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Abstract: The main purpose of the present paper is to determine the spectrumdifféihence operatafi,, over the sequence spaces
lp andbvp, (1 < p < »). For any two sequences= (a) andb = (by) of distinct, non zero real numbers and satisfying certain
conditions, the difference operatdg, is defined by(AapX)i = aXi + bk_1Xk—1, Where(xy) € £, or bvp andx_1 = 0. Finally, we
obtain the spectrum, point spectrum, residual spectrum and the camispectrum of the difference operatly;, over ¢, andbvy.
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1 Introduction 14] have examined the fine spectrum of the generalized
o difference operatof, over the sequence spacesand

As it is well known, the spectrum of an operator ¢, Akhmedov and Shabrawyl§] determined the fine
generalizes the notion of eigen values of thegpectrum of the operatat, |, over the the sequence space
corresponding matrix so, the study of spectrum and fine;. Recently, Panigrahi and Srivasta6] and Dutta and
spectrum for various operators plays a significant role ingaliarsingh [L7] have studied the spectrum and fine
the field of analysis. Several authors have contributed &pectrum of second order difference operaigy and A2
lot to spectrum and fine spectrum of bounded lineargn the sequence spacg respectively. In a generalization
operators over different basic sequences. For examplap most of the difference operators, the fine spectrum of
The fine spectrum of the C@mopera.tor on the sequence the generalized difference operatdy,, r ¢ N over
space/p, for 1 < p < o has been studied by Gonzaldd.[  sequence spadg,cy and/,, have been studied by Dutta
The fine spectrum of the integer power of the &es and Baliarsingh 18,19,21], respectively. Quite recently,
operator overc was examined by Wenge@][and then  certain linear bounded operators via difference sequence
Rhoades 3] generalized this result to the weighted mean spaces of different order have been introduced. Also, their
method. Reade4] studied the spectrum of the G&®  jnverses, topological properties, duals, matrix

operator over the sequence spacg Okutoyi [5]  transformations and spectral characterizations have been
computed the spectrum of the @Ges operator over the  studied in detail (see [23-31]).

sequence spacév. The fine spectra of the Ca® Let w be the set of all sequences of real or complex
operator over the sequence spacgandbv, have been  nymbers. Any subspace of is called a sequence space
determined by Akhmedov and Bas&,7]. Akhmedov  and by, c andcy, we denote the spaces of all bounded,
and Basar § 9] have studied the fine spectrum of the convergent and null sequences, respectively. These are

difference operatoA over the sequence spacgsand  Banach spaces with the sup norm
bvp where 1< p < . Altay and Basar 10,11] have

determined the fine spectrum of the difference operAtor X[ = sup|x].

over the sequence spaagsc and/p, for 0 < p < 1. The k

fine spectrum of the difference operatdr over the Also, by /1, ¢, and bv,, we denote the spaces of all
sequence spaceg; and bv was investigated by absolutely summable p—summable andp—bounded
Kayaduman and Furkarl®]. Srivastava and Kumarl[, variation series, respectively.
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The sequence spacgsandby, are defined by (ii)If ax = v, by = w1 and(ax), (bx) are either constant
or strictly decreasing sequences, thkg generalizes

2 D the difference operatadi,, considered by Srivastava
lp={Xcw: I<Zl|xk| <@, and Kumar .3,14], where
@ v 0 0 O...
bvp:{xew:2|xk—xkl|p<oo}. —v vi 0 O...
k=1 Av: 0 —vi v» 0 ...

Leta= (a) andb = (by) be two sequences of non zero 0 0 —vavs...
distinct real numbers satisfying : S

) lim ax = a,
Koo
(iyfim be =5 70, 2 Preliminaries and definitions
(i) |a —ak| < | B] for eachk € Ng = {0,1,2, ...}, the set of
non negative integers. Let X andY be Banach spaces afd: X — Y be a
We define the difference operatdiy : £p — fp by _k;omijr;ded linear operator. B¥(T), we denote the range of

Aan(X) = (AabX)i. Where Z(T)={yeY:y=Tx; xe X}.

(AabX)k = AXk+ P11, @ By B(X), we denote the set all bounded linear
with x_3 = 0 wherex € ¢, andk € No. Throughout we use operators orX into itself. If X is any Banach space and
the convention that any term with a negative subscript is! € B(X) then theadjoint T* *Of T is a bounded linear
equal to zero. It is easy to verify that the operatgs can opErator on the dualX Of* X defined by
be represented by the matfigy) for all n.k € Nowhere ~ (T"®)(x) = @(Tx) for all ¢ € X* and x € X with

Tl =17~
ay, k=n, Let X # {0} be a normed linear space over the
ak=1< bg, k=n—1, complex field andT : D(T) — X be a linear operator,
0, otherwise where D(T) denotes the domain of . With T, for a
complex number A, we associate an operator
Equivalently, Ty = (T — Al), wherel is called identity operator on

D(T) and if T, has an inverse, we denote it lﬁyl ie.

