa (11 T2 + 27122))
2| +Lioo (w1 (27127 + 711 T12) + 3uaTi2T0) + Looa (11 T1aTop + un 0%

5. Bayesian estimator for Reversed Hazard rate function /;(z)
Substituting in equation (3.4), Q1 = ’71 ,Or = %1 ,u = hy(t), the Bayesian estimator for reversed hazard rate function
hy(t) is given as

ilqu ~hy(r) — é(“lfll +urT12) — %(HITIZJFuZTzZ) + %(unfn +2u1Ti2 +Ut2)
l{Lm(uﬂuz+M2T11T12)+L112(3u1711712+M2(T11722+27122)) }

2| +Li22(u1 (27122 + 711 T12) + SuaTiaTa2) + Looa (11 T1o T + un T2?)
3.2 Bayesian Estimator Under General Entropy Loss Function
1. Estimator for shape parameter o

.l
OGentropy = [E (0 *)]

Provided that E (ot™9) exists and is finite. Substituting in equation (3.4), Q) = %‘,Qz = %‘,u = a9, the Bayesian
estimator for shape parameter « is given as

_ o 1 g a 1!t +1)o 127
N ~ o944 _ 144 . 2 4 44 )2 11
OGentropy =~

ga— 1!

1
q
5 (Gt + 3012711 T2 + G122 (T T2+ 27122) +5222‘L’12‘L’22)]

2. Bayesian estimator for shape parameter 3
Substituting in equation (3.4), O = %‘,QZ = %‘,u = B4, the Bayesian estimator for shape parameter 3 is given as

- B=9~'t1, | glg+DB 9% R
ﬁ q+q = 12 4 > 22+q 3 22

;]
q
+%qB*‘H (Li11711T12 4+ 3L112( 10Tt +2712%) + 3L122T10 T + Lo2a T02) )

BGenlmpy ~ (

3. Bayesian estimator for reliability function R(r)
Substituting in equation (3.4), Q1 = ’71 L0 = ’71 ,u=(R(t))"?, the Bayesian estimator for reliability function R(r) is
given as

IéGemropy ~ (R(t))iq - é (“lfll +u2712> - % (MIT]2 + “27:22)
Lyt (u1t11% + uz11712)
+Li12 (BuyT11 T2 + un (711 T2 + 27127))
ur (27122 + 111 712)
L
iz (+3u2712722
L2 (U1 T12To2 + U 122?)

1 1
+5 (w1171 + 2u12T12 + uT) + 5

4. Bayesian estimator for Hazard rate function 7, (r)
Substituting in equation (3.4), Q) = =}, 0, = ’71 ,u=(hy(t))" 4, the Bayesian estimator for hazard rate function A (¢)
is given as

MiGentropy = (h1(1)) ™ = L (wy Ty +uati2) — %(MITIZ +urTr)
Llll(MITanrulelle)+L112(3M1‘L’11‘L’12

+ 3T+ 22Ut F untn) + 3 | Fua(Tii T +27122)) + Lina (1 (27122 + 11 T12)
+3urT12T2) + Looo (U1 T2 Top + U 122?)

5. Bayesian estimator for Reversed Hazard rate function /;(z)
Substituting in equation (3.4), Q) = %I,Qz = %l,u = (hy(t))™4, the Bayesian estimator for reversed hazard rate
function £, (r) is given as
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RoGentropy = (ha(1)) ™ — Lt +uptin) — ﬁ(ulflz +urt)

Lii (w1t + uaTy1 712) +
Ly (Bur i1 T2 4 ua (711722 + 27127))
+Li22(u1 (27122 + T11T12) + 3uaTi2T2)
+Lo22 (U1 T12Toy + U2 T2?)
It is worth noting that when the value ¢ = —1, the general entropy loss function is the same as the squared error
loss function.

i i
+5 (11711 4+ 2u12T12 +unTn) + 5

4 Simulation Studies

To prove the importance of the results obtained in the previous sections, simulation studies are performed. For this study,
by using the Monte Carlo method, with fixed sample size n (the total items put in a life test), with constant censoring
scheme, where R| = Ry = ... = R;,, where m is the sample size of progressively censored from the sample of size .

