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Abstract: Evaluating the lifetime performance is a vital topic in manufacturing process. This paper is devoted to evaluate the lifetime
performance indexCL for the three-parameter power Lomax distribution(POLO) under progressive first-failure type II right censoring
sample with respect to a lower specification limit (L). The statistical inference concerningCL is conducted via obtaining the maximum
likelihood of CL on the base of progressive first-failure censoring. The asymptotic normal distribution of the MLE ofCL and the
confidence interval are proposed. Moreover, the hypothesistesting ofCL for evaluating the lifetime performance of POLO data is
conducted. Providers can practice the innovative hypothesis testing to improve the process capability. Finally, two examples are given,
one of them considering a real life data of the number of revolutions before failure of a ball bearing in endurance lifetime test and the
other is a simulated example to illustrate the usage of the proposed procedure.
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1 Introduction

Dimensions of the product quality have different descriptions and evaluated via several issues for example; performance,
reliability, conformance to the standards. Process capability indices (PCIs) have been used to measure the attainment
of the product quality level. One of PCIs indices measures are the target-the better type. The other measures are the
larger-the better type quality features and the smaller-the better type. The lifetime performance indexCL is one of the
recommended PCIs indices, which exhibits the larger-the-better quality measurement. [1] recommended the usage of
CL for evaluating the performance of the products lifetime. The analysis of process capability is mainly depended on
the normality assumption of the population. However, the normality is very problematic in manufactures, engineering
and business processing. The lifetime model for many products may follow non-normal distributions. It may include;
exponential, gamma, Rayleigh, Weibull, Burr, Lomax , powerLomax and others.

Censored data are recommended to solve many problems in lifetesting experiments, saving time and money, working
the test under restrictions in materials or any difficultiesin planning the experimental test. There are many censoring
schemes in survival analysis see [2]. Type-II right censoring is the most common. The construction of the type II right
censoring is as follows; suppose that out ofn items put on life test, putm itemsX1:n ≤ X2:n, . . . . ≤ Xm:n only under
observation. The restn−m components remain unobserved or missing. One of the generalization of the type II right
censoring is the progressive type II censoring which allowsfor units to be removed from the test at a different time of
termination the test. The description of this type is as follows;n items are put on a test and the termination of the test is
determined when them−th fails occurred. As well as theith item fails (i = 1,2, . . .m−1}, randomlyRi of the surviving
items are removed. At the end of the test allRm = n−m−∑m

i=1Ri are removed. To have shorter expected test times
than the progressive type II censoring scheme, the progressive first-failure right type II censoring scheme is performed to
generalize all the above schemes, see for example; [3]. Its construction is as follows;N items are divided in ton disjoint
groups, each hask items (N = n×k), put on a test. The life test is terminated at the m-th fail happened. When the ith item
fails (i = 1,2, . . .m−1}, select randomlyRi groups and remove the group which has the ith failure. When them−th failure
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occurred, remove all the remaining groups from the test. Actually, the progressive first failure type II right censoringhas
generalized the above other schemes.

For analyzing the performance index, there are many publications in the literature on different censoring schemes for
some lifetime distributions, for example; [3] estimating the life performance index with Weibull distribution under first
failure progressive censoring. The procedure of the performance index under Pareto distribution with right type II
censored is studied in [4]. Implementing of performance index of Burr XII distribution are given in [5] and [6] under
progressive censoring. Furthermore, many publications are conducted to study the progressive censoring and evaluating
the performance index under exponential distribution for different censoring schemes for instance; [7], [8] and [9].
Moreover, inferences of the lifetime performance index forLomax distribution based on progressively type II censored
data is introduced in [10].

Large sample is the cornerstone of statistical inference for quality performance and capability evaluation model. The
limiting distribution of a statistic provides an approximate distributional result that are often direct determined,even in
complicate quality performance evaluation procedure [6]. This work is proposed to evaluate the quality of the lifetime
performance index and study the statistical inference of the product under power Lomax distribution (POLO) with large
sample and first-failure progressively type II right censoring sample.

The organization of the paper is as follows. Section 2 involved the lifetime performance index of POLO distribution.
The conforming rate is studied in Section 3. Section 4 includes the Maximum Likelihood Estimator (MLE) of lifetime
performance index. The testing process for the lifetime performance index is given in Section 5. Finally, two numerical
examples of real lifetime data and simulated data are given in Section 6 to apply the theoretical obtained results.

