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Abstract: Analytical solution to the roof bending deflection is the key to conduct the stability evaluation and risk prediction of the
shallow mined-out areas. The engineering mechanics model of the roof was built through the generalization engineering model of the
practical shallow mined-out areas. Based on Reissner’s thick plate theory, the roof bending deflection with mixed boundary conditions
under uniform load was analyzed through the reciprocal theorem method. The function of roof bending deflection was derived and the
analytical solution was verified by the numerical solution. Then, a comparative analysis was conducted for the difference characteristics
of roof bending deflection with mixed boundary conditions and simply-supported boundary conditions.
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1 Introduction
The deformation properties and instability mechanism of
the roof in the shallow mined-out areas are the current
challenging problems which should be worked out urgently
in engineering practice [1].

Some scholars treat the roof as elastic rock beam for
analytical analysis and research of the roof deformation
characteristics of the mined-out areas. For example, X.Y.
Zhang et al. [2] simplified the roof as elastic beam and an-
alyzed the creep process on the base of the creeping dam-
age theory. X.L. Jiang et al. [3] improved the beam model
and discussed the influence to the roof thickness caused
by horizontal stress and rock fractures based on structure
stability theory and damage theory. S.Q. Qin et al. [4] re-
garded the roof as elastic beam and analyzed the instability
process of mechanical system of stiff roof and coal pillar
with catastrophe theory. G.M. Swift et al. [5] considered
the roof as elastic beam and analyzed the stability factors
to the roof in the mined-out areas. The differences between
the elastic beam hypothesis and the practical roof made it
difficult to reflect the actual conditions of the roof stress
and its deformation.

Other scholars treated the roof as elastic thin plate in
order to do such analysis and research. For example, R.H.

Lin et al. [6] analyzed the overlying strata and obtained
the strength condition of the key layer breaking instantly
through the elastic thin slab theory and plastic limit anal-
ysis method. J.A. Wang et al. [7] regarded the roof as thin
plate, analyzed the roof fracture process and its effect to
the collapse of the mined-out areas. H. Li et al. [8] sim-
plified the overlying strata of the steeply-inclined seam
as thin plate, obtained the prediction deformation formula
based on the thin plate bending theory with elasticity me-
chanics. X.Y. Lin et al. [9] treated the stiff roof as elastic
thin plate to study the stress distribution rules and the frac-
ture mechanism of the roof while considering the initial
boundary conditions and the periodical ground pressure.
H. Liu et al. [10] assumed the roof as thin plate and ex-
plored the stability of the stiff roof and pillar system. In
practical engineering, it was limited to do the research us-
ing thin plate theory because the roof of the mined-out ar-
eas was usually in the state of the thick plate.

Although some scholars regarded the roof as thick plate
and achieved some conclusions [11-13], the numerous prob-
lems need to be solved urgently with the development of
the engineering practice. Therefore, the authors assumed
the roof as thick plate and analyzed the characteristic of
roof bending deflection with mixed boundary condition
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under uniform load by the reciprocal theorem method based
on Reissner’s thick plate theory in order to provide the
technological supports for practical projects.

2 Building computational model

In the northeast edge of Antaibao Surface Mine, there was
the mined-out areas of Jingyang Mine exploited by the
room-and-pillar stoping method. Based on the field inves-
tigation and the collected information, the engineering model
of the mined-out areas was built as in Fig.1.

The hypothesis of the roof was usually regarded as the
thick plate with simply supported or with four edges fixed,
which were different with the real boundary conditions.
Thus, it was more appropriate to simplify the roof as the
thick plate with mixed boundary conditions (Fig.1b) and
the engineering mechanics model was showed in Fig.2.

The engineering mechanics model was assumed that
the long side of the thick rectangular plate is a, the short
side is bba), the supporting length along the long side di-
rection of the plate is a1 ,the free length is s, the supporting
length along the short side direction is b1 , the free length
is l. The thickness of the roof is h, its elastic modulus is E,
and the poisson’s ratio is v. The dead load of the overlying
strata is regarded as uniform load q which is distributed on
the upper surface of the roof. Thus, the engineering me-
chanics model was generalized as in Fig.2.

Fig. 1 The sketch of engineering model.(a)Section map of the
mined-out areas;(b)Overhead view of the mined-out areas

Fig. 2 The sketch of engineering mechanics model (Real system
of thick plate with mixed boundary).

