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Abstract: We recast complex scalar fields as interacting field using fractional derivatives. to be more developed By applying
the Hamiltonian formulation using fractional derivatives to the complex scalar fields, we applied the Hamiltonian
formulation using fractional derivatives to the complex scalar fields. In addition, we observed that the Euler-Lagrange
equation and the Hamiltonian equation yield the same result. Finally, we studied an example to elucidate the results
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1 Introduction

Fractional calculus is an extension of classical calculus. In
this branch of mathematics, definitions are established for
integrals and derivatives of arbitrary non-integer (even
complex) order. It began in 1695 when Leibniz postulated
his analysis of the derivative of order '2. Subsequently, it is
developed primarily as a theoretical aspect of mathematics
and was considered by some of the greatest names in
mathematics, such as Euler, Lagrange, and Fourier. This
branch of mathematics has seen a rapid development of
interest in recent years, with applications in fractal [1],
viscoelasticy [2], electrodynamics [3,4], optics [5,6], and
thermodynamics [7]. The fractional calculus literature,
which dates back to Leibniz, is rapidly expanding today
[8,9,10,11,12,13,14]. Fractional derivatives, or more
precisely, arbitrary order derivatives, are a generalization of
classical calculus that have found applications in a variety of
scientific and engineering fields [14,15,16,17,18,19,20].
There have been many attempt to include non-conservative
forces in Lagrangian and Hamiltonian mechanics.

This mathematical field has been revived over time and is
now used to study fractals, viscoelasticity, electrodynamics,

optics, and thermodynamics [1,2,3,4,5,6,7]. The research on
fractional calculus, which stretches back to Leibniz, is
quickly growing today. Some of these applications are
described in this section. The first is fractional calculus,
which is used to understand the viscous interactions of fluids
and solid structures. Reflection and transmission scattering
operators for a slab of cancellous bone in the elastic frame
are calculated using Blot's theory [19]. The approach of
fractional derivatives in viscoelasticity concept is helpful
since it allows for the formulation of constitutive equations
for the elastic complex modulus of viscoelastic materials
using only a few experimental measurements parameters.
The fractional derivative method has also been utilized to
investigate the impedances of many viscoelastic model [20].
Riewe [20, 21] formulated a version of the Euler-Lagrange
equation for problems of calculus of variation with fractional
derivatives. Recently, Diab et al [22] presented classical
fields with fractional derivatives using the fractional
Hamiltonian formulation. They obtained the fractional
Hamilton's equations for two classical field examples. The
formulation presented and the resulting equations are very
similar to those appearing in classical field theory. Houas et
al. [23] utilised MZ Sarikaya's fractional integral technique
to develop new generalized fractional integral inequalities
employing (k, s)-Riemann-Liouville integral operators. A
few exceptional instances can be used to deduce classical
and non-classical inequalities, such as the geometric series.

In another work, Alawaideh has recently found Euler-
Lagrange fractional equations and Hamilton fractional
equations for the Lee- wick field. A lagrangian density field
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is constructed using the Riemann-Liouville fractional
derivative [24]. The key characteristics of the novel
concepts presented in this manuscript are as follows.

e Complex scalar fields interacting with an
electromagnetic field are rewritten with a fractional
derivative to yield the Hamilton equations. This is
the first time motion equations have been derived in
terms of fractional derivatives using complex scalar
fields interacting with electromagnetic fields and
Hamilton's equation.

e The fractional order is used for the present
formulation, making them more complex to solve
in practice. As a result, we provide a one-of-a-kind
and very successful technique.

e  These formulations have been generalized such that
they can be used with continuous first-order
derivative systems. A generalized electrodynamics
problem involving complex scalar fields interacting
with an electromagnetic field is solved using this
method.

The goal of this study is to develop fractional Hamiltonian
equations for the combined scalar and electromagnetic fields
using the Riemann-Liouville fractional derivative method.

The remaining of this paper is organized as follows: In
Section 2, the definitions of fractional derivatives are
discussed briefly. In Section 3 the fractional form of Euler-
Lagrangian equation is presented. In Section 4, is devoted to
the equations of motion in terms of Hamiltonian density in
fractional form. In Section 5 one illustrative example is
examined. Then in section 6 we obtain fractional combined
scalar and electromagnetic equations using the Euler-
Lagrange equations. Section 7 presents some fractional
calculus application to scalar and electromagnetic fields. The
work closes with some concluding remarks (Section 8).