2 The Lifetime Performance Index

A longer lifetime implies a better product quality. Hence, the lifetime is a larger-the better-type quality characteristic. [1]
has developed a process capability performance indexCL to measure the above characteristic. Then,CL is defined by

CL =
µ −L

σ
(1)

whereµ , σ are the mean and the standard deviation of the process andL is the lower specification limit where the lifetime
is required to exceedL unit times to be both money-wise profitable and satisfying customers.

To evaluate the lifetime performance of products,CL can be defined as thelifetime performance index.Throughout this
paper, consider that the random variableX follows the Power Lomax distributionPOLO(α,β ,λ ) [11] with the probability
density function (p.d.f.) and the cumulative distributionfunction (c.d.f.) which are

fX (x;α,β ,λ ) = αβ λ αxβ−1(λ + xβ )
−α−1

, x> 0,α,β ,λ > 0 (2)

and

FX (x;α,β ,λ ) = 1−λ α
(

xβ+λ
)−α

, x> 0,α,β ,λ > 0 (3)

with meanµ and standard deviationσ as follows:

µ =
λ

1
β Γ
[
α − 1

β

]
Γ
[

1
β

]

β Γ [α]
, α β > 1, α,β ,λ > 0 (4)

σ =

λ
1
β

√(
Γ [α]Γ

[
α − 2

β

]
Γ
[

2+β
β

]
−Γ
[
α − 1

β

]2
Γ
[
1+ 1

β

]2
)

Γ [α]
,α β > 2 , α,β ,λ > 0 (5)

Then the lifetime performance indexCL is derived as

CL =
Γ
[
α − 1

β

]
Γ
[

1
β

]
−β λ β L Γ[α]

β
√

Γ[α]Γ[α − 2
β ]Γ[

2+β
β ]−Γ[α − 1

β ]
2Γ[1+ 1

β ]
2

(6)

where−∞ <CL <
Γ
[
α− 1

β

]
Γ
[

1
β

]

β
√

Γ[α ]Γ[α− 2
β ]Γ[ 2+β

β ]−Γ[α− 1
β ]

2Γ[1+ 1
β ]

2
, α β > 2 , α,β ,λ > 0
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The failure rateh(x) is

h(x) =
xβ−1αβ
xβ +λ

, x> 0,α,β ,λ > 0 (7)

For different values ofα, β andλ , the failure rate function takes various shapes where, it decreases atα > 0,

0< β ≤ 1,λ > 0, and ifα > 0,β > 1,λ > 0, it is unimodal with critical pointx= (λ β −λ )
1
β .

When the process mean
λ

1
β Γ
[
α− 1

β

]
Γ
[

1
β

]

β Γ[α ] > L, then the lifetime performance indexCL > 0 whereα β > 2 , α,β ,λ > 0.

For β > 1, α β > 2, x> (λ β −λ )
1
β , if x is large, andα is small then the lifetime performanceCL is relatively large and

the failure rate is relatively small.Consequently, the lifetime performance index CL is reasonably and definitely describes
the lifetime performance of products.

3 The Conforming Rate

The product is defined as a conforming product, if its lifetime exceeds the lower specification limitL. The ratio of
conforming product is known as the conforming rate and can bedefined forX ∼ POLO(α, β , λ ) as follows

Pr = P(X ≥ L)

= λ α(((
λ

1
β Γ[α − 1

β ]Γ[
1
β ]

β Γ[α]
− CL λ

1
β

Γ[α]

√
Γ[α]Γ[α − 2

β
]Γ[

2+β
β

−Γ[α − 1
β
]
2

Γ[1+
1
β
]
2

])β +λ )−α)
(8)

where−∞ <CL <
Γ
[
α− 1

β

]
Γ
[

1
β

]

β
√

Γ[α ]Γ[α− 2
β ]Γ[ 2+β

β ]−Γ[α− 1
β ]

2Γ[1+ 1
β ]

2
, α β > 2 , α,β ,λ > 0

Table 1: The lifetime performance indexCL v.s. the conforming ratePr for POLO distribution with
(

α̂, β̂ , λ̂
)