3 Deriving formulas as for the roof bending
deflection with mixed boundary conditions

3.1 Basic equation

On the base of Reissner’s thick plate theory, the basic static
equations are showed as follows:

D∇4W = q(x, y)− 2− ν

1− ν

h2

10
∇2q(x, y) (1)

∇2φ−
(
10/h2

)
φ = 0 (2)

where D is the flexural rigidity of the roof, is Laplace op-
erator, W is the deflection of the roof, q(x,y) is the uniform
load distributed on the roof, v is the Poisson’s ratio, h is
the thickness of the roof, and φ is the stress function.

D = Eh3/
[
12

(
1− υ2

)]
(3)

where E is the elastic modulus of the roof.

3.2 Basic system of the thick plate

Fig.3 shows the basic system of the thick rectangular plate
with simply supported under concentrated loads, that is,
the transverse two-dimensional Dirack-Delta function (x−
ξ, y−η) acts in the convective coordinate (ξ, η) of the thick
plate with four edges simply supported. And w1,x0, w1,xa,
w1,y0, and w1,yb are the four-sided rotation angles of the
basic system respectively. V1x0, V1xa, V1y0, and V1yb are
the equivalent shear forces respectively. R100, R1a0, R1ab,
and R10b are the corner loads respectively .

3.3 Real system of the thick plate

Fig.2 shows the thick plate with the central free and the rest
simply supported of four edges under uniform load, that
is, the real system of thick rectangular plate with mixed
boundary. And deflections and twist angles are wx0, wxa,
wy0, wyb, ωx0, ωxa, ωy0, and ωyb respectively. For the real
symmetric system, the deflection wy0 and twist angle ωy0
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Fig. 3 Basic system for the thick rectangular plate.

on free boundary y=0 are equal to wyb and ωyb on free
boundary y=b, and the deflection wx0 and twist angle ωx0

on free boundary x=0 are equal to wxa and ωxa at free
boundary x=a. Thus, the deflection formula is written as
follows:

W = W (ξ, η) (4)

The deflection equations are

wy0 = wyb =

∞∑
i=1,3

Ai· sin
iπ(x− a1)

s
(5)

wx0 = wxa =

∞∑
j=1,3

Bj · sin
jπ(y − b1)

l
(6)

The twist angles are

ωyx0 = ωyxa =
∞∑

k=1,3

Ck· sin
kπ(y − b1)

l
(7)

ωxy0 = ωxyb =
∞∑

f=1,3

Df · sin
fπ(x− a1)

s
(8)

where x ∈ [a1, a2], y ∈ [b1, b2], a2 = a1 + s, b2 = b1 + l.
The stress function is

φ(ξ, η)

=

∞∑
n=1,3

[En cosh δnξ + Fn cosh δn(a− ξ)] cosβnη (9)

+
∞∑

m=1,3

[Gm cosh γmη + Hm cosh γm(b− η)] cosαmξ

where αm = mπ
a , βn = nπ

b , γm =
√
αm

2 + 10
h2 ,

δn =
√
β2
n + 10

h2 Ai, Bj , Ck, Df , En, Fn, Gm, and Hm

are undetermined coefficients respectively.

3.4 Driving the deflection equation

The reciprocal theorem method is used between the basic
system and the real system, and the result is written as fol-
lows:

W(ξ, η) +

∫ a2

a1

Q1ybwybdx−
∫ a2

a1

Q1y0wy0dx

+

∫ b2

b1

Q1xawxady−
∫ b2

b1

Q1x0wx0dy

+

∫ a2

a1

M1xybωxybdx−
∫ a2

a1

M1xy0ωxy0dx

+

∫ b2

b1

M1yxaωyxady−
∫ b2

b1

M1yx0ωyx0dy

=

∫ a

0

∫ b

0

qW1(x, y; ξ, η)dxdy (10)

Substituting the related boundary values Eq. (5) to Eq.
(8) of the real system, the related boundary values Q1y0,
Q1yb,Q1x0Q1xb,M1xy0,M1xyb,M1yx0,M1yxa, and the ba-
sic solution W1(x, y, ξ, η) [14] of the basic system into Eq.
(10). Then the deflection equation is reached as follows af-
ter calculating:

W (ξ, η) =
4q

Da

∞∑
m=1,3

{1 + 1

2 cosh 1
2αmb

[αm(η − b

2
)

· sinhαm(η − b

2
)− (2 +

1

2
αm tanh

1

2
αmb)