The following algorithm is used to generate sample based on progressive type-II censoring scheme, based on any
continuous df F, see [3].

1.Generate m independent uniform (0, 1) observations Wy, ..., W,,.

1 m
28etVi=Win,y,=(i+ Y R;| ,i=12,...,m.
Jj=m—i+1
3SetUi=1—-V,Vyy_1..Vy_irr,i=1,2,...,m.
4.SetX; = F~1 (U;), ,then X; for i = 1,2,...,m is the progressive type-II censoring scheme based on the df F.
5.We have repeated steps 1,2,3and4 (10000) times, for different values of n and m.

10000 10000 , . 2

L6 T (6-9) .
Estimation average = %, mean square error = 'ZIIW, where, 0 is the parameter and 6 is the estimator.
Extensive computations are performed using Mathematica 11.
Since the non-linear equations (2.3) are not solvable analytically, numerical methods can be used, as Newton Raphson

method with initial values closed to real values of the parameters.

Throughout this section we use the following abbreviations:

I.MLE : means that the estimate by using the maximum likelihood method,

2.Est.: estimator,

3.Ey, : means that the estimate under squared error loss function,

4.EG, 4—0.3: means that the estimate under general entropy loss function at ¢ = 0.3.

From the simulation studies we noted that:

1.In general, the Bayesian estimators have mean square error less than that of the MLE.
2.In general, the Bayesian estimators under general entropy loss function is better than the Bayesian estimators under
squared error loss function
3.Increasing the sample size leads to decrease mean square error and increase the accuracy of estimators.
4 .For the parameter «, the estimate under general entropy loss function is the best especially at the value ¢ = 1, and it
followed by the squared error loss function.
5.Furthermore, by decreasing the value of the parameter 3, the accuracy of estimator & increases and mean square error
decreases.
6.For the parameter 3, the estimate under general entropy loss function is the best especially at the value ¢ = 2, and it
is followed by the squared error loss function.
7 Furthermore, by increasing the value of the parameter «, the accuracy of estimator f3 increases and mean square error
decreases.
8.The estimate of the reliability function R (7)under squared error loss function is the best, and it is followed by the
general entropy loss function.
9.The estimate of the hazard rate function /4 (r) under general entropy loss function is the best especially at the value
g = 1, and it is followed by the squared error loss function.
10.The estimate of the reversed hazard rate function 4, (¢) under general entropy loss function is the best.