=

(1.00706, 4.92447, 0.250471)
CL Pr CL Pr CL Pr CL Pr

−∞ 0.00000000 -4.00 0.00623618 0.2 0.519161 0.8 0.827807
-11.00 0.00016704 -3.00 0.0141697 0.25 0.546198 0.85 0.847822
-10.00 0.000244677 -2.00 0.0374334 0.3 0.573561 0.9 0.866413
-9.00 0.000369982 -1.00 0.119076 0.4 0.628616 0.95 0.883544
-8.00 0.000580882 -0.50 0.224834 0.5 0.682948 1.00 0.899202
-7.00 0.000954028 -0.25 0.308518 0.6 0.73512 1.5 0.98511
-6.00 0.0016554 0.000 0.416883 0.7 0.783781 2.00 0.999512
-5.00 0.00307586 0.10 0.466619 0.75 0.806431 2.4 1

Note that: CL →
Γ
[
α− 1

β

]
Γ
[

1
β

]

β
√

Γ[α ]Γ[α− 2
β ]Γ[ 2+β

β ]−Γ[α− 1
β ]

2Γ[1+ 1
β ]

2
≈ 2.49515⇒ Pr → 1.0.
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Table 2: The lifetime performance indexCL v.s. the conforming ratePr for POLO distribution with
(

α̂, β̂ , λ̂
)

=

(24.656,14.1082, 0.92693).
CL Pr CL Pr CL Pr CL Pr

−∞ 0.00000000 0.3 0.661717 0.7 0.781501 4.00 0.99866
-2.00 0.00476918 0.35 0.678701 0.75 0.793892 4.50 0.999502
-1.00 0.146998 0.4 0.69512 0.8 0.805727 5.00 0.999828
-0.5 0.336318 0.45 0.710964 0.85 0.817019 5.5 0.999946
-0.25 0.444122 0.5 0.72623 0.9 0.827779 6.00 0.999985

0 0.548916 0.55 0.740915 0.95 0.838021 7.00 0.999995
0.1 0.588435 0.6 0.755019 2.00 0.961161 7.5 0.999999
0.25 0.644181 0.65 0.768546 2.5 0.98188 11.3 1

Note that: CL →
Γ
[
α− 1

β

]
Γ
[

1
β

]

β
√

Γ[α ]Γ[α− 2
β ]Γ[ 2+β

β ]−Γ[α− 1
β ]

2Γ[1+ 1
β ]

2
≈ 11.3724⇒ Pr → 1.0

By observing the above values ofCL and Pr , there is a strictly increasing relationship between them for given
α, β , andλ . The construction of Tables (1,2) is depended on the obtained values of the parameter estimates and it helps
to get the corresponding values ofCL which satisfy the required conforming rate for the Examplesgiven in Section (6).

4 Maximum Likelihood Estimator of Lifetime Performance Index

Let X1:m:n:k, X2:m:n:k, . . . . . . .,Xm:m:n:k be the progressive first-failure type II right censored sample from a continuous
population with p.d.f and c.d.ffX (.; θ ) andFX (.; θ ) respectively, whereθ is a vector of parameters. Following [12], the
associated likelihood function of the observed dataX = (x1:m:n:k, x2:m:n:k, . . . . . . .,xm:m:n:k) is given by

L(θ ,X) =Ckm
m

∏
i=1

fX (xi:m:n:k; θ )(1−FX (xi:m:n:k; θ )k(Ri+1)−1 (9)

where 0< x1:m:n:k < x2:m:n:k < .. . . . . . < xm:m:n:k < ∞ andC= n(n−R1−1)(n−R2−1) . . . . . . . . .(n−∑m−1
i=1 Ri −m+1).

Consider that the progressive first- failure type II right censoring sample from a life test ofn products whose lifetimes
follow POLO(α, β , λ ) distribution. From (2) and (3), the likelihood function is as follows

L(α,β ,λ ;X) =C km
m

∏
i=1

α β λ αx β−1
i:m:n:k(λ + x β

i:m:n:k)
−(α+1)

[λ α(λ + x β
i:m:n:k)

−α
]
k(Ri+1)−1

(10)

The natural Logarithm ofL(α,β ,λ ;X) is obtained as

ln(L(α,β ,λ ;X)) = ln(C)+m ln(k)+mln(α) +mln(β )+ (β −1)
m

∑
i=1

ln(xi:m:n:k)

−
m

∑
i=1

ln
((

λ + x β
i:m:n:k

))
[1+α k (Ri +1)]+α k ln(λ )

m

∑
i=1

(Ri +1)

