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Abstract: Evaluating the lifetime performance is a vital topic in méauturing process. This paper is devoted to evaluate tegrnie
performance indeg; for the three-parameter power Lomax distribution(POLOJanprogressive first-failure type Il right censoring
sample with respect to a lower specification limit (L). Thatistical inference concernir@ is conducted via obtaining the maximum
likelihood of C. on the base of progressive first-failure censoring. The asytic normal distribution of the MLE o€ and the
confidence interval are proposed. Moreover, the hypothesting ofC, for evaluating the lifetime performance of POLO data is
conducted. Providers can practice the innovative hyp@thesting to improve the process capability. Finally, twarmples are given,
one of them considering a real life data of the number of rgiamhs before failure of a ball bearing in endurance lifetitast and the
other is a simulated example to illustrate the usage of tpgsed procedure.

Keywords: Inference; Performance; Censoring; First-Failure Pregjve; Power Lomax Distribution.

1 Introduction

Dimensions of the product quality have different descoipsiand evaluated via several issues for example; perfagnan
reliability, conformance to the standards. Process céipabidices (PCIs) have been used to measure the attainment
of the product quality level. One of PCls indices measurestlae target-the better type. The other measures are the
larger-the better type quality features and the smallersttter type. The lifetime performance indgx is one of the
recommended PCls indices, which exhibits the larger-#tteb quality measurementl][recommended the usage of
C_ for evaluating the performance of the products lifetimee Emalysis of process capability is mainly depended on
the normality assumption of the population. However, thenmadity is very problematic in manufactures, engineering
and business processing. The lifetime model for many prisdway follow non-normal distributions. It may include;
exponential, gamma, Rayleigh, Weibull, Burr, Lomax , powemax and others.

Censored data are recommended to solve many problems fedifag experiments, saving time and money, working
the test under restrictions in materials or any difficulileplanning the experimental test. There are many censoring
schemes in survival analysis s&&.[Type-Il right censoring is the most common. The constarcof the type Il right
censoring is as follows; suppose that outnatems put on life test, putn itemsXy;:n < Xop,.... < Xmn  Only under
observation. The rest—m components remain unobserved or missing. One of the géragiah of the type Il right
censoring is the progressive type Il censoring which allfavaunits to be removed from the test at a different time of
termination the test. The description of this type is aswfedl; n items are put on a test and the termination of the test is
determined when thn—" fails occurred. As well as thid item fails ( = 1,2,...m— 1}, randomlyR; of the surviving
items are removed. At the end of the testRif = n—m— S ; R are removed. To have shorter expected test times
than the progressive type Il censoring scheme, the prdgedsst-failure right type Il censoring scheme is perforhte
generalize all the above schemes, see for examjldi$ construction is as followsl items are divided in ta disjoint
groups, each hadsitems (N = n x k), put on a test. The life test is terminated at th&'rfail happened. When thé' item
fails (i = 1,2,...m— 1}, select randomlIRR groups and remove the group which has tfdailure. When then—" failure
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occurred, remove all the remaining groups from the testudlbt, the progressive first failure type Il right censorimas
generalized the above other schemes.

For analyzing the performance index, there are many pulditsin the literature on different censoring schemes for
some lifetime distributions, for example3][estimating the life performance index with Weibull disution under first
failure progressive censoring. The procedure of the perdoice index under Pareto distribution with right type Il
censored is studied i]. Implementing of performance index of Burr Xll distribati are given in %] and [6] under
progressive censoring. Furthermore, many publicatioesanducted to study the progressive censoring and evaduati
the performance index under exponential distribution fiffecent censoring schemes for instancé}, [[8] and [9].
Moreover, inferences of the lifetime performance indexlfomax distribution based on progressively type Il censored
data is introduced inl[0].

Large sample is the cornerstone of statistical inferencguality performance and capability evaluation model. The
limiting distribution of a statistic provides an approxitealistributional result that are often direct determinecen in
complicate quality performance evaluation proced@ie This work is proposed to evaluate the quality of the lifedi
performance index and study the statistical inference®pitioduct under power Lomax distribution (POLO) with large
sample and first-failure progressively type Il right cemsgisample.