11.By decreasing the time 7, the accuracy of estimate R (¢), h; (¢) and h; (¢) increases and mean square error decreases
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Table 1. The average, mean square error, (o0 = 0.8, 8 = 1.5,7 = 2).
n m Est. Real MLE Esq EGE =03 EGE.g=07 EGE 4=1 EGE.g=2 EGE.¢=5
200 | 100 | & 0.8 0.819 0.8147 0.8046 0.8035 0.7992 0.7957 0.7795
(0.0118) (0.0009) (0.0002) (0.0001) (1 .56 x | (0.0002) (0.0004)
1076)
B 1.5 1.5371 1.5324 1.5181 1.5155 1.507 1.5026 1.473
0.0381) | (0.0014) (0.0003) (0.0002) (0.0004) | (0.0001) (0.0007)
R(1) 0.5528 0.5505 0.5520 0.5512 0.5504 0.5501 0.5492 0.5461
(0.0015) | (7.3 x | (2.8 x | (59 x | (7.6 x | (0.0001) (0.0004)
1077) 1079) 1079) 1079)
hy(t) 0.2297 0.2343 0.2331 0.2306 0.2304 0.2295 0.2285 0.2246
(0.0008) | (0.0001) (7.6 x | (4.1 x | (81 x| (15 x| (0.0002)
10°7) 10°7) 107%) 1079)
hy(t) 0.2840 0.2861 0.2866 0.2852 0.285 0.2841 0.2839 (0.2812)
(0.0001) (6.8 x | (1.4 x | (8.7 x| (22 x| (29 x | (8.1
1079) 1079) 1077) 1078) 1078) 1079)
100 | 50 o 0.8 0.8360 0.8263 0.812 0.8047 0.8045 0.7902 0.7651
(0.0261) (0.0006) (0.0001) (0.0002) (0.0002) (0.0001) (0.0012)
B 1.5 1.5754 1.5666 1.5376 1.5294 1.5258 1.5011 1.455
(0.0897) | (0.0044) (0.0014) (0.0086) (0.0007) | (0.0003) (0.0021)
R(t) 0.5528 0.5491 0.5523 0.5484 0.5489 0.5472 0.5458 0.5408
(0.0023) (3 .57 x| (0.0002) (0.0001) (0.0003) (0.0005) (0.0001)
1077)
hy () 0.2297 0.2382 0.2354 0.2323 0.2303 0.2304 0.2268 0.2202
(0.0017) (0.0003) (6.6 x | (3.7 x | (5.1 x| (8.5 x| (0.0009)
1079) 1077) 1077) 1079)
hy(t) 0.2840 0.2885 0.2888 0.2862 0.286 0.2854 0.2835 0.2792
(0.0001) | (0.0002) 4.7 x | (4.1 x | (2 x | (4.4 x| (0.0002)
1079) 1079) 1079) 1077)
Table 2. The average, mean square error, (o = 0.8, = 1,7 =2).
n m Est. Real MLE Esq EGE.g=03 EGE g=07 EGE g=1 EGE.g=2 EGe.g=s
200 | 100 | & 0.8 0.8225 0.817 0.8079 0.802 0.8007 0.7941 0.7751
0.0161) | (0.0002) (0.0006) (43 x | (8.8 x| (0.0003) (0.0006)
1079) 1077)
B 1 1.0208 1.0168 1.0109 1.006 1.007 0.9993 0.9859
(0.0143) | (0.0002) (0.0001) (0.0003) (0.0005) (1.16 x| (0.0002)
107°)
R(1) 0.4152 0.4119 0.4132 0.4106 0.4104 0.4103 0.4074 0.4036
(0.0013) (4.26 x | (0.0002) (0.0002) (0.0002) | (0.0006) (0.0013)
107°)
hy(t) 0.2666 0.2729 0.2714 0.2692 0.2677 0.2672 0.2658 0.2605
0.0013) | (0.0002) (6.4 x | (1.1 x | 33 x| (12 x| (0.0003)
1079) 1079) 1077) 1077)
hy () 0.1893 0.1897 0.1897 0.1891 0.1888 0.1891 0.188 0.187
(0.0001) (1.1 x| (4.7 x | (3.08 x | (7.6 x| (1.8 x | (5.4
1077) 1079) 1077) 1079%) 1079) 1079)
100 | 50 o 0.8 0.8472 0.836 0.8175 0.8065 0.8062 0.791 0.7621