(11)

The MLE θ̂ = (α̂ , β̂ , λ̂ ) can be obtained by equating the first partial derivative of (11) with respect to
α, β , andλ .The likelihood Equations for the parametersα, β andλ are obtained as follows

∂ ln(L(α,β ,λ ;X))

∂α
=

m
α
−

m

∑
i=1

k(Ri +1)[ln( λ + x β
i:m:n:k)− ln(λ )]

∂ ln(L(α,β ,λ ;X))

∂β
=

m
β
+

m

∑
i=1

ln(xi:m:n:k)−
m

∑
i=1

[1+α k (Ri +1)]
x β

i:m:n:kln(xi:m:n:k)

λ + x β
i:m:n:k

∂ ln(L(α,β ,λ ;X))

∂λ
=−

m

∑
i=1

[1+α k (Ri +1)]
1

λ + x β
i:m:n:k

+
α k
λ

m

∑
i=1

(Ri +1) (12)
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Hence;
The MLE ofα, β , andλ can be obtained by

α̂ =
m

∑m
i=1k(Ri +1)[ln( λ̂ + x β̂

i:m:n:k)− ln(λ̂ )]
(13)

β̂ =
m

∑m
i=1 ln(xi:m:n:k) [[1+ α̂ k (Ri +1)]

x β̂
i:m:n:k

λ̂+x β̂
i:m:n:k

−1]

(14)

λ̂ =
α̂ k ∑m

i=1 (Ri +1)

∑m
i=1 [1+ α̂ k (Ri +1)] 1

λ̂+x β̂
i:m:n:k

(15)

The closed form of the above Equations are very hard to analytically solved, hence, these non- linear Equations will be
solved numerically.

Following [13], the invariance property of the MLE satisfies, then the MLE of CL has a form

ĈL =

Γ
[

α̂ − 1
β̂

]
Γ
[

1
β̂

]
− β̂ λ̂ β̂ L Γ[α̂]

β̂
√

Γ[α̂]Γ[α̂ − 2
β̂
]Γ[2+ β̂

β̂
]−Γ[α̂ − 1

β̂
]
2Γ[1+ 1

β̂
]
2

(16)

Following [12] and [14], the asymptotic normal distribution for the MLEs has been obtained as

∂ 2 ln(L(α,β ,λ ;X))

∂α2 =
−m
α2 , (17)

∂ 2 ln(L(α,β ,λ ;X))

∂α∂β
=−

m

∑
i=1

k(Ri +1)x β
i:m:n:kln(x

β
i:m:n:k)

λ + x β
i:m:n:k

, (18)

∂ 2 ln(L(α,β ,λ ;X))

∂α∂λ
=−

m

∑
i=1

k(Ri +1)

λ + x β
i:m:n:k

+
k
λ

m

∑
i=1

(Ri +1) , (19)

∂ 2 ln(L(α,β ,λ ;X))

∂β 2 =
−m
β 2 −

m

∑
i=1

[1+α k (Ri +1)]λx β
i:m:n:k[

ln(xi:m:n:k)

λ + x β
i:m:n:k

]
2

, (20)

∂ 2 ln(L(α,β ,λ ;X))

∂β ∂λ
=

m

∑
i=1

[1+α k (Ri +1)] [
x β

i:m:n:kln(x
β
i:m:n:k)

(λ + x β
i:m:n:k)

2 , (21)

∂ 2 ln(L(α,β ,λ ;X))

∂λ 2 =
m

∑
i=1

[1+α k (Ri +1)]

(λ + x β
i:m:n:k)

2 − α k
λ 2

m

∑
i=1

(Ri +1). (22)

According to [14] under some regularity conditions, the asymptotic normality of MLE of θ is

θ̂ ∼ N
(

θ , I (θ )−1
)
. (23)

whereI(θ ) is the Fisher information matrix. By considering the approximate information matrixIO(θ̂ ) which is defined
by

IO
(

θ̂
)
=−




∂ 2 ln(L(α ,β ,λ ;X))
∂α2

∂ 2 ln(L(α ,β ,λ ;X))
∂α∂β

∂ 2 ln(L(α ,β ,λ ;X))
∂α∂λ

∂ 2 ln(L(α ,β ,λ ;X))
∂β ∂α

∂ 2 ln(L(α ,β ,λ ;X))

∂β 2
∂ 2 ln(L(α ,β ,λ ;X))

∂β ∂λ
∂ 2 ln(L(α ,β ,λ ;X))

∂λ ∂α
∂ 2 ln(L(α ,β ,λ ;X))

∂λ ∂β
∂ 2 ln(L(α ,β ,λ ;X))

∂λ 2




θ̂
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=




ναα ναβ ναα
νβ α νβ β νβ λ
νλ α νλ β νλ λ




θ̂

(24)

Using the variance-covariance matrixIO
(

θ̂
)−1

to estimateI (θ )−1.

