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1 Introduction

The method of approximative Hamiltonians is one of the most helpful method in sta-
tistical physics. It has been shown within the framework of the method that, for a number
of nonlinear problems, model Hamiltonians are equivalent to approximative ones in terms
of the thermodynamic variables [5-8], [18]. This method consists of substituting some
operator-expressions by functions from nonlinear equations arised from the conditions of
self-consistency. The problem is regarded as being solvable if the solution of this nonlinear
equation exists.

A new approach to the approximative Hamiltonian method (AHM) was developed by
D. Ya. Petrina and E. D. Belokolos [4]. The new AHM was used to investigate the Frohlich
Hamiltonian, which gives an account of interactions of electrons having a countable set of
phonon modes. The results, obtained for the first time by applying the inverse scattering
method, revealed a powerful way of improving the AHM. The authors have succeeded in
proving that a) the model Frohlich type Hamiltonian is equivalent to the approximative one
and b) the self-consistency agrees well with the equations of the Peierls-Frohlich problem,
which may be exactly solvable by the finite zone potentials [2], [12],[13] derived from the
inverse scattering method [1], [15],[17] in one-dimensional case.

A large number of articles devoted to study of the Dicke model is available [9], [11],
[16]. Here, we investigate the Dicke model with the Petrins-Belokolos’s method. This
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method offers the advantage that it is easy to simplify the construction of the self-consistent
equation and the structure of approximative Hamiltonians [7], [9], [10]. In addition, the
AHM allows the exact solution of the self-consistent equation to be found and, the approx-
imative Hamiltonian for the Dicke model to be defined in terms of one-zone potential.

2 Construction of Approximative Hamiltonian for the Dicke Model

Consider a model system confined in a glass A € R of a finite volume |A| < co. We
assume that the Hamiltonian [7] describes the system given by
M
H =Y wblb, +e5°+

FZA’“

where wk >wy >0, 5% = Z;\le

{of,0 J ;0% j»vzl are the Pauli matrices.

|01 |0 -1 |10
It o P 1t ool YT lo =1’

correspond to spin 1/2, that is, dimH; = 2V; ¢ ¢ R!, lwi] < C, k =
1,2,...,M; A\ = A(k) are real numbers (the constants of interaction, involving k-mode).

(b I+ b J), @1

z + _ N 4+ F + - - .y
0, Iy = Zj:l(aj + HEO; )s o; =05 +10; and

The model describes the interaction of electromagnetic field with N two-level
molecules placed in a resonator A, having M normal frequencies {wy }.

The system under study consists of two interacting subsystems B and L. A state space
of the system H is governed by the tensor product of proper Hilbert spaces

H=Hp®H,
of pairs of functions & = &5 ® & € H, , whose scalar product is given by
(®1,P2) = (Pp,, Pp,)(Pr,, Pr,).
The subsystem L contains N particles and satisfies the stability condition
H~vy > =NC,

where C'is the constant for any A and V. The subsystem B is a free boson field with finite
number of mode M and energies w, > wy > 0 (a=1,2,..., M),

[bﬂéubaQ]:é(Xl,aza 0417042:(172,...7M),

where b and b, are the creation operator and the annihilation operator for bosons in «
mode. For M < oo

B=®M B, B;=B, i=12..M (2.2)
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and, consequently, ® = &5 @ &, = @M, dL, @ OF

by =IQI® @bt ®--- @1, (2.3)
and
by, =1®I® Qb @ &1, (2.4)
where the operators b+ and b~ stand for o1 and s in the tensor product, respectively.
The domain
M
Tp =Y wibfby ®1
k=1

is defined by the domains of infinite operators b* and b~. The operators b and b~ have
dense domains D(b™) and D(b~). So the domains D(b;") and D(b;, ) are also dense in the
space Hp, i.e. the operators b;‘ and b, are self conjugated [7].

The operator Hy, on H takes the form

Hp =I®Hp(AY)
and, consequently, the operator Hy given by
Hy=Hg+ Hp,

is selfconjugated [7] and has the domain

M
D(Hy) = D(Zwkb:bk) ® D(HL(AN)).
k=1
Here H, is equal to
N M
Hy = Zeaj + Z /\k(szszbZJ;J)
Jj=1 k=1
The operators (Jk)g/le are operators acting on space H and satisfying the condition:
(A/IAD Tk, vy < C.

Performing the following change of variables in (2.1):

(2m)*2 VIA[ 4 _ (2m)%/2
b — (272 mb*. VY bt (k),
N (27.‘.)3/2 N (27T)3/2

Jr— , J,. —
k \/W () k \/W

and using (2.5), the Hamiltonian (2.1) takes the form

S cia

)3/2
% b (),

J(k), wr — w(k).