(0.0362) (0.0013) (0.0003) (0.0004) (0.0004) (0.0008) (0.0014)
B 1 1.0434 1.0353 1.0232 1.0137 1.0146 1.003 0.9764
0.0315) | (0.0012) (0.0005) (0.0018) (0.0002) | (0.0001) (0.0005)
R(1) 0.4152 0.4084 0.4107 0.4057 0.4050 0.4034 0.4006 0.3926
(0.0029) (0.0002) (0.0009) (0.0001) (0.0004) (0.0001) (0.0005)
hy(t) 0.2666 0.2799 0.2767 0.2721 0.2693 0.2692 0.2651 0.2566
(0.003) (0.0001) (0.0003) (721 x | (683 x | (2.63 x| (0.0001)
1079) 1079) 1079)
hy(t) | 0.1893 | 0.1901 0.1900 0.1889 0.1882 0.1882 0.1874 0.1849
(0.0001) | (4.3 x | (1.6 x | (124 x| (123 x| (37 x| (0.0001)
10°7) 10°7) 1079) 1079) 1079)
© 2019 NSP
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Table 3. The average, mean square error, (ot = 1, = 1.5, =2).
n m Est. Real MLE Esq EGEg=03 EGE g=07 EGE g=1 EGE g=2 EGE.¢=5
200 | 100 | & 1 1.0251 1.0189 1.0084 1.0047 1.0024 0.9935 0.9748
(0.0188) (0.0003) (0.0006) (0.0002) (6.76 x| (0.0004) (0.0006)
1079)
B 1.5 1.5389 1.534 1.5194 1.5149 1.5123 1.5017 1.4721
0.0391) | (0.0116) (0.0037) (0.0022) (0.0014) (6.86 (0.0008)
107°)
R(t) 0.4557 0.4524 0.4541 0.452 0.4516 0.4513 0.4504 0.4455
(0.0013) (2.56 x | (0.0001) (0.0001) (0.0001) (0.0002) (0.0001)
1079)
hy(t) 0.2986 0.3055 0.3037 0.3009 0.2999 0.2992 0.2968 0.2918
(0.0014) | (0.0002) (5.2 x| (1.6 x| (42 x| (36 (0.0004)
1079) 1079) 1077) 1079)
hy(t) 0.25 0.2509 0.2512 0.2502 0.25 0.2498 0.2494 0.247
(0.0001) | (1.4 x | (4.7 x | (6.7 x| (23 x| (3.6 (8.9
1079) 10-%) 1079) 10-%) 1077) 1079)
100 | 50 o 1 1.051 1.0388 1.012 1.01 1.0061 0.9904 0.9596
(0.0423) (0.0015) (0.0001) (0.0001) (0.0004) (0.0001) (0.0016)
B 1.5 1.5779 1.5691 1.5345 1.293 1.525 1.5037 1.4568
(0.0896) | (0.0047) (0.0011) (0.0008) (0.0006) | (0.0004) (0.0019)
R(t) 0.4557 0.4486 0.452 0.4495 0.447 0.4465 0.4442 0.4367
(0.0028) | (0.0001) (0.0003) (0.0007) (0.0008) | (0.0013) (0.0003)
hy(t) 0.2986 0.3129 0.3091 0.3018 0.3015 0.3002 0.2958 0.2869
(0.0034) (0.0001) (0.0001) (8.3 x | (27 x| (87 (0.0003)
1079) 1079) 1079)
hy(t) 0.25 0.2514 0.2521 0.2504 0.2497 0.2496 0.2485 0.2449
(0.0001) | (4.5 x | (2.3 x | (1.2 x| (1.7 x| (23 (0.0002)
1079 10-7) 10-7) 107) 1079
Table 4. The average, mean square error, (o0 = 0.8, = 1.5, = 0.6).
n m Est. Real MLE Egq EGE.g=03 EGE.g=07 EGE g=1 EGE g=2 EGE.4=s
200 | 100 | & 0.8 0.8205 0.8154 0.8068 0.804 0.8021 0.7958 0.7787
0.0117) | (0.0002) (0.0004) (0.0001) (4.96 x| (0.0001) (0.0004)
107°)
B 1.5 1.542 1.5346 1.5224 1.5153 1.5121 1.5029 1.4713
(0.039) (0.0019) (0.0004) (0.0002) (0.0001) | (0.0001) (0.0008)
R(t) 0.8245 0.8249 0.8253 0.8254 0.8248 0.8248 0.8248 0.8234
