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Abstract: In this article we prove existence and uniqueness of global solution to an initial value problem for a nonlinear fractional
differential equation with a Caputo—Fabrizio (CF) derivative. We provide a new compact formula for the computation of the CF
derivative to power functions (which is given in terms of Mittag—Leffler functions). We also give the convergence to classical
derivatives for a regular class of functions when the order of the CF derivative tends to one, as well as some other useful properties.
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1 Introduction

Fractional calculus has been developed in the last fifty years cutting across almost all areas of mathematics, both pure
and applied. In the field of ordinary fractional differential equations, the fractional derivatives in the Riemann-Liouville
sense or in the Caputo sense where hardly studied. See for example the books [1,2,3] where properties and applications
are treated in detail. The Caputo derivative of order & € (0, 1) was defined by Caputo in 1967 [4] as

)
Cnha .
D¥f(t) = dr. 1
DEI0) F(l—oc)./a (1) M
The Caputo derivative is usually considered for modeling process involving memory effects, diffusion in
non-homogeneous domains, or in the study of anomalous diffusion, which is closely linked to non-Brownian motions.
Works in this direction are e.g. [5,6,7,8,9].

Clearly, from definition (1), the Caputo derivative is an integro—differential operator involving a singular kernel, given by

the function
% ifr>0
K@)={Tra "= 2
(> {0 ift <0 @

We can observe that the fractional derivative in the Caputo sense is a generalized weighted backward sum where the kernel
(2) assigns more weight (“importance”) to the nearest rates of changes of function f.

In the aim to avoid the singular kernel (2), and motivated by physical situations related to the need of an exponential
kernel in some constitutive equations (see for example the works [10,11]), Caputo and Fabrizio defined in 2015 [12] a
new fractional derivative with no singular kernel. This fractional derivative named Caputo-Fabrizio derivative (CF), is
defined as

_a(t-1)

roes) =1 [ e a ®

for every f € W'(a,b) € €la,b]/f € L'(a,b)}, —0 < a < b < +oo, o € (0,1), where M(-) is a normalized
)=1.

b) =1{f
function such that M(0) = M(1
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The above definition was already treated in different areas of applied mathematics. In Gémez—Aguilar et al. [13] a
representation of the fractional diffusion equation and a fractional diffusion—advection equation by applying the CF
derivative is developed. In [14] a problem associated to a plate that is oscillating in its own plane with isotherm boundary
condition is modelled by using the CF derivative. Also, in [15], the Dirichlet problem and source problem for the
fractional advection—diffusion equation with time fractional CF derivative is studied in the half-plane.

Integro—differential operators with non-singular kernels has been widely studied in the area of mathematical analysis,
and clearly, (3) corresponds to an integro—differential operator. In this paper, we want to develop some properties,
examples and even the main objective, which is the demonstration of an existence and uniqueness theorem, focusing on
the integro-differential operator (3) viewed as a fractional derivative, paying special attention to the notation, the spaces
of functions considered and the type of convergence given in each case.

Following this purpose, we will provide new formulas for the computation of the fractional derivative (3) to powers
and trigonometric functions, being these formulas more compact than the previously given in the literature. Furthermore,
the most important result is to give global existence and uniqueness of a solution to an initial value problem for a nonlinear
fractional differential equation for the CF derivative. The proof is based on the existence for short times given by Lozada
and Nieto in [16] and a translation formula (which will be enunciated later in Proposition 2 item 2). It is worth noting
that, due to the exposed results are purely mathematical, we will consider that the normalized function M defined in (3) is
given by

M(o) =1, forevery o € (0,1).

The paper is organized as follows: In Section 2 some useful properties of the Caputo-Fabrizio derivative (3) are

presented: the convergence to the classical derivatives, the translation formula, the analysis of the inverse operator, the

fractional derivation of power functions in terms of the Mittag—Leffler functions, among others. In Section 3, an initial
value problem for the governing equation

CEDf(t) = @(t,f(1))

is considered, and the existence and uniqueness of a global solution is proved by using a previous result of existence for
short times given by Losada an Nieto in [16].

2 Basic definitions and calculations

Hereinafter we denote by 7' D% to the fractional derivative of Caputo—Fabrizio with lower limit a = 0.