The organization of the paper is as follows. Section 2 inedlthe lifetime performance index of POLO distribution.
The conforming rate is studied in Section 3. Section 4 inefuthe Maximum Likelihood Estimator (MLE) of lifetime
performance index. The testing process for the lifetimégoerance index is given in Section 5. Finally, two numerical
examples of real lifetime data and simulated data are giv&ection 6 to apply the theoretical obtained results.

2 The Lifetime Performance I ndex

A longer lifetime implies a better product quality. Hendeg tifetime is a larger-the better-type quality charastési [1]
has developed a process capability performance i@dda measure the above characteristic. Tlignis defined by

CL=—+— 1)

wherey, o are the mean and the standard deviation of the procedsiarite lower specification limit where the lifetime
is required to exceeld unit times to be both money-wise profitable and satisfyingt@mers.

To evaluate the lifetime performance of produ€iscan be defined as thiéetime performance indeXhroughout this
paper, consider that the random variakl®llows the Power Lomax distributioROLO(a, 3, A ) [11] with the probability
density function (p.d.f.) and the cumulative distributfonction (c.d.f.) which are

fx (5 a,B,A) = aB/\"xB‘l()\ joB)_OI_1 , Xx>0,a0,8,A >0 (2)
and —a
Fx(x;a,ﬁ,/\):1—/\“(xﬂ+)\)  x>0,0,8,A >0 @)
with meanu and standard deviatiom as follows:
4 1 1
_Afrfa-3]r (] L 4 B0 .
p= B la] ,aB>1 o,BA> (4)
AR (rlar [a—é} r [ﬂ} r [a—l]zr [1+ir
B B B B
o= ] ,aB>2,a,6,A>0 (5)
Then the lifetime performance ind€x is derived as
. r [a—ﬂ r [%} — BAPLT[a] ©
L= 2 2
B\/rlalrla— ZIr(25] —rla— §P°rL+ 4]
rfa—]r[4]

where—o < C <
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The failure rateh(x) is
xB-1lap
T
For different values ofr, 8 andA, the failure rate function takes various shapes where citedeses atr > 0,
0<B<1A>0,andifa >0, >1,A > 0, itis unimodal with critical poink = (A3 —)\)%.

1
ABrla—4i|r|d
When the process mean% > L, then the lifetime performance ind€x > 0 wherea 3 > 2, a,3,A > 0.

x>0,a,8,A >0 (7)

1
ForB>1,a3>2x>(AB—A)B ,if xis large, andx is small then the lifetime performan€g is relatively large and
the failure rate is relatively smalConsequently, the lifetime performance index i€reasonably and definitely describes
the lifetime performance of products.

3 The Conforming Rate

The product is defined as a conforming product, if its lifetiexceeds the lower specification linkit The ratio of
conforming product is known as the conforming rate and caddfi@ed forX ~ POLO(a, 3, A ) as follows

P=P(X>L)

L ABT[a—3r(d] cL/\é\/ 2 _24p 12 125 (8)

- Bl Far | Tl — M= —Tla—g] T2+ 5] )P +2)7)
where—e < C < (e pr[3) ——aB>2,a,31>0

Table 1: The lifetime performance indexC. v.s. the conforming rateP, for POLO distribution with (aﬁj) =

(1.00706 4.92447 0.25047%)
C = C = C = C =

—o | 0.00000000 | -4.00 | 0.00623618| 0.2 | 0.519161| 0.8 | 0.827807
-11.00 | 0.00016704 | -3.00 | 0.0141697 | 0.25 | 0.546198| 0.85 | 0.847822
-10.00 | 0.000244677| -2.00 | 0.0374334 | 0.3 | 0.573561| 0.9 | 0.866413
-9.00 | 0.000369982| -1.00 | 0.119076 | 0.4 | 0.628616| 0.95 | 0.883544
-8.00 | 0.000580882| -0.50 | 0.224834 | 0.5 | 0.682948] 1.00 | 0.899202
-7.00 | 0.000954028| -0.25 | 0.308518 | 0.6 | 0.73512 | 1.5 | 0.98511
-6.00 | 0.0016554 | 0.000 | 0.416883 | 0.7 | 0.783781] 2.00 | 0.999512
-5.00 | 0.00307586 | 0.10 | 0.466619 | 0.75 | 0.806431| 2.4 1

Notethat: G — la—p][4] _ ~2.49515= B — L0,
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Table 2. The lifetime performance indexC. v.s. the conforming rateP for POLO distribution with (&Eﬁ) =
(24.656,14.1082 0.92693.