(0.0005) | (5.8 x | (7x1077) | (5.7 x| (3 x | (3.2 (1.3
10°7) 10-8) 10-3) 107%) 1079)
hy(t) 0.3496 0.3524 0.3508 0.3477 0.3476 0.347 0.3448 0.3401
(0.0013) (1.3 x | (3.5 x | (4.1 x | (6.9 x| (0.0002) (0.0008)
1079) 1079) 1079) 1079)
() | 1.6431 | 1.6735 1.6707 1.6621 1.6559 1.6535 1.6468 1.6206
(0.0001) | (0.0007) (0.0003) (0.0001) (0.0001) | (0.0001) (0.0005)
100 | 50 o 0.8 0.8248 0.8299 0.8142 0.8086 0.8027 0.7937 0.7686
(0.0265) (0.0008) (0.0002) (0.0007) (0.0001) (0.0005) (0.0010)
B 1.5 1.5765 1.5677 1.5442 1.5322 1.5234 1.5052 1.4563
(0.0869) | (0.0045) (0.0019) (0.0010) (0.0055) | (0.0005) (0.0020)
R(t) 0.8245 0.8249 0.8258 0.8260 0.8253 0.8253 0.8245 0.8223
(0.0010) | (1.5 x | (1.8 x| (5.2 x| (47 x| (@2 (5.2
1079) 1079) 1077) 1077) 10-8) 1079)
hy(t) 0.3496 0.3555 0.3520 0.3463 0.3452 0.3435 0.3408 0.3328
(0.0031) (5. 86 x | (0.0001) (0.0001) (0.0003) (0.0007) (0.0002)
1079)
hy(t) 1.6431 1.7014 1.6962 1.6800 1.6703 1.6637 1.6492 1.6078
(0.0001) (0.0028) (0.0013) (0.0073) (0.0042) (0.0005) (0.0013)
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Table 5. The average, mean square error, (o0 = 0.8, 8 = 1,7 = 0.6).
n m Est. Real MLE Esq EGE =03 EGE.g=07 EGE 4=1 EGE.g=2 EGE.¢=5
200 | 100 | & 0.8 0.8214 0.8159 0.8043 0.8034 0.8017 0.7925 0.7746
(0.016) (0.0002) (0.0001) (0.0001) (3.36 x| (0.0005) (0.0006)
107)
B 1 1.02 1.0166 1.0084 1.0081 1.0074 0.9998 0.9855
(0.0139) | (0.0002) (0.0007) (0.0006) (0.0005) | (6x1077) | (0.0002)
R(1) 0.6866 | 0.6861 0.6865 0.6857 0.6854 0.6854 0.6846 06831
(0.0008) | (2.5 (8.4 (1.3 x| (14 x| (39 x| (0.0001)
10-%) 1077) 1079) 1079) 1079)
hi(t) | 0.5 0.5067 0.5046 0.501 0.5007 0.5 0.4971 04902
(0.0031) | (0.0002) 9.3 (4.5 x | (1.1 x| (84 % | (0.0009)
10°7) 10°7) 107%) 1079)
hy(t) 1.0954 1.1096 1.1068 1.1008 1.1006 1.1003 1.0945 1.0838
(0.0001) (0.0001) (0.0002) (0.0002) (0.0002) (1 .26 x | (0.0013)
1076)
100 | 50 o 0.8 0.8466 0.8354 0.8124 0.8096 0.8064 0.787 0.7606
(0.0358) (0.0012) (0.0001) (0.0009) (0.0004) (0.0001) (0.0015)
B 1 1.0445 1.0364 1.0197 1.0165 1.0157 0.9992 0.9738
(0.0320) | (0.0013) (0.0001) (0.0002) (0.0002) (4.96 % | (0.0007)
1076)
R(1) 0.6866 | 0.6854 0.6861 0.6846 0.6836 0.6838 0.6825 0.679
0.0016) | (2.2 (3.9 (9%x107%) | (7.7 x | (0.0001) (0.0005)
1077) 1079) 1079)
hi(t) | 0.5 0.5149 0.5105 0.5032 0.5027 0.50106 0.4945 0.4831
(0.0067) | (0.0001) (0.0001) (7.3 x | (1.1 x | (0.0003) (0.0028)
1079) 1079)
hy(t) 1.0954 1.1254 1.1202 1.1082 1.1056 1.1057 1.0931 1.0729
(0.0001) (0.0006) (0.0001) (0.0001) (0.0001) (7.5 x| (0.0005)
1079)