Definition 1.For every n € Ny and o € (0, 1), the fractional Caputo Fabrizio derivative of order n+ o is defined as

LD 1) 1= 0 (40 ) @

for every f e W) (a,b) = {f € €"[a,b]/f" ) € L'(a,b)}, —e0o <a < b < +oo,
Note 1.The case n = 0 is the one given in (3).
Proposition 1.Let a € (0,1), n € N and f € W™ (a,b). Then

1.For everyt € [a,b], éi{‘rbcaFD(a+”)f(t) = /alf("“)(f)dr.

2.If f"+Y) is a sectional continuous function with a finite number of roots in (a,b), then li/rn1 CEploatn) ¢(r) = f+(p)
o

a.e.t€(a,b).

In particular:

11f f € €7t ]a,b] then 11{% CEp@tn) ¢ty = £ (1) = £ (a) for all t € [a,b).
o

2.0f f € €+ D]a, b then li/ml CEp@tn) ¢ty = £ (1) for all t € (a,b).
o
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Proof-1. According to definition 1, it is sufficient to consider the case n = 0. Let f € W!(a,b) be. Note that

— [r@e o [ rwe = | [ @]

Then, taking the limit when o tends to zero and applying Lebesgue Convergence theorem, limit 1 holds for every
t € la,b].

= (1— )}dr.

2. Now we take the L' norm, given by

b
Vllan = [ 1r0)ar
a(i-7)
Let g(t / f(t)e”T=a dt — f'(t) be. Being f’ a sectional continuous function in (a,b) it follows that g is a
continuous functlon in (a, b) Also, taking into account that f” has a finite number of roots, we can divide the interval (a, D)

in M subintervals where g conserves its sign in every subinterval (a;,a;11) forall i =0,....M — 1, ap = a and ay = b.
The L' norm becomes

M—1 M it
lellan = [ le@la= T [ sl = T 1 [ stoar ©
0, ifg(t)EOin (ai,ai+1)

1, if g(t) <0 in (ai,ai+1)
Applying Fubini’s Theorem in each subinterval we have

"1
[
/am /t , oc(t d
= [ [ @ e 0]«
"1 1 _ d d ",
—a ! —
/ 1-— oc ’ / S
ai+1 -
— |
/ L=
dit1  [dit] , _a(t=1) ikl
+/ / —f (T)e” 1-a dtdf—/ fl(z)dr
a; T ] —a Jai

- ["re —é( SUUEEL as“f;)) dr+

e - —e
dit+1 ait1 1 aj+1
/ f(t)eta </ 1 aelatadt) dr— f'(r)dt
T - a;
- )
e a —e

where k; = ,foreveryi=0,....M—1.

—a dtd1+

_ ; 6
= - |
ditl 1 _elno 1
T)| ——e ~ & +——1)dr.
+J, f(7) ( pold + )
Also, for every o0 > % it holds that
1 aley-17) 1 1 aley-7) 1
——e T—o 4+ ——1 S ——e T—o —— 1<
o (04 (04 (7)
a1 —7)
<2 Ta 413
and
D (e )| < ®
p e e <4.
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Then, replacing (6) in (5) and applying the Lebesgue Convergence Theorem to each part of the finite sum (5) (due to
inequalities (7) and (8)), it follows that

tim (15D = £ 14 = lim / RORNOILS
1 / —a(’:of) o
—(}‘l/‘ml —]_ /f(r)e S do— /(o) di =

ala; 1—7) ofa;—1)
S S
0 o

a1 1 ala;1—7) 1
/ ' ) lim (——e%—l———l)dr
a/‘l o o

Then
lim “ED%f(r) = f'(t), a.e.in(a,b).
a
The limit in 1” follows by applying the Fundamental Theorem of Calculus in 1, after assuming that f € €(!)[a, b]. Finally,
integrating by parts under the assumption that f € ¢?[a,b] in (3) gives

1 oc(t a) B a
QD)= |f (-1 / fM(x)e e dr} (10)
o(r—a)

=« = ( for every t > a. Therefore, taking the limit when & ,* 1 in (10) the limit in 2’ holds.