· coshαm(η − b

2
)]} 1

α5
m

sinαmξ − 2l

πb

∞∑
j=1,3

jBj

∞∑
n=1,3

[sinhβn(a− ξ) + sinhβnξ] sinβnη

sinhβna
ϕjn(b, l)−

2s
πa

·
∞∑

i=1,3

iAi

∞∑
m=1,3

[sinhαm(b− η) + sinhαmη]

sinhαmb
ϕim(a, s)

+
(1− υ)

π

∞∑
n=1,3

{βna cothβna[sinhβn(a− ξ) +

sinhβnξ]− βnξ coshβnξ − βn(a− ξ) coshβn(a− ξ)}

· n sinαmξ

αm sinhαmb

∞∑
k=1,3

CkHnk(b, l) +
(1− υ)

π

·
∞∑

m=1,3

{[sinhαm(b− η) + sinhαmη]αmb cotαmb

−αm(b− η) coshαm(b− η)− αmη coshαmη}

· m sinβnη

βn sinhβna

∞∑
f=1,3

DfHmf (a, s) (11)

where

ϕim(a, s) =
(−1)

i
sin a1+s

a mπ − sin a1

a mπ

i2 − ( sam)
2 (12)

ϕjn(b, l) =
(−1)

j
sin b1+l

b nπ − sin b1
b nπ

j2 − ( lbn)
2 (13)

Hmf (a, s) =
(−1)

f
sin a1+s

a mπ − sin a1

a mπ

m2 − (as f)
2 (14)

Hnk(b, l) =
(−1)

k
sin b1+s

a nπ − sin b1
a nπ

n2 − ( bl k)
2 (15)
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The boundary conditions of the real system are as follows
: η = 0, b and ξ ∈ [a1, a2] : M

ξη
=0, Qη =0, Mη=0; ξ = 0,a

and η ∈ [b1, b2]: Mηξ=0,Qξ=0, Mξ=0.
Due to the twist angles assumed in the corners of each

edge, that is ωx0, ωxa, ωy0, and ωyb. The related equa-
tions on the boundary should be satisfied η = 0,b and
ξ ∈ [a1, a2] : ωξ=ωξη0; ξ=0,a and η ∈ [b1, b2]: ωη=ωηξ0.

where Mη=0 , Mξ=0 have been satisfied. For the sym-
metric conditions En=−Fn, Gm=−Hm. Therefore, we can
get six equations according to the above mentioned six
boundary conditions and obtain six undetermined coeffi-
cients. The deflection, shear, moment and rotation angel
are showed as follows:
4q

b

tanh aβn

2

β2
n

+
16D(ν − 1)

bπ

∞∑
m=1,3

βn
2mα2

m

α2
m + βn

2

∞∑
f=1,3

Df

·
sin mπa1

a

m2 − (afs )
2 +

4D(ν − 1)

π

(1− coshβna)nβn
2

sinhβna

·
∞∑

k=1,3

Ck

sin nπb1
b

n
2 − ( bkl )

2 − Enβn(1− cosh δna)

+
4

b

∞∑
m=1,3

Gmβnγm sinh γmb

αm
2 + βn

2
= 0

n = 1, 3... (16)

4q

a

tanh bαm

2

αm
2

+
16D(ν − 1)

aπ

∞∑
n=1,3

βn
2nαm

2

αm
2 + βn

2

∞∑
k=1,3

Ck

sin nπb1
b

n2 − ( bkl )
2 +

4D(ν − 1)

π

(1− coshαmb)mαm
2

sinhαmb

·
∞∑

f=1,3

Df

sin mπa1
a

m2 − (afs )
2 +Gmαm(1− cosh γmb)

−4

a

∞∑
m=1,3

Enαmδn sinh δna

αm
2 + δn2

= 0

m = 1, 3... (17)

16

π2

∞∑
m=1,3

mαm

∞∑
i=1,3

iAi

(sin mπa1

a )
2

[i2 − ( sma )
2
][m2 − (afs )

2
]
+

16h2a

5sπ2

∞∑
m=1,3

m2αm
2Df

(sin mπa1

a )
2

[m2 − (afs )
2
]
2 −

4ah2

5Dπs(1− υ)

∞∑
m=1,3

mGmγm sinh γmb
sin mπa1

a

m2 − (afs )
2

+Df = 0 f = 1, 3... (18)

16

π2

∞∑
n=1,3

nβn

∞∑
j=1,3

jBj

(sin nπb1
b )

2

[j2 − (nlb )
2
][n2 − ( bkl )

2
]
+

16h2b

5lπ2

∞∑
n=1,3

n2βn2Ck

(sin nπb1
b )

2

[n2 − ( bkl )
2
]
2 − 4bh2

5Dπl(1− υ)