Let CL ≡C(θ ), and due to [15] the multivariate delta method stated that the asymptotic normal distribution ofC(θ̂ )
is

ĈL ≡ C(θ̂ )∼ N ( CL,Ψθ ) (25)

The approximate asymptotic variance-covariance matrixΨθ̂ of C(θ ) to estimateΨθ is defined as

Ψθ̂ =
(

∂C(θ)
∂α

∂C(θ)
∂β

∂C(θ)
∂λ

)
IO (θ )−1




∂C(θ)
∂α

∂C(θ)
∂β

∂C(θ)
∂λ




θ=θ̂

(26)

5 Testing Process for the Lifetime Performance Index

Constructing a statistical testing concerning the lifetime performance index is to judge whether it adheres to the required
level. Considerc∗ is the target value and assuming that the required index value of lifetime performanceCL is larger than
c∗.Hence, the construction of the hypothesis testing is as follows

Ho : CL ≤ c∗

against H1 : CL > c∗

Due to [6], taking ĈL to be asymptotic normal distribution (25), and the MLE of CL is used as the test statistic, the

required rejection region can be obtained as
{

ĈL where ĈL >CO

}
whereCO is the critical value. It can be obtained at

a specified significance levelα∗ from the formula

P

(
ĈL − CL√

Ψθ̂
=

CO− c∗√
Ψθ̂

)
= 1−α∗

where, ĈL− CL√
Ψθ̂

∼ N(0,1). Then,CO−c∗√
Ψθ̂

= zα∗ and the critical value is

CO = c∗+ zα∗
√

Ψθ̂ (27)

Moreover, the 100(1−α∗)% one sided confidence interval ofCL is

CL ≥ ĈL − zα∗
√

Ψθ̂

and the 100(1−α∗)% lower confidence bound forCL is

LB= ĈL − zα∗
√

Ψθ̂ (28)

The testing of the lifetime performance index of the POLO distribution is summarized in the following steps:
SETP 1: Finding the MLE ofα, β , and λ parameters of POLO distribution under the progressive first-failure type

II censoring sampleX1:m:n:k, X2:m:n:k, . . . . . . .,Xm:m:n:k and the censoring schemeR= (R1, R2, . . . . . . ,Rm) from Equations
(13), (14), and (15). Then apply the goodness of fit test based on Gini statistic following [16].

STEP 2: Determine the performance indexc∗, where the lower lifetime limitL is pre-determined. Then constructing
the statistical test concerning the lifetime performance asHo : CL ≤ c∗versusH1 : CL > c∗.

STEP 3: Specify the significance levelα∗.
STEP 4: Obtaining the 100(1−α∗)% lower confidence interval[LB,∞) for the lifetime performance indexCL as

(28).
STEP 5: Finally, the decision is taken as : ifc∗ /∈ [LB ,∞], then rejectHo. It physically means that there is a significant

indication that the lifetime performance index meets the required level.
To illustrate the testing procedure, consider the following Examples. The above testing steps are followed step- by-

step.
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6 Numerical Examples

Example 6.1. Real lifetime data (Ball Bearing Data)
The data presented the number of millions of revolutions before failing for 30 ball bearings in a life endurance test

[2]. A progressive first-failure censoring scheme was conducted with k = 1, m = 10, and Ri = (R1 . . . . . . .Rm)
= (0,0,0,2,3,3,3,3,3,3). The observations in hundreds of millions were given in Table 3.