Note that lim f'(a)e”
ote aalfmlf(a)e

Note 2. The previous proposition enables us to redefine the fractional Caputo—Fabrizio derivative given in Definition 3 for
every a € (0, 1]. Roughly speaking, we can say that the fractional Caputo-Derivative is a left-continuous operator at any
positive integer.

Remark.We would like to highlight that the convergence given in Proposition 1 item 2°, does not necessary holds at the

lower extreme ¢ = a. It will be shown in Example 2 that

1 —a
CFpdging=——— (ocost+ (1 — o) sint — cte T ) . (11)
(1—a)?+o?

From (11) it follows that ¥ D%sin0 = 0 for every o € (0, 1), whereas that li/m1 CFD%sint = cost which tends to 1 when
o
t tends to 0.

Proposition 2.7The following properties for the Caputo-Fabrizio derivative hold:

LIfue W'(a,b) and f(t) = ED%u(t), then f(a) =
2.Let g € W'(a,b) be and a € (0,1). Then for every a > 0, the following translation formula is valid:

-0t —a
O e ! 1
()
Proof.1. Being u a function in W (a, b), it yields that u € {v € L'(a,b): v € L'(a,b) }. Also we have that h(-) = =

is a continuous and hence en bounded function in [a,b]. Then u(-)A(+) € {v € L!( ,b) : v € L'(a,b)} and from Theorem
8.1 of Chapter 8 of Brezis [17] , we have that

't at-1)\/ _al-1)
/ (u(r)ei I=a ) dt=u(t)e” 1@
Ja

Using (13) in definition (3) it holds that

t

(13)

a

1
l-o

£6) = D%u(r) =

Taking the limit when 7 \, a we get that f(a) =
2. Relation (12) is due to the property of the integral over adjacent intervals.
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Let us make the inverse reasoning. Suppose that we want to calculate a “Caputo—Fabrizio primitive” of some given
function f. That is, we want to find a function u such that

CED%u(t) = f(t). (14)

Following the procedure described in [16] (that is, differentiating (14) respect on time to both sides and integrating later),
from Proposition 2-1 we have

't 't
u(t) ~u(a) = a [ f(@dc+ (1= Q[0 - fla)] = a [ fR)dr+(1-a)f () (15)
Ja Ja
Calling €£1% (1) to the right side in (15), the Barrow’s rule for the fractional integral of Caputo—Fabrizio holds:

u(t) —u(a) = GIf(1) (16)
and the following definition becomes natural.

Definition 2.For every a € (0,1] and f € L' (a,b) the fractional integral of Caputo-Fabrizio of f is defined by
g
CFI%f(t) = (1 —oc)f(t)—i—a/ f(z)dr, t>a. (17)
Ja

Proposition 3.Let f be a function in L' (a,b) or W' (a,b) as required. Then
1.The fractional integral of Caputo-Fabrizio is an inverse operator of the fractional derivative of Caputo-Fabrizio if and
only if f(a) = 0. That is,
CLI* (CGD%f(1)) = £(1) & fla) =0.
2.The fractional derivative of Caputo-Fabrizio is an inverse operator of the fractional integral of Caputo-Fabrizio if and
only if f(a) =0.
oD (LI f(1)) = f(1) & f(a) =0.

Proof.By using Proposition 2-1 and Fubini’s theorem it holds that
1" (4D f () = (1) = fla),

and then 1. holds.
Integration by parts yields that

LD (L) = 1) = /(@) exp{—li} (19

-
and then 2. holds.

Note 3.1t is interesting the fact that the fractional derivative Cg D™, in general, is not a left inverse operator of the fractional
integral “X'T%, which is not the case when we consider fractional derivatives in the Caputo and Riemann—Liouville sense.
In fact, these derivatives are both left inverse operators of the fractional integral of Riemann—Liouville (see for example
[1D.