C|_ Pr CL Pr CL Pr C|_ Pr
—oco | 0.00000000{ 0.3 | 0.661717| 0.7 | 0.781501| 4.00 | 0.99866
-2.00 | 0.00476918| 0.35 | 0.678701| 0.75 | 0.793892| 4.50 | 0.999502
-1.00 | 0.146998 | 0.4 | 0.69512 | 0.8 | 0.805727| 5.00 | 0.999828
-0.5 0.336318 | 0.45 | 0.710964| 0.85 | 0.817019| 5.5 | 0.999946
-0.25| 0.444122 | 0.5 | 0.72623 | 0.9 | 0.827779| 6.00 | 0.999985
0 0.548916 | 0.55 | 0.740915| 0.95 | 0.838021| 7.00 | 0.999995
0.1 0.588435 | 0.6 | 0.755019| 2.00 | 0.961161| 7.5 | 0.999999
0.25 | 0.644181 | 0.65 | 0.768546| 2.5 | 0.98188 | 11.3 1

. r[a—]r[4]
Notethat: C. — ~113724=PR — 1.0
B/rlalr(a—2Ir 242 -rla—41°ria+ 317
By observing the above values Gf and P, there is a strictly increasing relationship between themdiven
a, B, andA. The construction of Tables (1,2) is depended on the oldaiakies of the parameter estimates and it helps
to get the corresponding values@f which satisfy the required conforming rate for the Examgiiesn in Section).

4 Maximum Likelihood Estimator of Lifetime Performance | ndex

Let Ximmnk, Xomnks -« - ,Xmmnk be the progressive first-failure type Il right censored senfppm a continuous
population with p.d.fand c.dfi (.; 8) andFx (.; 6) respectively, wheré is a vector of parameters. Followingg], the
associated likelihood function of the observed déta (Xy:mnk, X2:mnks----- - - JXmmnk) IS given by

L (Q,X) = Ckmﬁ fX (Xi:m:n:k; 6) (1 —Fx (Xi:m:n:k; e)k(Ri+l)7l (9)

where 0< Xy mnk < Xommk < --eno.- < Xmmnk <®@andC=n(n—R;—1)(n—Rpy—1)......... (n—sM™R—m+1).
Consider that the progressive first- failure type Il righhsering sample from a life test afproducts whose lifetimes
follow POLO(a, B, A ) distribution. From 2) and @), the likelihood function is as follows

m (a+1) —a k(R+1)-1
L(a,BAX) = C K [T BAX FyA+ X AT+ X ) (10)
i=

The natural Logarithm of (a, 8,A;X) is obtained as

In(L(a,B,A;X))=In(C)+mIn(k)+min(a) + min(B)+(B—1) iln (Xi:mnek)
= (11)

m

m
—Sin((A+xP__)) 1+ak (R+1]+akin(A) S (R+1)
i; (( |.m.n.k)) i;
The MLE 6 = (a, ﬁ, X) can be obtained by equating the first partial derivative Bf) (with respect to
a, B, andA.The likelihood Equations for the parametersf3 and A are obtained as follows

0 ln(L(g;f’)\;X)) = g]—i;k(Ri +1)[In(A +Xi€mzn:k) —In(A)]

dIn(L(a,B,A;X)) _m m _ _ il _ X igm-n-kln(xi:m:n:k)
dB = B+i;|n()(“m:n:k) i;[1+ak (R4+1)] )\—|—X,3

izmn:k
d1In(L (g)\B AiX) _ Ii[1+ak(R+1)]

(R+1) 12
)\+x Z\ (12)

i:m:n:k
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Hence,
The MLE ofa, B, andA can be obtained by

G = m_ _ (13)

SR A1) IN(A 4 ) —I(A)]
B= - " (14)

zirilln(xi:m:n:k) [[1+ ak (R +1)] = Imf; ke — 1]

A+x izmn:k

3 - akym (R+1) (15)
ST A+ Gk(R+1)—L
A+x izmn:k

The closed form of the above Equations are very hard to dnallyt solved, hence, these non- linear Equations will be
solved numerically.
Following [13], the invariance property of the MLE satisfies, then the MIfEEphas a form