(2.5)

HAN) = S w(k)

3 N
i bH (k)b (k) +e> _oF
Jj=1
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(2m)°®

1y ~ (k)T (k)T
+ \/sz::l)\(k) A TR (®) + 65 (]I (k).

We substitute the summation by the integration according to the convention

(2m)°
A %:_)/dk.

Next we define the Hamiltonian by
N
H(A,N) = /w(k)zﬁ(k)zr (k)dk +e> o7
j=1

1 _ _
+ \/ﬁ / M)~ (k)T (k) +bF (k)J~ (k))dk,
where b (k) and b~ (k) depend on time through

b (t, k) = "IN (0, ke H AN
bH(t k) = e AN (0, k) H AN
bi(tv k)|t:O = bi(ov k) =S bi(k)v

where /i - the chemical potential.

These operators satisfy the commutation relation
b= (k)b (k") — T (Kb~ (k) = d(k — k).

Consider the motion equation

N _
b (k) = [H,b™ (8, b))

Using (2.6) we can rewrite it as

. ey 2 AE)
(i (im0 = wlk)b™ () + Z2d = (B)
By similar arguments we find

(ingr(t, k))i—o = w(k)b™ (k) + MJ*(k).

Z V1A

- _ o Sp(b™ (¢ k)e PUTTAND)
<b(t k) >= A Spe—BH—RN) ’

Denote

(2.6)

where [ is the reverse temperature. We also assume that the correlation function exists in

an infinite volume.
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Then the equation for < b (k) >4, and < b~ (k) >, are of the form

A(k) < JF (k) >

bt (k =- :
< ( )>HB w(k‘) /7|A|

_ AE) < T (k) >,

b= (k - C k=1,2,.... M,
<V k) > RON

where \(k)/w(k) = const, As the operators J T (k) and J~ (k) are related to o via

N N N
TH(k) =) (o +nulk) ‘)=Z[8 (2) +W€>[g 8] :Z[gu(k) 2] ’
N N N
T (k)= (0 +u(k)ajr)—2l2 8 *“(’“)[8 31 —Z[Z ng} ’
where
+ _ m+'y_ 0 1 _|_' 0 —1 = 0 2
0; =0j 105 = 10 j 1 ; 0 j— 00 ja
U A A VI A N VI
0; =05 —0; = 1 0 ; ! i 0 ]_ 2 0 j7

it follows that

N
J7(k) = J*(k)det A = J* (k)| A| = Zl " ] ll/u(k) Ou(k)]

;L0 p(k)
:EN: 0- 1/u )+2-0 0-0+ 2u(k)
= 1/u( )+0 2u(k)-0+40- pu(k)
N
—Zlo 2uk ] = J~ (k).
j=1 j
Here
_ | Y/u(k) 0
=10 u(k)]
and
det A =1.

From these conditions, we can find that
< TT(k) >, =< T (k) >n,
and

- =< T (B) > @.7)
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where

0

j=1

N
< T (k) >pp=< [ g 2p(k) ] >

Furthermore, by denoting

+
(k) = S
it follows from (2.7)
07 (k) = otk b7 (k) > -
A(k)VIA]
For (k‘)\/K
~ A
W (k) =~ =0,

we can express Eq.(2.7) in the form
<O (k) >pg=< b (k) >pu=W(k), k=1,2,...,M.

We introduce the approximative Hamiltonian by

w

N 2
Hap(n") = [0+ (ke Y- o~ [ 0 a5 ),
j=1

n(k) = {m}il, € M.
It is not difficult to prove that the equation for correlation function on approximative Hamil-

tonian defined as

- Sp(bT (¢, k)e P Harn—iN))
+ o ’
b (t’ k)Happ - AILH;O Spe—ﬂ(HaPp_ﬂN) ’

where < bT (t, k) >p
as that on model Hamiltonian.

is assumed to exist as A — oo, satisfies the same motion equation

app

It should be noted that the approximative Hamiltonian is also equivalent to the approx-
imative one discussed in [5].

Hanolor ) = [0 )+ AV

(k)

Ak)y/A] XXk
A i [ A CUCICE
0 )k~ AL

where 1(k) = {n}2L, € C™. This fact can be directly proved by deriving the equation
for correlation function defined on H,y, (1, n*).

Theorem 2.1. If the equation for the correlation function involving approximative Hamil-
tonian Hp,,(n,m*) has a solution, then the equation for the correlation function involving

the model Hamiltonian H has the same solution.
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3 Proof of the Thermodynamics Equality

As a starting point for our proof we consider reduced free energies f(H),
Ia(Happ(n,n?)) and show that the densities of thermodynamic potentials fx(H) and
fa(Happ(n,nm*)) are close. For this let us introduce terms with “source” v =
{v1,va,...,vp} € C in Hamiltonian (2.1). In so doing, the self conjugation and sim-
plification of the Hamiltonian (2.1) are not broken [7].