2 Basic Definitions

In this section, we'll go over some basic mathematical
definitions that you'll need for this work. The left Riemann-
Liouville fractional derivative, or LRLFD, is defined as [25].
aDx f(x) =
= (5) [a-oe M
I'n— a) dx

The right Riemann- Liouville fractional derivative is defined
as

Dy f(x) =

ﬁ (_ ;_x)n Lb(r — X f (1)dr, @

where I denotes the Gamma function, and « is the order of
the derivative such that n — 1 < a < n. If a is an integer,
these derivatives are defined in the usual sense, i.e.

DEFC0 = () ) 3

D) = () £® a=12. @

3 Fractions of Euler and Lagrange Interactions

of a complex scalar field with the
electromagnetic Lagrangian density equation

A continuous system with a lagrangian density expressed in
terms of dynamical field variables, a generalized coordinate,
and a derivative define as
L=L[A, & & oDEAL DE D, oDF 9] (5)
Euler-Lagrange equation for such Lagrangian density in

fractional form can be given as

oL .., 0L . 0L
94, " " o4,

+ 0L 6 DI A
aaD;‘cl,lAu a=xyttu (6)

*

0¢

0L

_a anl(‘b

£ ———06 Dy, 9"
0 .Dg d* |
We can write the following using the variational principle:

8S = [ 6L d*x=0 (7

The variation of L can be obtained from Equation. (5) as
follows:

oL
6L6 oL oL
EN a¢ $ot s ¢
+ 61: 6 DIA,+ oL o ,D¥ 3
| a.pg 4, AT g e O @¢x (8
Lo L
aaDJl(xld)* 4

By substituting Eq. (8) into Eq. (7) and using the
commutation relation indicated below, we get:
8 oDx Ay = oDx, 64,
8 oDy, ¢ = oDy, 6¢ 9
8 oDy, " = oD5;, 69"

we get,
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sixth

6¢

d*x =0 (10)

D& 5°

Integrating the indicated terms in Eq. (10) with respect to
time by parts yields the following:

(o o

[OA oD 3 DA ]SA"
o

| [6¢ D5 g ¢] o
oL

+[6¢ D5 b D“qb] o

d*x =0

qA fractional Euler-Lagrange equation for such Lagrangian
density is as follows:

oL D oL
04, “ 0 DEA,

or_ .,
[% a xla Da ] (11)

oL L.
99 PG pag Daqs

Expanding A, x;in terms of (AO,AL, ]) and (¢, x;)
respectively, the Eq.11 has the form

0L _ D“a—L— Daa—Lzo 12.a
94y 7" ,DFA,  “TI0 DEA, '

oL , oL ., L

Py oDf 5o A oDl s DeA " 0 12.b

oL L, oL . 0L

6_A]-_ aDt aaDfoAj — anim— 0 12.¢ (]_2)
9k _ D“—aL - D& oL _ 12.d

dp T 9DFP 0 DE¢ '

oL _ D“—aL — D“—aL =0 12.f
0¢" “F 0.DFRT 0 DE” '

for a=1, ,Dg, = 0, using o= 1, , we can rewrite Eq (11),

become:
oL
[@ a(aaA#)] [ % a(ams)]
oL 13)
+[55- % a(am )] (

4 Equations of Motion in terms of Hamiltonian
Formulation

We begin our approach by assuming that the Lagrangian
density is a function of field amplitude ¢ and that its
fractional derivatives with regard to space and time are as
follows:

L=
¢, aDED ,aDED,@", oDED", DE P, A%, A
L| A, DEA), DEAL DEA, [DEAI
, DS AL, DEA

(14)

The generalized momenta are defined as follows[26]:

. oL
“a0 " 9(DFA%)
. oL
T, =—=——-m—
“al T 9(DEAY
) oL 18
T B ve—
“w = a(DFAy (15
oL
Ty =———
¢ 7 9(DEP)
oL
T = —m——
¢ 7 9(.DFPY)

The Hamiltonian depends on the fractional time derivatives
and is written as

H=m,,Df$p + n;*an‘d)* + g DFEA + T i~
DEA + 1, (DEAT -
(6D ,DE\G,¢", DED, (DS G",, DEA
L| A°ALA), DEAT, DEAL, \DEAT, DAL,
aniA" ot

(16)