Table 3: Progressive first-failure censored sample for ball bearingset.
i 1 2 3 4 5 6 7 8 9 10

Xi:m:n:k 0.1788 0.2892 0.33 0.4152 0.4212 0.4560 0.5184 0.5196 0.5556 1.0512
Ri 0 0 0 2 3 3 3 3 3 3

Then, the proposed testing procedure ofCL based on a confidence interval is stated as follows:
STEP 1: Consider the progressive first - failure type II censoring{xi:10:30:1, i = 1,2, . . . ,10} = {0.1788, 0.2892,

0.33, 0.4152, 0.4212, 0.4560, 0.5184, 0.5196, 0.5556, 1.0512} with the above scheme then finding the MLE estimates
of POLO distribution,α, β , andλ , using Equations (13), (14), and (15). The obtained results of the parameter estimates
areα̂ = 1.00706, β̂ = 4.92447, λ̂ = 0.250471 and to test whether the failure times of the ball bearing follows POLO

distribution with the p.d.f.f (x) = 1.23x3.92447
(
0.250471+ x4.92447

)−2.00706
, x> 0,

Gini statistics [16] for the progressive first failure censoring will be used as in the procedure of testing as follows:
At α∗ = 0.05, significance level, consider the test hypothesis

H0 : X ∼ POLO(1.00706, 4.92447,0.250471) V.S.

H1 : X ≁ POLO(1.00706, 4.92447,0.250471)

The Gini statistic is given as follows:

Gm =
∑m−1

i=1 i Wi+1

(m−1)∑m
i=1Wi

where,Wi = (m− i +1)(Zi −Zi−1) , Z0 = 0, i = 1,2, . . . .,m, Z1 = n Yi , Zi = [n−∑i−1
j=1 (Rj +1)(Yi −Yi−1), i = 2,3, ..,10

and the data transformation isYi = ln
(

1+ Xi:10:30:1
4.924471

0.250471

)
, i = 1,2, ..,10 . Form= 3, . . .20., the rejection region{Gm >

ξ1− α∗
2

or Gm < ξ α∗
2
} where the critical valueξ α∗

2
is the 100

(
1− α∗

2

)
% percentile of the Gini statistic. See [16].

For the above data, the Gini statistic is obtained as

G10 = 0.657584.

and ξ0.025 = 0.31232< G10 = 0.657584< ξ0.975 = 0.68768 , hence,H0 cannot be rejected at level of significance
α∗ = 0.05. That is, there is an evidence to indicate that the failure time for the ball bearing in endurance test follows
POLO(1.00706, 4.92447,0.250471) distribution.

STEP 2: The lower lifetime limit is assumed to be 0.3236569, i.e. if the lifetime of the ball bearing exceeds 0.3236569
then the ball bearing is defined as a conforming product. To deal with the product purchasers’ concerns about the lifetime
performance, the conforming ratePr of products is required to exceed 80%. Referring to Table (1), the CL value is
required to exceed 0.8. Thus, the performance index value isset atc∗ = 0.75 and the testing of hypothesis :Ho : CL ≤
0.75 versusH1 : CL > 0.75.

STEP 3: Specify a significance levelα∗ = 0.05.
STEP 4: Using Equations (16), (24), and (26), the lower confidence interval bound

LB= ĈL − zα∗
√

Ψθ̂

= 2.49515− (1.645)
√

0.724039= 1.0954116

Hence, the 95% one-sided confidence interval forCL is [LB,∞) = [1.0954116, ∞)
STEP 5: Because of the performance indexc∗ = 0.75 /∈ [LB,∞) = [1.0954116, ∞), Ho : CL ≤ 0.75 is rejected.

Thus, the lifetime performance index of the 30 ball bearing meets the required level. Furthermore, from (16) and (26)
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ĈL = 2.49515>C0 = c∗+ zα∗
√

Ψθ̂ = 0.75+(1.645)
√

0.724039≈ 2.1497384. So we rejectHo : CL ≤ 0.75 and the
ball bearing operation does meet the required level.

Example 6.2: Simulated Data Set
A progressive first - failure type II censored data withn= 40, m= 25, k= 1 were generated from POLO distribution

and the censoring scheme is shown in Table(4).