·
∞∑

n=1,3

nEnδn sinh δna
sin nπb1

b

n
2 − ( bkl )

2 + Ck = 0

k = 1, 3... (19)

2q

b
{ (1− υ)

β3
n

(tanh
βna

2
− βna

2cosh2 βna
2

)−

υh2 tanh βna
2

5βn
} = D(1− υ)

16s

abπ

∞∑
m=1,3

αm
3

αm
2 + βn

2

·
∞∑

i=1,3

iAi

sin mπa1

a

i2 − ( sma )
2 +D(1− υ)

4l

bπ
tanh

βna

2
βn

2

·
∞∑

j=1,3

jBj

sin nπb1
b

j2 − (nlb )
2 −D(υ − 1)

2 16

bπ

∞∑
m=1,3

mαm
2βn

2

(αm
2 + βn

2)
2

∞∑
f=1,3

Df

sin mπa1

a

m2 − (afs )
2 +D(1− υ)

·16h
2

5bπ

∞∑
m=1,3

mαm
4

αm
2 + βn

2

∞∑
f=1,3

Df

sin mπa1

a

m2 − (afs )
2

+D(1− υ)
4h2

5π
nβn

3 tanh
βna

2

∞∑
k=1,3

Ck

sin nπb1
b

n2 − ( bkl )
2

−D(υ − 1)
2 2n

π
[β2

na+ βn(1− βna cothβna)

· tanh βna

2
]

∞∑
k=1,3

Ck

sin nπb1
b

n2 − ( bkl )
2 +

h2

5
En(βn

2 + δn
2)

·sinh2 δna
2

− 2h2

5b

∞∑
m=1,3

Gm
αm

2 + γm
2

γm
2 + βn

2
γm sinh γmb

n = 1, 3 · · · (20)

2q

a
{ (1− υ)

α3
m

(tanh
αmb

2
− αmb

2cosh2 αmb
2

)−

υh2 tanh αmb
2

5αm
} = D(1− υ)

4s
aπ

tanh
αmb

2
αm

2
∞∑

i=1,3

i

·Ai

sin mπa1

a
i2 − ( sm

a )
2 +D(1− υ)

16l

abπ

∞∑
n=1,3

βn
3

αm
2 + βn

2

·
∞∑

j=1,3

jBj

sin nπb1

b

j2 − (nl
b )

2 − D(υ − 1)
2 16

aπ

∞∑
n=1,3

· nαm
2βn

2

(αm
2 + βn

2)
2

∞∑
k=1,3

Ck

sin nπb1

b
n2 − ( bkl )

2 + D(1− υ)
16h2

5aπ

·
∞∑

n=1,3

nβn
4

αm
2 + βn2

∞∑
k=1,3

Ck

sin nπb1

b

n2 − (bk
l )

2 +D(1− υ)

·4h2

5π
mαm

3 tanh
αmb
2

∞∑
f=1,3

Df

sin mπa1

a

m2 − (
af
s )

2 − (υ − 1)
2
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·D2m
π

[αm
2b+ αm(1− αmb cothαmb tanh

αmb
2

]

·
∞∑

f=1,3

Df

sin mπa1

a

m2 − (
af
s )

2 − h2

5
Gm(γm

2 + αm
2)

·sinh2 γmb
2

+
2h2

5a

∞∑
n=1,3

En
δn

2 + βn
2

αm
2 + βn

2
βn sinhβna

m = 1, 3 · · · (21)

Solving the equations from Eq. (16) to Eq. (21) to get the
coefficients Ai,Bj ,Ck, Df ,En and Gm, and then the de-
flection, shear, moment and rotation angel can be worked
out.

As a numerical example, the model was assumed that
side length of a square thick plate is a=b=10 m, the length
of simply supported edge is a1=b1=3 m, the length of free
section is s=l=3 m. The poison’s ratio of the plate is v=0.3,
and its elastic modulus is E =50 GPa. The uniform load
acing on the plate is q=0.3MPa . The deflection is sup-
posed to obtain when the width-thickness ratio is h/a=0.1,
0.2 , 0.3.

According to the above equations, it is easy to get the
deflection values of any place by using software MAT-
LAB. Under the software MATLAB environment, the de-
flection values along the z direction can be reached when
the points x/a=0.5, y/b=0.1, 0.2,··· 1.0; x=0, y/l=0.1, 0.2,···
1.0 are chosen respectively.