G- |r|i|-BABLMa]
B /riarfa— 2 r(&2E)—rja— L) r[a+4)

Following [12] and [14], the asymptotic normal distribution for the MLEs has bebtamed as

d%In(L(a,B,A;X))  —m

da2 T a2 an
02|n(L(a,B,)\;X ik R|+1 |mnk|n(x il?m:n:k)7 (18)
000[3 )‘+X|mnk
2 . m
0 In(Lﬁ(gé[j,/\,X _Z kK(R+1) )\ ZI (R+1), (19)
)‘+X|mnk
%In(L(a,B,A;X))  -m I N (Xiemen) |
' =—-Y[14+ak (R.+1)])\x [—————], (20)
0[32 BZ i; e )‘+Xi€mzn:k
o2In(L(a,B,A;X)) ™ xP__n(xB )
6o =3 [Lrak (R pj[mmmemimge (21)
= ()‘+X|mnk)
d°In(L(a,B,A;X)) [1+ak R.+1)] ak®mm
= -— S (R+1). (22)
0/\2 ZI )‘+X|mnk /\2 i;
According to fL4] under some regularity conditions, the asymptotic nortpalf MLE of 6 is
6~N (e,l (e)*l) . (23)

wherel (0) is the Fisher information matrix. By considering the appmmate information matrixo(é) which is defined

by
92In(L(a,B.A;X)) 92In(L(a,B.AX)) 9% In(L(a,BA:X))
da? da0B JaoA
In(8) = 32 In(L(a,B.A;X)) 92 In(L(a,B.A;X) 92 In(L(a,B.A;X))
O = poa 9p2 9BoA
92In(L(a,B,AX) 82In(L(a,B.A;X) 02 In(L(a,B,A;X)
aroa JA0B A2 9
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Vaa Vap Vaa
= | Vga Vpp VA (24)
Vaa Vap Var |5

-1
Using the variance-covariance matrtx(e) to estimatd (8) ™.
Let C_=C(6), and due to]5] the multivariate delta method stated that the asymptatienal distribution ofC(8)
is
CL=C(8) ~N( C.,Wp) (25)
The approximate asymptotic variance-covariance métgof C(6) to estimatePy is defined as

da 2 dA

3
Y, = (aC(e) aC(6) IC(H) ) Io(6) 1| %&® (26)

5 Testing Process for the Lifetime Performance I ndex

Constructing a statistical testing concerning the lifetiperformance index is to judge whether it adheres to thanestju
level. Considec* is the target value and assuming that the required indexdllifetime performanceC, is larger than
c*.Hence, the construction of the hypothesis testing is evisl

against Hi: CL>c"

Due to ], taking "C_tobe asymptotic normal distributio2%), and the MLE of C_ is used as the test statistic, the

required rejection region can be obtaine a€, where C_ > Co} whereCg is the critical value. It can be obtained at
a specified significance leval* from the formula

P(”CI— cL_co—c*> P
V¥ V¥

where,—S.—CL < N(0,1). Then,c"f;cj = Zy+ and the critical value is
2]

\/Lp_é

Co=C"+2a+1/W5 (27)

Moreover, the 1001 — a*) % one sided confidence interval of is

CLZ/C\L—Za*\/Lng

and the 1001 — a*) % lower confidence bound foC, is

LB= CL 24, /¥; (28)

The testing of the lifetime performance index of the POLQribsation is summarized in the following steps:

SETP 1: Finding the MLE ofa, 3, and A parameters of POLO distribution under the progressivefaiire type
Il censoring sampléXy mn:k, Xomenks -« - - , Xmmnk and the censoring schere= (Ry, Ry,...... ,Rm) from Equations
(13), (14), and (15). Then apply the goodness of fit test based on Gini statigliovwing [16].

STEP 2: Determine the performance index where the lower lifetime limit is pre-determined. Then constructing
the statistical test concerning the lifetime performareda  C_ < c*versusH; : Cp > c*.

STEP 3: Specify the significance level*.

STEP 4: Obtaining the 1001 — a*) % lower confidence intervdlLB, ) for the lifetime performance indexC, as
(298).

STEP 5: Finally, the decision is taken as :df ¢ [LB , ], then reject,. It physically means that there is a significant
indication that the lifetime performance index meets thigineed level.