Table 4: The simulated progressive first failure censored data
i 1 2 3 4 5 6 7 8 9

Xi:m:n:k 0.284191 0.31489 0.51344 0.529163 0.594185 0.69818 0.712654 0.761804 0.771
Ri 0 1 1 1 1 1 1 1 1
i 10 11 12 13 14 15 16 17 18

Xi:m:n:k 0.775582 0.78807 0.813992 0.860315 0.896915 0.922534 0.936087 0.97435 1.008
Ri 1 1 1 1 1 0 0 0 0
i 19 20 21 22 23 24 25

Xi:m:n:k 1.05524 1.0664 1.10677 1.13489 1.14347 1.19325 1.33049
Ri 0 0 0 0 0 0 2

Then, the testing procedure ofCL based on a confidence interval is specified as follows:
STEP 1: By considering the censoring data above in Table (4), the MLE of the POLO distribution parameters is

obtained from Equations (13), (14) and (15) and the results are:̂α = 24.656, β̂ = 14.1082, λ̂ = 0.92693. Applying Gini
statistic to verify whether the simulated data comes from POLO distribution with the p.d.f

f (x) = 53.567767x13.1082
(
0.92693+ x14.1082

)−25.656
, x> 0,

At α∗ = 0.05, significance level, consider the test hypothesis

H0 : X ∼ POLO(24.656, 14.1082, 0.92693)

V.S. H1 : X ≁ POLO(24.656, 14.1082, 0.92693)

Using the transformationYi = ln
(

1+ Xi:25:40:1
14.1082

0.92693

)
, i = 1,2, ..,25 , the Gini statistic is calculated as

G25 = 0.53626

Due to [6], for m> 20, the rejection region is{
∣∣∣(Gm−0.5)[12(m−1)]

1
2

∣∣∣ > zα∗
2

where the critical valuezα∗
2

is the

percentile of the standard normal distribution with right-tail probabilityα∗/2.

Hence,{
∣∣∣(G25−0.5)[12(25−1)]

1
2

∣∣∣ = 0.615347< z0.025 = 1.96, hence, H0 cannot be rejected at the level of

significance 0.05. That is, there is an evidence to indicate that the simulated data come from the POLO distribution with
the p.d.f.

f (x) = 53.567767x13.1082(0.92693+ x14.1082)−25.656
, x> 0,

where,θ̂ = (24.656, 14.1082, 0.92693)T .
STEP 2: Assuming the lifetime limit is 0.23245, i.e. if the lifetimeexceeds 0.23245 then the product is defined as

a conforming product. To deal with the product purchasers’ concerns about the lifetime performance, the conforming
ratePr of products is required to exceed 80%. Referring to Table (2), the CL value is required to exceed 0.8. Thus, the
performance index value is set atc∗ = 0.8 and the testing of hypothesis:Ho : CL ≤ 0.8 versusH1 : CL > 0.8.

STEP 3: Identify a significance levelα∗ = 0.05.
STEP 4: Using Equations (16), (24), and (26), the lower confidence interval bound

LB= ĈL − zα∗
√

Ψθ̂

= 10.194− (1.645)
√

0.163879= 9.5280716

Hence, the 95% one-sided confidence interval forCL is [LB,∞) = [9.5280716, ∞).
STEP 5: Accordingly, the performance indexc∗ = 0.8 /∈ [LB,∞) = [9.5280716, ∞) then,
Ho : CL ≤ 0.8 is rejected. Thus, the lifetime performance index of the product meets the required level. In addition,

from (16) and (26) ĈL = 10.194>C0 = c∗+zα∗
√

Ψθ̂ = 0.8+(1.645)
√

0.163879≈ 1.4659284. Therefore, the decision
is to rejectHo : CL ≤ 0.8 and the lifetime performance index of the product meets therequired level.
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7 Conclusion

The process of controlling and improving the performance ofa product is an important issue in business and many
organizations. To meet the required customer’s level of quality, the statistical methods and tests have been performed.
Therefore, the lifetime performance index is one of the mostwidely indices which used to determine whether the product
quality meets the required level. This paper is concerned with statistical inference of the lifetime performance indexCL
based on a progressive first-failure type II censoring sample data from the Power Lomax Distribution (POLO). The main
results are; specifying the conforming rate to the corresponding CL , constructing the MLE of CL under the three-
parameter POLO distribution with the progressive first-failure type II right censoring sample by using the multivariate
delta method. Moreover, the confidence interval ofCL is obtained. Finally, the testing of hypothesis concerningCL
is performed for evaluating the lifetime performance of products. The theoretical results are applied to two different
examples indicating the desired aim of this work