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Table 6. The average, mean square error, (& = 1,3 = 1.5,7 = 0.6).
n m Est. Real MLE Esq EGEg=03 EGE g=07 EGE g=1 EGE g=2 EGE.¢=5
200 | 100 | & 1 1.0241 1.0179 1.0069 1.0052 1.0014 0.9941 0.9744
(0.0189) (0.0003) (0.0004) (0.0002) 3 ] x| (0.0003) (0.0006)
1076)
B 1.5 1.5379 1.5332 1.5184 1.5166 1.5112 1.5004 1.4744
(0.0392) | (0.0010) (0.0003) (0.0002) (0.0001) (4.36 % | (0.0006)
107°)
R(t) 0.7704 0.7704 0.7710 0.7705 0.7705 0.7703 0.7697 0.7689
(0.0006) (3.8 x | (8.6 x| (1.1 x | (1.1 x| (45 x | (2.1
1077) 1079) 1078) 1079) 1077) 1079)
hi(f) | 04658 | 0.4709 0.4685 0.4653 0.4645 0.4635 04614 0.4544
(0.0025) | (7.5 x | (2.5 x | (1.7 x | (52 x| (0.0001) (0.0001)
1079) 1077) 1079) 1079)
hy(t) 1.5625 1.5875 1.5853 1.5755 1.5747 1.5709 1.5634 1.5456
(0.0001) | (0.0005) (0.0001) (0.0001) (0.0006) (2.36 % | (0.0002)
107°)
100 | 50 & 1 1.0494 1.0402 1.0198 1.012 1.0042 0.9880 0.9608
(0.042) (0.0016) (0.0003) (0.0001) (0.0002) | (0.0001) (0.0015)
B 1.5 1.5761 1.5745 1.5451 1.5345 1.5209 1.5001 1.4589
(0.0905) | (0.0055) (0.0020) (0.0011) (0.0004) | (0.0003) (0.0018)
R(t) 0.7703 | 0.7702 0.7719 0.7708 0.7705 0.7696 0.7693 0.7672
0.0013) | (2.3 x | (1.6 x | (2.5 x| (61 x| (12 x| (0.0001)
1079) 1077) 10-%) 1077) 1079)
hi(t) | 04658 | 0.4771 0.472 0.4659 0.4635 0.4622 0.4565 0.4461
(0.0053) | (0.0003) (1.17 x | (5x107%) | (0.0001) | (0.0008) (0.0003)
10-7)
hy(t) 1.5624 1.6171 1.6138 1.5946 1.5877 1.5774 1.564 1.5338
(0.0001) (0.0026) (0.0010) (0.0006) (0.0002) (0.0001) (0.0008)
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5 Conclusions

In this study, Bayesian and non-bayesian maximum likelihood estimators of the two-shape parameters, reliability, hazard
rate, and reversed hazard rate functions for the inverted Kumaraswamy distribution based on progressively type-II
censoring samples under the non-informative prior distribution by using Lindley’s approximation are accomplished. By
using a Mathematica program, we have generated the samples to compute the estimated parameters. based on a Monte
Carlo simulation study, it has been seen that the Bayes estimator performs better than the MLE’s and the Bayes estimator
under general entropy loss function has the smallest MSE’s as compared with Bayes estimator under squared error loss
function. The accuracy of estimators increases and mean square error decreases when increasing the sample sizes.The
simulation also stresses the importance of general Entropy loss functions which is applicable in the case studied.
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