Take the total of the differentials on both sides.
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(D) + DF D) + 7 d(DE) or,, D on,, D
DE¢prd(m™) ——dt——¢d¢— (20)
(D)~ — e d (D2 ) = DA =5
a N atx; Ty
(D7 P o (g e) a0
j
dL .
—————d(Dg¢") +dn, (DEA) oH oL
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o(pHAT) oH oL
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(. pea)
(D% A°) x
The result of calculating these derivatives is
But the Hamiltonian is function of the form a_H _ 6_L
09 0A°
H=H 6H' __ 6L'
T, ¢, ¢", oDE G, oDE P, A0 AT gar o4
Alt,m T, . Ty ., o D%A° (18) — = (22)
R URa VUV Mt Sl 047 047
DT oD o __ol
FI YY)
0H daL
As a result, the Hamiltonian's total differential takes the a¢* == ag*

following shape:
dH
r 0H
¢
0H
dp*

oH oH i
d¢ +%dﬂ+md(aD;¢j )+
alx;

ap + o d(Dge°)

on*
+ oH dA’
0A

dn* + ———
0 (aDg9°)
+ d + o dm,
T, . a—
_ anaAj Y 61TaAi
aHdAl+ on alA0+a dt +
oA 9A° at

0H
—d D LA
Fangan) (A ¢

O0H

d(D%A) + 22 4(,p%a 0l
|9( DA d(,D%AT)

(19)

By comparing Egs. (17) and (18), we obtain Hamilton's

equations of motion.

We can rewrite these equations using the Euler-Lagrange
formulation, which results in the following equations:

oH L oL . oL
a0~ ~ P gy~ P g e a0y 2
oH L oL . oL
aa =~ P ey T Prgpeay PP
oH ., )
a7 =~ 5r AJ)_“DX"a(aDgiAJ) 23¢  (23)
o __ pe_9L _ pa_ 0L 23d
a¢p T a(D%p)  “ X a(.D%)
O _ _ pa_ O pa_ 0L 23f
ap T a(uD%pY) ¥ a(lD%")

5 Illustrative Examples

We begin with the Lagrangian of the combined scalar and

electromagnetic fields [27].
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L= _iP;wFW + ( [(6# + ieAu]d’)*([aﬂ +ie A“]¢) N
ue*e @

Where F#V is a four-dimension antisymmetric second rank
tensor and A* is a the four — vector potential. Rebuild the
complex scalar field interacting with the electromagnetic
Lagrangian density in Riemann — Liouville fractional form
using these relations.

Fu = oD%A, — (DA
e @
F = any,A — a va
9, = oDf, = (uDf, uDY) 26
o* = a ;cll‘- = (aDéZl_aD;i)
FoF* =2[ (DE A, D&A" — (DE,A, DEHAH|  (27)
A* = (A% A
[ ( _)> (28)
Ay = (Ay,—A)

When p,v is expanded in terms of 0,i and 0,j, and the
definition of left Riemann — Liouville fractional derivative is
applied, the fractional electromagnetic lagrangian density
formulation takes the form

— DFAT DEAT + DEAT D% A°
L:—% - aD:xCiAOaD;:iAO + aD;:iAoaDg ' +
aD[;iAJ aD:xCiAJ - aDiiA]aD(;]'AL
DEP"DED + oDFp" DY +
e DEP* + ieA;pDid* —
ie@op” Dy —iedp* Dip +
e’0’p P +e?Aip p— up'd

If @ =1 then Eq. (39) become

(29)

— _%F;'UJF”’V + ([, + ieAu](p)*([au +ied,)|p)—L
up' (30)

This is the well-known complex scalar field that interacts
with the electromagnetic equation.

6 The Euler-Lagrangian Equation in Fractional
Form

Let us begin with a definition of fractional Lagrangian
density and then use the generalization formula of the Euler
— Lagrange equation (16) to produce equations of motion
from a complex scalar field interacting with the
electromagnetic Lagrangian density.

Take the first fields variable A° , then

aL De aL De oL 0 31)
04,  “7'9.DFA,  “TMIO . DEA,
oL
0A°
iep DEP* — iedp™ Difp — 2e*A° p*¢ (32)
oL _ 0 33
3(DFAT) (33)
aL .
= (_aD;iAO - aDgAl) (34’)
a(aD,‘}].AO)

Equation (16) is obtained by substituting equations (17, 18,
and 19) for equation (16).

o (#4ePEG" T 1e7aDED )
azt 2e2A° p*¢p =0
_aD::i(_aD;:iAo - aDEZAl)

(35)

Now use the general formula (7) to obtain other equations
of motion from the other fields' variables

oL D oL D oL _ 0 36)

04; “7 9,DFA; VM0 DEA;

oL

oA

+iep Df ¢* —ie¢*DEdp + 2e2A;" ¢ (37)
oL _ 1( 2,DfFA) + DY) 38

a(aD;xA])_ 2 a™t a xi ( )
oL 1 . .