To illustrate the testing procedure, consider the follgpExamples. The above testing steps are followed step- by-
step.
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6 Numerical Examples

Example 6.1. Real lifetime data (Ball Bearing Data)

The data presented the number of millions of revolutionsigefailing for 30 ball bearings in a life endurance test
[2]. A progressive first-failure censoring scheme was coretlicvith k = 1, m = 10, andR = (R;....... Rm)
=(0,0,0,2,3,3,3,3,3,3). The observations in hundreds of millions were given in &l

Table 3: Progressive first-failure censored sample for ball beasetg

i 1 2 3 4 5 6 7 8 9 10
Xi-mnk | 0.1788| 0.2892| 0.33 | 0.4152| 0.4212 | 0.4560 | 0.5184 | 0.5196 | 0.5556 | 1.0512
Ri 0 0 0 2 3 3 3 3 3 3

Then, the proposed testing procedure©f based on a confidence interval is stated as follows:

STEP 1: Consider the progressive first - failure type Il censormgio:z0:1, 1 = 1,2,...,10} = {0.1788 0.2892
0.33, 0.4152 0.4212 0.456Q 0.5184 0.5196 0.5556 1.0512} with the above scheme then finding the MLE estimates
of POLO distributiona, 3, andA, using Equationsi(3), (14), and (L5). The obtained results of the parameter estimates
ared = 1.00706 B = 4.92447 A = 0.250471 and to test whether the failure times of the ball bgafiollows POLO
distribution with the p.d.ff (x) = 1.23x392447(0.250471 x*92447) ~2907%6 'y o

Gini statistics [L6] for the progressive first failure censoring will be usedrathie procedure of testing as follows:

At o* = 0.05, significance level, consider the test hypothesis

Ho: X ~ POLO(1.00706 4.924470.25047] V.S.
Hi: X » POLO(1.00706 4.924470.250471])

The Gini statistic is given as follows:
S Wi
(m-1)5, W
where W = (m—i+1)(Z—-2%Z_1), Zo0=0,i=212,.....m, Z3=nY,Z = [n— Eij;]i(Rj +1)(Yi—Yi_y,1=23,.,10

and the data transformationYs= In (1+ %) ,1i=1,2.,10. Form=3,...20, the rejection regiof Gy, >

Gm:

El @ or Gm < &4+ } Where the critical valuém is the 10((1— —) % percentile of the Gini statistic. Segq].
2
For the above data, the Gini statistic is obtalned as

G10=0.657584

and &p 25 = 0.31232< G19 = 0.657584< &pg75 = 0.68768 , henceHp cannot be rejected at level of significance
o* = 0.05. That is, there is an evidence to indicate that the failuretfior the ball bearing in endurance test follows
POLO(1.00706 4.924470.250477) distribution.

STEP 2: The lower lifetime limit is assumed to be 0.3236569, i.ehé tlifetime of the ball bearing exceeds 0.3236569
then the ball bearing is defined as a conforming product. &wli¢h the product purchasers’ concerns about the lifetime
performance, the conforming rai of products is required to exceed 80%. Referring to Talhjethe C_ value is
required to exceed 0.8. Thus, the performance index valsetiatc* = 0.75 and the testing of hypothesisly : Cp <
0.75versudH; : C_ > 0.75.

STEP 3: Specify a significance level* = 0.05.

STEP 4: Using EquationsX6), (24), and 6), the lower confidence interval bound

@Z/C\L—Za*\/q)»@

= 2.49515— (1.645)v/0.724039= 1.0954116

Hence, the 95% one-sided confidence interval @ is [LB, ) = [1.0954116 )
STEP 5: Because of the performance inde’x= 0.75 ¢ [LB, ) = [1.0954116 »), Hy: C_ < 0.75 is rejected.
Thus, the lifetime performance index of the 30 ball bearirggta the required level. Furthermore, frob®)(and @6)
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"CL =2.49515> Cy = C* + 7+ /Wg = 0.75+(1.645)v/0.724039%~ 2.1497384. So we rejetl, . Cp < 0.75 and the
ball bearing operation does meet the required level.
Example 6.2: Simulated Data Set
A progressive first - failure type Il censored data with- 40, m= 25, k = 1 were generated from POLO distribution
and the censoring scheme is shown in Tad)le(