References

[1] D.C. Montgomery, “Introduction to Statistical QualityControl”, 1985, John Wiley&Sons Inc., New York.
[2] J. F. Lawless, “Statistical Models and Methods for Lifetime Data”, 2003, 2nd Edition, Wiley, New York.
[3] M.V. Ahmadi, M. Doostparast and J. Ahmadi, “Estimating the Lifetime Performance Index with Weibull Distribution Based on

Progressive First-Failure Censoring Scheme”, J. Comput. Appl. Math., Vol.239, 2013, pp.93-102.
[4] C.W. Hong, J.W. Wu, and C.H. Cheng, “Computational Procedure of Performance Assessment of Lifetime Index of Business for

the Pareto Lifetime Model with Right Type II Censored Sample”, Comput. Stat. Data Anal., Vol.184, 2007, pp.336-350.
[5] W.C. Lee, J.W. Wu and C.W. Hong, “Assessing the Lifetime Performance Index of Products from Progressively Type II Right

Censored Data Using Burr XII Model”, Math. Comput. Simul., Vol.79, 2009, pp. 2167-2179.
[6] J.W. Wu, W.C. Lee, C.W. Hong and S.Y. Yeh, “Implementing Lifetime Performance Index of Burr XII Products with Progressively

Type II Right Censored Sample”, IJICIC, Vol.10, 2014, No. 2, pp.671-693.
[7] N. Balakrishnan, and C.T. Lin, “On the Distribution of a test for Exponentially Based on Progressively Type II Right Censored

Spacing”, J. Stat. Comput. Simul., Vol.73, 2003, pp.277-283.
[8] W.C. Lee, J.W. Wu and C.L. Lei, “Evaluating the Lifetime Performance Index for the Exponential Lifetime Products”, Appl. Math.

Model, Vol.34, 2010, pp.1217-1224.
[9] W.C. Lee, J.W. Wu and C.W. Hong, “Assessing the Lifetime Performance Index of Products with the Exponential Distribution

under Progressively Type II Right Censored Samples, J. Comput. Appl. Math., Vol.231, 2009, pp. 648-656.
[10] M.A. Mahmoud, R.M. El-Sagheer, A.A. Soliman and A.H. Abd Ellah, “Inferences of the Lifetime Performance Index withLomax

Distribution Based on Progressive Type-II Censored Data”,Econ. Qual. Control, Vol.29, No.1, 2014, pp.39:51.
[11] E. A. Rady, W. A. Hassanein and T. A. Elhaddad “The Power Lomax Distribution with an Application to Bladder Cancer Data”,

SpringerPlus, Vol.5, 2016, No.1838, pp.1-22.
[12] S.J. Wu and C. Kus, “On Estimation Based on Progressive First-Failure Censored Sampling”, Comput. Stat. Data Anal., Vol. 53,

2009, pp.3659-3670.
[13] P. W. Zehan “Invariance of Maximum Likelihood Estimation”. Ann. of Math. Stat., Vol.37, 1966, pp.744.
[14] A. A. Soliman, “Estimation of Parameters of Life from Progressively Censored Data Using Burr-XII Model”, IEEE Transactions

on Reliability, Vol.54, 2005, pp.34-42.
[15] G.Casella and R. L. Bergar, “Statistical Inference”, 2002, 2nd Edition, Pacific Grove. CA, Duxbury.
[16] M. H. Gail and J. L. Gastwirth, “A Scale-Free Goodness-Of-Fit Test for the Exponential Distribution Based on the Gini Statistic”.

J. R. Stat. Soc. Series B Stat. Methodol., Vol.40, 1978, pp.350-357.

Wafaa Anwar Abd El-Latif Hassanein, Lecturer of Mathematical Statistics,
Mathematics Department, Faculty of Science, Tanta University, Tanta, Egypt. She
got her B.Sc., 2000, by excellence with honor degree, She gotM.Sc. degree, 2004,
On Lerch Family of distributions, and Ph.D. degree, 2007, titled “Uncertainty in
Statistics”, Faculty of Science, Tanta University. She is amember of ERS Group,
and the Egyptian Mathematical Society. Her main research interests are distribution
theory, statistical inference and optimal design of experiments.

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	The Lifetime Performance Index
	The Conforming Rate
	Maximum Likelihood Estimator of Lifetime Performance Index
	Testing Process for the Lifetime Performance Index
	Numerical Examples
	Conclusion