T, 1=(T-An1
Aap = (ank) = A ( )

cofS &

of 2 o
- F& oo
dooo

and is called theesolventoperator of T. Many properties

of Ty, and T{l depend onA and the spectral theory is
concerned with those properties. We are interested in the
In particular, we have the following generalizations: set of all A in the complex plane such thé‘yl exists/

()If a =r andby = s# 0 for all k € No, then4,, T, ' is bounded/ domain of, * is dense inX. For our
generalizes the difference opera®ir,s) considered investigation, we need some basic concepts in spectral

by Altay and Basar(] and Furkan et al.32], i.e., theory which are given as some definitions and lemmas.
r00o0... Definition 1.([32], pp. 371)Let X and T be defined as
sr00... above. A regular value of T is a complex numBesuch
B(r,s) = OsroO... | that

(R2)T, % is bounded;

—1 - . . . .
(i)if ac =1 andbe = —1 for all k € No, then Agp (R3)T, " is defined on a set which is dense in X.

generalizes the difference operaibr considered by  The resolventset p(T,X) of T is the set of allregular
Altay and Bagar10,11], i.e., values ofT. Its complement (T, X) = C\ p(T,X) in the
complex plane C is called the spectrum of T.

11 ? 8 8 Furthermore, the spectrump(T,X) is partitioned into
_0 11 O"' three disjoint sets as follows.

A — - coe . .
0O 0 -11... (I)Point spectrum op (T, X): Itis the set of all € C such

that (R1) does not hold. The elementsapf T, X) are
called eigen values of.
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(I) Continuous spectrum o (T, X): Itis the setof alll ¢ 3 The spectrum of the difference operator

C such that (R1) holds and satisfies (R3) but does noiA,; over the sequence spac, (1 < p < o)
satisfy (R2).

(1) Residual spectrum o (T, X): It is the set of allA € In this section, we compute the point spectrum,
C such that (R1) holds but does not satisfy (R3). Thespectrum, the continuous spectrum and the residual

condition (R2) may or may not hold .

Lemma 1([33], pp. 59)A linear operator T has a dense
range if and only if the adjoint Tis one to one.

Lemma 2([33], pp. 60)The adjoint operator T is onto if
and and only if T has a bounded inverse.

Let P,Q be two nonempty subsets of the spacef all real

or complex sequences ad= (ank) be an infinite matrix
of complex numbers,i, wheren, k € Ny. For everyx =

(x) € P and every positive integer, we write

An(X) = Zankxk-

The sequencéx = (An(x)), if it exists, is called the
transformation ofx by the matrix A. Infinite matrix
A€ (P,Q) if and only if Ax e Q wheneveix € P.

Lemma 3([34], pp. 253)The matrix A= (ak) gives rise
to a bounded linear operator & B(¢;) from ¢4 to itself if
and only if the supremum éf norms of the columns of A
is bounded.

Lemma 4([34], pp. 245)The matrix A= (ank) gives rise
to a bounded linear operator € B(/.) from ¢, to itself if
and only if the supremum éf norms of the columns of A
is bounded.

Lemma 5([34], pp. 254)Letl < p < o0 and A€ ({o,le) N
(£1,01), then Ac (ﬁp,ﬁp).

The basis of the spad®, is also constructed and given by
the following lemma:

Lemma 6([9]) Define the sequencé*b= {b{}ncy of
the elements of the spacepbvor every fixed ke N, the
set of positive integers, by

A

Then, the sequencéb= {b¥},cx is a basis for the
space by and x< bvp has a unique representation of the
form

biy!

x=73 Mb® . whereA, = x¢ — X1 for all k € N.
=

spectrum of the operatdy,, on the sequence spatg

Theorem 1The operatodia, : £p — £ is a linear operator
satisfying the condition

(JawlP + blP) P <[ Aab [l 1y:0) < sup([a| + ).

ProofLinearty of Ay is trivial. Suppose we denot =
(0,0,...0,1,0,...) as a sequence whokeh entry is 1 and
otherwise 0. Clearlyg € ¢/p and

18an(8) ¢, = (alP+ b P) P
< [ Aabll ey l1Exlp
Thus,

(el + [0l YP < [|Aanl ) @)

Letx= (Xc) € {p and 1< p < o such thaf|x|| = 1. Now,

o 1/p
[[Aan(X)l(z,) = <Z Iaka+bk1Xk1p>
o

o 1/p 0
< (Z Iakap> + (z |bk—1Xk—lp>
o =

< srplak\ X[, +sgp\bklll><|vp = sgp(\akl + (b [X][e,-

1/p

Thus,

[ Babll(¢) < SEIO(\akl + (i) ®)

Combining inequation2j and @) we complete the proof.