Table 4: The simulated progressive first failure censored data

i 1 2 3 Z 5 6 7 8 9
Xk | 0.284191| 0.31489| 0.51344 | 0.529163| 0.594185| 0.69818 | 0.712654| 0.761804| 0.771
R 0 1 1 1 1 1 1 1 1
i 10 11 12 13 14 15 16 17 18
Xk | 0.775582| 0.78807| 0.813992| 0.860315| 0.896915| 0.922534| 0.936087| 0.97435 | 1.008
R 1 1 1 1 1 0 0 0 0
i 19 20 21 22 23 24 25
Xemmk | 1.05524 | 1.0664 | 1.10677 | 1.13489 | 1.14347 | 1.19325 | 1.33049
R 0 0 0 0 0 0 2

Then, the testing procedure df, based on a confidence interval is specified as follows:
STEP 1: By considering the censoring data above in Tade the MLE of the POLO distribution parameters is

obtained from Equationd.g), (14) and (L5) and the results ar@ = 24.656, B =14.1082 A =0.92693 Applying Gini

statistic to verify whether the simulated data comes from L®O distribution with the p.d.f

f (x) = 53567767x:31082(0,92693+ x141082 725956 "y - o

At a* = 0.05, significance level, consider the test hypothesis
Ho: X ~ POLO(24.656, 14.1082 0.92693

V.S Hi: X~ POLO(24.656, 14.1082 0.92693
Using the transformatio¥f = (1+ %%931082) ,1=1,2,..,25, the Gini statistic is calculated as
Gy5 =0.53626

Due to [g], for m > 20, the rejection region iﬂ(Gm—O.S) [12(m— 1)]%‘ > Zg: where the critical valuezg; is the
percentile of the standard normal distribution with rigait-probability o* /2.
1
Hence,{‘(Gz5—O.5) [12(25—1)]2‘ = 0.615347< 75025 = 1.96, hence, Hy cannot be rejected at the level of

significance 0.05. That is, there is an evidence to indidsethe simulated data come from the POLO distribution with
the p.d.f.

f (x) = 53567767x131082(0.92693 x141089 25050 1y - g

where 0 = (24.656, 14.1082 0.92693".

STEP 2: Assuming the lifetime limit is 0.23245, i.e. if the lifetimexceeds 0.23245 then the product is defined as
a conforming product. To deal with the product purchasepsicerns about the lifetime performance, the conforming
rate P, of products is required to exceed 80%. Referring to TaB)ethie C, value is required to exceed 0.8. Thus, the
performance index value is setcit= 0.8 and the testing of hypothesld; : C_ < 0.8 versusH; : C_ > 0.8.

STEP 3: Identify a significance levat* = 0.05.

STEP 4: Using Equations6), (24), and @6), the lower confidence interval bound

LB= Ci-z /¥

=10.194— (1.645)v/0.163879= 9.5280716

Hence, the 95% one-sided confidence interval @ is [LB, ) = [9.5280716 ).

STEP 5: Accordingly, the performance index = 0.8 ¢ [LB, o) = [9.5280716 ) then,

Ho: CL< 0.8/is\rejected. Thus, the lifetime performance index of tredprct meets the required level. In addition,
from (16) and @6) C_ =10.194> Co = C* +24+ /W5 = 0.8+ (1.645)1/0.163879% 1.4659284. Therefore, the decision
isto rejectH,: CL < 0.8 and the lifetime performance index of the product meetsebaired level.
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7 Conclusion

The process of controlling and improving the performance gfroduct is an important issue in business and many
organizations. To meet the required customer’s level ofityu¢he statistical methods and tests have been performed
Therefore, the lifetime performance index is one of the nagdely indices which used to determine whether the product
quality meets the required level. This paper is concerndi statistical inference of the lifetime performance ind€x
based on a progressive first-failure type Il censoring sardata from the Power Lomax Distribution (POLO). The main
results are; specifying the conforming rate to the corradpw C_ , constructing the MLE of C_ under the three-
parameter POLO distribution with the progressive firstufa type Il right censoring sample by using the multivariat
delta method. Moreover, the confidence interval 6f is obtained. Finally, the testing of hypothesis concerni@g

is performed for evaluating the lifetime performance ofdquots. The theoretical results are applied to two different
examples indicating the desired aim of this work
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