M
1
Zwkb by JrEZa +— ZAk(b,;J,jH;J,;)

Jj=1 |A| k=1

M
ALY (vib) + viby). 3.1
k=1
Introducing v, and v} via
(2m)3/2 (2m)3/2

vi(k),

v = v(k), vy =
VIA] Al

and using (2.5), the Hamiltonian (3.1) takes the form

H(u):/w(k)zﬁ(k)b (k dk+sZo— + (k) + b+ (k)T (k))dk

oo
- \M/ )+ v (k)b (k))dk.

The above considered procedure is wuseful to obtain the relation between
< b#(k) >3, /v/IA] and < J#(k) >, /+/|Al. So, consider the motion equa-
tion for

b= (t, k) = HHW) =Nt~ (0,k)e —i(H(v)—paN)t

)

0 -
(5™ (& K)o = [H(v), b™ (K)].
Using the commutation relation (2.6) we get
0 Ak
(0 (6o = w0~ (8) + 28070 + VTRl
or
.0 _ _
(lQ < b (t k) >1y e )li=0 = w(k) < b (k) >,
F A k) S VTR,

For b~ (k) and < b~ (k) > we find that
b)) _ ARI(R) (k)
VIAT  wB)Al w(k)
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<O (k) >y, ME) <T(K) >nw),  vik)

VIA| - w(k)A] w(k)’

Following the Hamiltonian (2.8) we construct the approximative Hamiltonian

)\2
Happ(v,m) Zwk (b — \/\A b_f— |A|)+HL*|A|Z

M

LA/ SN o S S o2
x(mnk—&-mnk kz |A|+uk‘A|) \A|; o

Next we estimate the difference H(v) — Hgpp(v, 0).

HI(Vv 77) = H(V) - Happ(y7 7’)

M M
= > wblby + H + ZAk(b;J,jer;J,;)

1
k "k
= VIAT
vy _ VY
- |A|Zukb+ iy D}k (5 = VIR, — S5 VIR

X2 g A LS VI Jr
AE: DA 2k 2k
| | |A‘ |A| k) | ‘kZI (k:|A| k|A|>

|vk|?
RN Prin
I\];1 o
M —
b Ak Ji
S (e [

(Vv son= ) ()

As known [7], for the difference operator H;(v, ), near-asymptotics between fx[H (v)]
and fa[Hqpp(v,n)] has been proved by Bogolyubov’s theorem. For all v € K, where
K:{(V17...71/M)2Vk EC}, |Uk| <K, k=1,...,M, k>0,

0 < falHapp(v.m)] = falH ()] < e(IA]717).

Here

13 1 Y Ak K
(A7) = 1/3{2_310 + o Z(fmr)}
3/4
|A|1/2Z VA + KBy,

where 0 is a fixed temperature, 3 is a fixed 5 = 1/6p. On the basis of the results obtained

we can formulate the next theorem.
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Theorem 3.1. Let operators Hy,, bk#7 J,f in (2.1) satisfy the following conditions:

1

alEl<c

N
Hp=> o,  H,=H]},
Jj=1

by b — bhby = e, b VT — 00T =0,
wi > wo > 0, Ak >0, k=1,....M
and let the reduced free energy for Hy, be bounded by constant
|fa(Hp)| < CL = counst.
The approximative Hamiltonian in terms of the operators can be constructed as

LNy

M N
_ . Aj .
Happ(n) = Zwkb',fbk - 52% — A Z ;Z(Wnk + mnk)-
k=1 j=1 k=1

That is, in terms of (2.5) and ny, = (27)3/2\/|AIn(k), Happ(n) takes the form

A2(
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N
Hum(n) = [ (0% (0~ (k) — 3005 = [ (k) + (k)

where n(k) = {nx}2L, € CM). Then the following inequality

0 < min fa[Happ) — fa[H] < O(|A]7V?)
necM

is valid if and only if 0(JA|=/3) — 0 as |A| — oo is uniform on temperature 0 in the

range of 0 < 0 < 6y, where 0y is a fixed temperature.