However, when a * 1 we hope to recover, as we know that D' (I' f) = f for every integrable function f. Making o tends
to 1 in equation (18) it holds that, for every ¢ € [a, ]

i, L% (17 (0) = tim 1)~ flayesp { - 12 1] =0

a a1 1l—o
Proposition 4.Let oo € (0,1) and B > 0 be. Then
cFpag, BB |, %
DYt —a)” ==(1—a)” " |1-T'(B)E (t—a) |, (19)
a -«
where E g (+) is the Mittag—Leffler function defined for every t € R by
0-Y —~
E 1) = —_—
*BY) T & T (ak+ B)

and I'(+) is the Gamma function.
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ProofRecall the Beta function defined by

1
B(z,w):/ =0, z>0,w>0. (20)
0
A known property of this function (see p. 10 of [18]) is that
L (w)
B = 21
(zw) Ttw) 2D
From (20) and (21) it easily follows that
! , , ()l ,
/a (t—a) Nt -2 'dr=B(z,w)(t —a)*™ ' = %(r —a)¥™ L (22)
Now, by using the uniform convergence of the series we have
1 ! a
CaFDa(t*a)ﬁ = m/ﬂ B(t—a)l~le al"%dr
_ B o e CED e N
f]_a a(Tfa) kzz:o A — (tff)dT (23)
By / pa D (e N
=— — — | (r—1)%dr.
ok ), (1o e

Taking z = 8 and w = k+ 1 in (22) and replacing then in (23) we get

o 1\k ko
tor-af = Lo ¥ S8 (15) [e-af ot

B oD e\ L(B)k!
Ty Yy (1a> (t_a)ﬁ+kr(ﬁ+k+1)

Remark.From Eq. (7) of Chapter 18.1 in Erdélyi [19] we deduce that
xliﬁn;Elﬁ(—x) =0, VB>0.

Then

lim E(t_a)ﬁf' {1 —~T(B)E g (—%(l—a})] =B(r—a)P".

a1 o
Remark.Proposition 4 can be used to give an example of a function f which is not differentiable (in the classical sense) at
t = a but it is “Caputo-Fabrizio differentiable” at t = a. Taking a = 0 and 8 = /2 in (19) we have

cr 2 02 oy “
DYra/2 7t0‘/ |:] —F(OC/Z)E],(Z/Q (_ﬁt):|

o k

= L[ _pg ¥ Crat)

2! (af )ZBF y

- (24)

:l a/2—1 > (_Tal)k

5! F(a/Z)kg’lF(kJr%)
_ *F(OC/Z) -« a/2-1 o (71)k(%t)k+a/271
- SR (L)t g Cr e
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And this function can be defined by 0 at t = 0 because k+ /2 — 1 > 0 for every k > 1.

Corollary 1.If o € (0,1) and m € N, then

_2 m—k—1 k
CF _m o m! l—a (t—a)
DM i—a)" =T —a" T Y |~ T

(25)

In the right side of (25) we see that the first term (which is the dominant one) does not tends to zero when « tends to 1. The
second addend is closely related to the memory effect of the operator, and the third term is the “exponential perturbation”

which is a natural consequence of the considered operator.

m—2 lk
Proof.Taking into account that the Mittag—Leffler function verifies that E1 , (1) = t"’%l exp{t}— Z al and replacing
k=0 K

it in (19) we have

CFpo(p — gy = g(tfa)m*1 [1 —I'(m)Eym <La(t“))

k
r m=2[__& (y_ g
:—(t—a)ml{l— p (m) pr lexp{——l (t—a)}— [ 1 alﬁ' )] ]}
[*Ta(t*a)] a k=0
m 1m2m) [ 1—a\" ! m! [ 1—a\"!
— (- m—1 - A f— | S 2 (-
"¢ —a) +akzo,< ) e () ew{ - -a)
= L
25 *=730
S A - T
‘.;/" 5
2z / _ ——&—-l
T s "3
15 = e b
— 2
. /ﬁ 5 el LT _'OE:%
[///'.{'.‘
L% gl
v il 5
f"/.
0517 10
&ZT
05 1 1.5 2 25

Fig. 1: ¥ D% for some values of a.
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Let us see other examples related to some classical functions.

Example 1.The exponential function
It is easy to see that

CFpa et _ {C(lfx)ﬂx [ea*eim} ife(l—a)+a#0,

Taking ¢ = 1 in (26)

ot
CFD(Xet — et e

and the expected limit holds:

lim €F D% = ¢'.
o'

Another interesting result is when a = —co and ¢ > — 7% In fact:

1 g _ai-1)
CEpaect — 1o a/ ceTe” Tma dr =

c c(1-a)t . (c—ca+a)s—out
=—  |e T-a — lim e T—a
c(l—a)+o s—r—o0

_c
c(l—a)+o

ct

which gives the following special result for ¢ = 1:
€£Do‘e’ =

Example 2. The fractional derivative of the sine function.
Integrating by parts it holds

CFp%sin(r) = sin() +

1 o
l—a (1—a)?
Then we get

CFD%sin(r) occos(r)+ (1 —a)sin(t) — ae*%) .