In the solving process of coefficient equations set, the
approximation solution with sufficient accuracy can be ob-
tained through picking up the finite terms as shown in Ta-
ble 1. So, the satisfactory results are obtained to keep rel-
ative errors less than 0.05 through calculation when c ( c
means the coefficients m, n, i, j, k, f ) is equal to 80 respec-
tively.

Table 1 The maximum deflection values and the relative errors
of thick plate at x/a=0.5 and y/b=0.5 with different c.

ANSYS
(mm)

c =40 c =60 c =80
W

(mm)
Error
(%)

W
(mm)

Error
(%)

W
(mm)

Error
(%)

3.45 3.58 3.97 3.54 2.77 3.52 2.12
0.51 0.54 6.69 0.53 5.48 0.53 4.54
0.20 0.21 5.22 0.21 4.06 0.21 3.55

4 Results and analysis

4.1 Verification for analytical solution

The thick plate with mixed boundary condition under uni-
form load is simulated by using ANSYS. A square plate
with side length a=b=10 m is selected, and the thickness-
width ratio is h/a=0.1, 0.2, and 0.3 respectively. The nu-
merical model was computed under the same condition

under the uniform loads being applied, and the displace-
ment of z direction can be obtained, that is, the deflection
values of the roof of the mined-out areas.

As showed in Fig.4 and Fig.5, the deflection curves of
the thick plate at x/a=0.5 and at x=0 with different thickness-
width ratios had been worked out respectively.

The result indicates that whether on the boundary or in
the place of the deflection maximum, the error is less than
0.05 between the numerical solution and the analytical so-
lution, which is acceptable in the practical engineering.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

W
 (m

m
)

y (10m)

 h/a=0.1(Analytical solution)
 h/a=0.2(Analytical solution)
 h/a=0.3(Analytical solution)
 h/a=0.1(Numerical solution)

Fig. 4 The deflection curves of thick plate at x/a=0.5.

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

W
 (m

m
)

y (10m)

 h/a=0.1(Analytical solution)
 h/a=0.2(Analytical solution)
 h/a=0.3(Analytical solution)
 h/a=0.1(Numerical solution)

Fig. 5 The deflection curves of the free section of thick plate at
x/a=0.

4.2 Comparative analysis of two different
boundary conditions

The square plates of side length a=b=10 m with simply-
supported of four edges and with mixed boundary condi-
tions are selected, and the length of free sections and the
simply-supported sections of the thick plate with mixed
boundary conditions are a1=b1=3 m, and s=l=3 m respec-
tively. Uniform load q being applied on the upper surface
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of the plate is equal to 0.3 MPa. The poison’s ratio of the
plate is v=0.3, and its elastic modulus is E=50 GPa, The
thickness-width ratio of the plate is h/a=0.1, 0.2, and 0.3
respectively. The results are showed in Fig.6 ,Fig.7 and
Fig.8.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
  a  

W
 (m

m
)

y (10mm)

 h/a=0.1(Mixed boundary conditons)
 h/a=0.1(Simply-supported conditions)

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.1

0.2

0.3

0.4

0.5

0.6
  b  

W
 (m

m
)

y (10m)

 h/a=0.2(Mixed boundary conditons)
 h/a=0.2(Simply-supported conditions)

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.03

0.06

0.09

0.12

0.15

0.18

0.21   c  

W
 (m

m
)

y (10m)

h/a=0.3(Mixed boundary conditions)
h/a=0.3(Simply-supported conditions)

Fig. 6 The deflection curves of thick plate at x/a=0.5. (a)
h/a=0.1; (b) h/a=0.2; (c) h/a=0.3

5 Conclusion
Based on Reissner’s thick plate theory, the roof bending
deflection with mixed boundary conditions in the mined-
out areas under uniform load was analyzed through the
reciprocal theorem method. The function of roof bend-
ing deflection was derived and the analytical solution was
worked out.

Fig. 7 The deflection surface of h/a=0.2 thick plate with simply-
supported boundary conditions.

Fig. 8 The deflection surface of h/a=0.2 thick plate with mixed
boundary conditions.

Comparing the numerical solution with the analytical
solution, the thick plate theory is appropriate for analyz-
ing the characteristic of roof bending deflection under the
same condition.

Through analyzing the difference characteristics of roof
bending deflection with two different boundary conditions,
it is showed that roof bending deflection with mixed bound-
ary conditions is bigger than that with simply-supported
boundary conditions, and the deformation scope of roof
bending deflection with mixed boundary conditions is ap-
parently greater than that of simply-supported boundary
conditions with increase of the thickness-width ratio.
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