4 Approximative Hamiltonian in Terms of One-Zone Potential

The expression for approximative Hamiltonian is defined in terms of finite-zone poten-

tial, which is supposed to stand for strong boson interactions. It should be mentioned that

the interaction is considered as being strong only under condition that particles have spins

of certain positioned momenta k = nk’ (for this reason all different spin boson interactions

are ignored).
The Hamiltonian

M N M

. L1 . _

H = E wkbzbk +e E op + W E E 5kk;/\k(bk J,:L +b;‘]k ),
=1 i=1 k=1 n

corresponds to the Dicke model Hamiltonian [7] at M=1, k = k' is

N
A
Hp=wb™b™ +eY of + ——(0b"JT +bJ7))

j=1 VIA|

“4.1)
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within the framework of our method and we can define the following transformations

n(z) = (27_‘_1)1/3 Xk: ’r](k)eikz7 n*(x) = ﬁ ; T)*(k')efikzv

< b+($)b_($) >= W // < b+(k + k,/—(k/) N dk‘mkxdk

Here, < b (x)b~ (x) > is the boson density in suitably chosen configuration space. The
above values are determined from the selfconsistency condition by

< b (k) >= Wﬂ*(k) = ivee'n* (k) (4.2)

and from the independency of subsystems &g, &, by
< b (2)b (z) >= —2? = [n(z)|?. 4.3)

By using the formula (4.2), we can obtain

Vil = —iy/e = ziig VIAL

as according to the Dicke model (4.1)

ﬁZ_m\M=const, k=1,2,..., M.

Now, by using the formula (4.3), we can show that the boson density < b+ (z)b™ (z) >
is an elliptic function, and a periodical potential formed by bosons U(z) = |n(x)|? is

one-zone potential (see, for example [3]):
Ux) =C+2y(z +w/w,?Inb3(T 'z +1,q),
where
C = (1/3)(E1 + E2 + E3); U= FEp+ (B3 — E1)[1 - 2B(K) K (K)]].

Here £y < Ey < FEj are the spectrum boundaries, T = —2iw’ is a real period of the
potential, 7' = 2iw is an imaginary period of potential. For all the values, except for the
boundaries of spectrum, we will use the standard notations of elliptic function theory [18].

To prove the ellipticity and one-zone of the boson density, we write the operator b™ (z)
as

b (z) = bhp(a, B), (4.4)
E

where the functions ¢ (z, F)

(P(.T, E) — const X71/2("E,E)6if dzx(z,E)
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are the solutions of the Schrodinger equation.
93¢(x, B) + (E — U(z))p(z, E) = 0.

The function x(z, E) is real on the spectrum and satisfies the following differential equa-

tion 5
1 T 3 xr
2 x  4\x
Hence, |p(x, E)|? takes the form

(@, B)? =[x~ (2, B)] !X (=, B), 4.5)

where the bar (7) denotes the mean value on coordinate x.
By using the representation (4.4) and the condition that < bpby,, >= §p g where
i(E) is the boson distribution function, and by the aid of formula (4.2), we can obtain the

following condition
> F(B)e(x, B)]? = —aU(z). (4.6)
E

Combining the relations from [8] and [12]

zo+T —_—
NUOEB) = [ e By e -

Zo

dE ~ X(@.BE) OE  x(.E)

and using the formula (4.5), we can define |¢(z, E)|? through dN /dE and N /6 E

|o(z, B)|? = — (g)l Kg) (x,E)} .

Substituting the latter formula into (4.6) and representing the sum by the integral, we get

equation (4.4) as the variation of equation of the Peierls-Frohlich problem

/dEf(E) (g) (2, E) = U ().

Thus, the variational derivative of the member of states is a linear function of the potential,
which is equivalent to one-zone of the potential U (x). Following the description from [4]
we can show the ellipticity of one-zone potential.

Theorem 4.1. Consider, in the model Hamiltonian Dicke, bosons interact strongly only
with spins at exact momenta k = nk’ = k!, € Z, and suppose that the bosons interaction

with the rest momenta can be neglected, that is

M M
_ 1 _ _
H =Y wblb, +e5°+ a SO b Ml T+ BT, 4.7
k=1 k=1 n



184 M. Yu. Rasulova

which is represented in the configuration space as

H= / k)dk+sSZ+|A|// (k— K. (k)T (k) + b (k)J~ (k))dkdk,,

then the form of Dicke approximative Hamiltonian is defined in terms of one-zone potential
by

Happ(n; 1) Z/w(k)b+(k)b_(k)dk+gzaj

2
= [ [ ot = k) () + 0 () ava,),

Happn, 1) = / (k)b (k) + )\w(k)n*(k))(b(k) n Wu(k))

(J+(k)77(k) + 7 (k)" (k))dkdk,

where

and

is one-zone potential.

Putting in the Hamiltonian (4.5) that M = 1, k = k’, we can obtain the Dicke model
Hamiltonian discussed in [7] as

N
A
=wb™b” +e Y of+ ——0b"JT+bTJT7).
2
Thus, in this paper, for the model Hamiltonian H approximative Hamiltonians Hpp (17, ")
and H,,,(n,n*) in terms of one-zone potential on the space H have been constracted and
discussed by using the method developed by D. Ya. Petrina and E. D. Belokolos.
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