1
 (I—a)P2+oa? (
Noting that e’% tends to O when o " 1, it follows that
CFD(X

lim

int = t).
Jim sint = cos(7)

Analogously, we have

1 at
CFDa COS(I) = m (—Ocsin(t) + (1 — OC) COS(I) — (] — Oc)efm)
and
li;n1 CFp%cos(t) = —sin(r).
o

See Figure 2 where some graphics related to this compute are exhibited.

(26)

27)

(28)

Remark.Finally, let us present three computational examples which proves that the changes in a time interval in the past

makes consequences in the output function given by the CF operator. Consider the three functions defined in Rg as

filt)y =12,

(29)

© 2019 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 5, No. 4, 269-281 (2019) / www.naturalspublishing.com/Journals.asp

fx:l

2

2
“=3
g4
5

- = a=1

Fig. 2: °F D%sint for some values of a.

r 0<r<1
N <t <
f2() {t2 1<t,
and
2t—1 0<r<1
N— <t<
f(1) {t2 1<t

(30)

(€19

Note that f; agree in a neighbourhood of r = 2 for i = 1,2,3, being f; and f3 differentiable functions and

f>» € H'(0,b) for every b > 0 with a jump for its derivative at f = 1.

Let us see that 7' D% f1(2) # §F D f>(2) # §TD* £3(2) for every & € (0, 1), while for the local classical derivative we

0
have that f{(2) = f3(2) = f}(2).
From Corollary 1, we have that
4 21—-a) 2(1—a) _2a

CF nya _ =
0 D fl(z)*ai o2 + o2 e 1-a.

Now, for every t > 1

1 I «a
D) = = | e T I p(wa.

T 1«
1 1
L / e Tl Tdr 4 L / e Ta("P)2rdr,
1—a.Jo 1—a/y
Integrating (33) and then evaluating at = 2 we have

20
4 2(l—-a) e Ta _
CF o
Df(2) = — — - a.
0 D"A(2) a a? a & ¢

Let / be the function defined as h(at) = §¥ D% f;(2) —§F D* £(2) for every o in (0,1). Then

e Ta £0 forevery a € (0,1).

(32)

(33)

(34)

(35)
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Note that i(a) — 0 when @ 7 1.
Analogously, for every r > 1, we have

1 T a
§ D () = = [ e eI (.
— (x . 0
e . (36)
= / e Tl . 2dr 4 —/ e Tal=)21dr.
1—aJo I—o i
Substituting by # = 2 it yields that
4 2(l-a) 2 _2¢ 2(l—a) _ o
CF no _ —r -~ 7 —o
0 DP[2)=o ——y e T e T (37)
Again, let g be the function defined as g(a) = §T D% f,(2) —§F D% f5(2) for every e in (0, 1) be. Then
2 2 2(1—-0) __a
gla)= P L #0 forevery a € (0,1), (38)

while g(o) — 0 when o0 " 1.

3 Global solution to a nonlinear fractional differential equation

The following Theorem is similar (not equal and the differences will be specified later) to Theorem 1 in the work of
Losada and Nieto [16] as well as its proof.

Theorem 1.Ler ¢: [a,00) x R — R be a Lipschitz function respect on the second variable with constant L, i.e.
[@(t,51) — @(t,92)| <Llsi —s2| Vs1,: €R,

and let o, € (0,1) be such that L < —. Then if ¢(a,ap) = 0, problem

CADYf(t) = o(1.f(1)), t>a,
{f(a) = a o

has a unique solution f € €[a,T), for every T € (a,a + %).

The differences from Theorem 1 and [16, Theorem 1] are:

1)The definitions of the Caputo—Fabrizio derivative (3) and integral (17) are different from those considered in [16].
ii)The initial time is general (not necessary given by 0).
iii)The order of differentiation o depends on the Lipschitz constant L.
iv)The assumption ¢(a,ag) = 0 is imposed by Proposition 2-1 (and it is also necessary in the performance of the proof).