——— = —= (2,D%A) — ,D%A! 39

A(ngan 2 e e .

Substituting equations (37, 38, and 39) in equation (36) we
get

(iegpabs ¢ —icd"DE ¢ +2e24,0"¢)

1 .
+3 oDE(2,DFAT + (D) —

=0 (40)
1 a a pj a i
5D (2,D%A7 — DS AY)
And
oL D oL D oL _ 0 (41)
04; 7 9,DFA; VTV DEA;
oL
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_%  _ Lipea 43
- Ll osa 44

Equation (45) is obtained by substituting equations (42, 43,
and 44) for equation (41).

1 1 .
= oDE(aD5A,) + > oD} (oD AY)

>« (45)

Applying Euler-Lagrange equation (Eq. (5)) with respect
to ¢ , we get
ied,Dfp" + ied, DY " +
e’ ALp" — ¢
- aDg(ang)* - ie@d)*) -
D2 (aD,‘C"jqo* - ieA]-qa*)

=0 (46)

Using the Euler-Lagrange equations Eq.(5) and calculating
the derivative with respect to ¢~, we get the following
equations of motion:

—ied,Dfp —
L'eAuaD,‘j‘jgo
+uo+ e*ALp
— aD{ (D + iedy)
— oD% (D + ieAi)

=0 (47)

Taking the derivative with respect to 4, from Hamiltonian
equation (23a), we get:

g (o040 E0"aDED
@t — 2e*A° ¢ =0
_aD;:i(_aD;iAo -

(48)
DFAY

The above equation is exactly the same as the equation that
has been derived by (equation. (46)) in fractional form

Now take other fields variables A%, A/

oH De aL e 0L (49)
9AT T *E A(,DFAD T 9(,D%AY)

We get

1 a a 1 a a i

BY aDt (ani(Z)) +_an]'( anJ'A ) =0 (50)
2 2

And

OH _ . 0L pe 0L 1)

0AT — “H 9(DFAT) T 9(,D%AT)
(iegoangqs* —ie¢" DEp + ZezAl-q.')*qb)

0= —= oDE(~2,DEAT + ,D%) (52)

1 . .
—>Dyi (24DgiA — (DAY

This is the same as the results obtained using Euler-
Lagrange, see equation (46).

Using Hamiltonian equation (23d), by taking the derivative
with respect to ¢, we get
ieA,Df ™ + ieA#aD;j‘].qﬁ* +
e’ AL — g’
- aDg(aDgQO* - ie¢¢*) -
oD (aDE 9" — icdsp")

=0 (53)

By using (23f) the fractional equation of motion is given
bellow
—ied,.Dip — ieAuaD,‘j‘]xp +
e?Aiptug
- an’(an‘(p + LBQ)(p) -
D& (aD,‘}).(p + iedjp )

=0 (54)

7 Application of Fractional Calculus

This section will look at how fractional calculus can be used
to look at complex scalar fields and interacting fields. Here
are a few examples of applications.

e This method can also be used to calculate the
potential energy of a fractional order energy.
Fractional calculus is used to compute the force by
increasing the slope of the potential energy scalar
field by a gradient factor. Fractional derivatives are
used to calculate the results. Potential fields, often
called scalar fields, are used to describe well-
known forces like Newton's gravitational potential
and the electrostatic potential.

e Such technique can also be used to see how the
fractional-order derivative affects the shape and
structure of interacting field equations derived from
order fractional complex scalar fields.

e The approach of fractional derivatives in complex
scalar fields as interacting fields has the advantage
of allowing for the calculation of energy and
distance scales. The fractional derivative method
was also utilized to look at uncertainty relationships
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in the relativistic realm and the necessity for many-
particle descriptions.

8 Conclusions

The Hamilton equations as well as the Hamiltonian
formulation of complex scalar fields interacting with
electromagnetic field systems are investigated. Fractional
Euler-Lagrange equations and fractional Hamilton's
equations of motion yield the same outcomes for a given
Lagrangian density. We developed Lagrangian and
Hamiltonic formulations for complex scalar fields
interacting fields by using fractional derivatives from the
Riemann-Liouville and Hamilton equations. The classical
results (combined scalar and electromagnetic equations) are
obtained as a special instance of the fractional formulation.
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