Theorem 2.Let ¢: [0,00) x R — R be a Lipschitz function respect on the second variable with constant L, and let be
o € (0,1) such that L < 1. Then, the problem

D) = (e, f1)). 130,
{f(O) —ay o

has a unique solution f € €|0,T), for every finite time T € R™, that is, globally in time.

Proof.Let the pair {71, f1} given by Theorem 1 which solves the problem

FDIF(r) = (1, £(1)), 150,
{f(O) ~ao @y
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in the interval [0, 71]. Consider next the problem

DEf() = p(t, £(1)), 1> Th )
f(@) = fi(0) Vi € [0,Th].
By using the translation formula given in Proposition 2-2, it holds that problem (42) is equivalent to
a(t—Ty)
Cl;lDaf(t) = (p(t,f(t)) —e = CFDaf(Tl)a t>T, (43)
f@)= 1), vt € [0,74].
Also, being f the solution to problem (41), problem (43) is equivalent to
_a(t-T )
Daf( ) =0t f(t)—e = o(T,fi(Th)), t>Th (44)
0= £0) vi € [0,73].
Let us focus now in the sub-problem related to (44) given by
CEDEf(t) = Bt f(1), t>T
T ) ) | (45)
f(h) = fi(Th)

a(=Ty)

where @ (t,x) = @(t,x) —e™ -a_ (P(Tl,fl (Th)).

a(t=Tp)
Being ¢ a Lipschitz function respect on the second variable with constant L and e™ "T-a @ <1 for every t > T, easily
follows that @ is a Lipschitz function respect on the second variable with constant L. By hypothesis L < 17 - then we can
apply Theorem 1 to (45), and there exists a pair {75, f>} such that f; is the unique solution to problem (45) in the interval

[Ty, T3], where
1-(l-oa)L

L-T<
2— 1] ol

(46)

Note that the same argument can be used to obtain a solution to problem

CE DO f(1) = @(1, £(1)) — e~ T FDUS(T), 1> T
_J R te (N, T, . (47)
o) = {fl (t) te[0,T]

Also recalling that f; is a solution to problem (42) and f; is a solution to problem (45), we have

CFDOC / f (ITZa dT
ocTz Tl 1 gb) -1
:1 : )/ - 1 o dT+T/ fz/(T) B (1 “)dT
— T (T, £(T1) + O DF(Ty)
— S (T f(TV) + (T, f(T)) — T CF DR A(Ty),

=o(D, f(T2))

and then, problem (47) can be written as

CRDYf(1) = Da(t, f(1), 1>,
_ ) L) 1e(N,T] (48)
TO=he) 1)
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a(t—1)
where &, (t,x) = @(t,x) — e =3 @ (T2, f(T2)). Once again, by Theorem 1 there exists a unique solution to the sub-
problem

CF pa
D t)=D(t, f(t t>T;
3 f() (af( ))a > 12, (49)
(1) = (D)
for every T3 such that
- (l—a)L
L<hG<h+——7—". 50
2 <B<h+ ol (50)
Calling AT to some positive constant such that 0 < AT < %, successively applying the former procedure, there

exists a continuous function fy which is the unique solution to

CFDOf(t) = @(t, f(t)), 0<1<NAT, )
f(0)=ao

for every N € N. Being N an arbitrary natural, the solution of problem (41) is globally defined in time.

Remark.The effects of memory in the Caputo-Fabrizio derivative are shown in the need of considering the sub-problem
(44) with an “initial condition” which must be known all over the interval [0, 7}], in contrast to the local property of the
classical derivative which requires only the initial condition at the time 77.

4 Conclusion

We have analyzed and proved some useful properties related to the fractional Caputo—Fabrizio derivative such as
translation property, convergence to integer order derivatives and inverse operator. Also a computation of this fractional
derivative to power functions, sin and cosine functions, and exponential function were given, attempting to provide, in
each case, expressions as simple as possible. Note that the terms that converges to zero when o ' 1 were visually
separated than the terms that converges to the classical derivatives. Finally, an existence and uniqueness of a global
solution to a nonlinear fractional differential equation was proved.
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