Theorem 2The spectrum oy, on the sequence spatg
is given by

0(Aab, lp) = {)\ eC:la—-A|< |[3|}.

Proof.The proof of this theorem is divided into two parts.
Part 1: In the first part , we have to show that

0(Aab, lp) C {)\ eC:la—-A| <|B| }

Equivalently, we need to show thatife C with |a —A| >
IB| = A ¢ 0(Aan,{p). LetA € Cwith [a —A| > |B|. Now,
solving the system of linear equations
(20— A)xo=Yo
boxo+ (a1 —A)x1 =y1
b1 + (a2 —A)X2 = V2

(4)
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we obtain result(Aap— A1)~ ¢ B(¢p).
Therefore,
Xo = Yo
(@0—A)’ :
AeC:la—-Al< C o(Aap,lp). 6
7 - {AeCila-AI<|Bl ol ty).  (©®
X1 = - ’
(@—A4) (a0-A)(a-2) Combining inclusionsg) and @), we complete the proof.
Similarly, x; = ___ b1y : ;
1 2= (@aa—A) (az—A)(ar—A) Theorem 3Point spectrum of the operatal,, over ¢y is

. bob1Yo
(@—A)(@—A)(@a—A)

In fact, fork € Ng, we have

Now, we obtain

it < |+ 3 (B ) |
< B[ )
+3 ()
’ Zl |I+l
1 B B |
= 1
|a_A|(+a 5+ |la2s | + )uyn
= ¢ (by the hypothesis)
la—A[—|B]
Clearly, for eactk € N, X is finite and lim_« |X| < o,
which implies that supx < . Therefore,
(Dap — A1)t € B(¢y,41). Similarly we can prove that

(Dap — A1) € B(fo, lw). By using Lemma5 we have
(Dap—A) "L € (Lp,Lp), thus

o(lantp) C{AeC:la-AI<IB }.

Part 2:
For the second part, we show  that

{/\ eC:la—A|<|B] } C 0(Aab, lp). AssumeA # a,

for eachk € No, then (4Aap — Al)~1 exists. Choosing
y=6l=(1,1,..1,0,0...) € /[y andA € C, then we obtain
N——

k terms

CEY ‘ i i(m BA|i|'+1) -

with [a —A| < |B| and|a —A| = |B]

lim x| <
k—00

Hence,
SURX| =0, = X ¢ £p,which implies thatdap— A1)~ ¢ B((p).
Furthermore, ifax = A, then || is unbounded and as a

given by

The notationp using iNop(Aap,
to that of in/p(1 < p < ).

¢p) has different meaning

ProofLet A be an eigen value &, — Al, then there exists
an eigen vectod # x € £ such thatA;px = Ax, which
gives a system of linear equations:

agXo = AXo
boxo +a1x1 = Axg
b1X1 +aoxo = Axo

()

On solving above system of equations, it is clear that if
xo =0 andax — A # 0, thenx, = 0, for all k € Np.
Thereforex = 0, which is a contradiction.

Again suppose&g # 0 andxy, is the first zero entry of
X = (x). Now, from the above system of equations
Bro—1Xko—1 + BkoXko = A Xko, Which implies that, 1 = 0.
Continuing this process it can be shown
Xko-1 = Xko-2 =X =% =0 = X
0, which is a contradiction. Furthermore, fgg # 0 for
eachk € Ny, then we obtain that = ag and

that

b 1%
i = el o k123
A —a
im | | = 1B 1 by the definition.
ko | X 1| |ao—al|

Therefore, for 1< p < o, X ¢ {p. This completes the
proof.

Theorem 4Point spectrum of the dual operat@f,p)* of
Aqp overly = (g is given by

aﬁmmﬁj@:{AeCﬂa—M<uﬂ}

ProofSuppos€Aap)* f =Af and0# f € /=
l<p<w,1/p+1/g=1and

{q, where

agbp O O ... £
Oalbl 0 ... fcl)
0 Oazhy.

(Dap)* = (Lap)" = 00 aé 2 and f = | f,
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Consider the system of linear equations
agfo+bofr=Afg

afi+bifo=Af
axfa+bofz=Afo

(8)

It is clear that for the vector

f =(0,0...fk, fks1,0, ..
the the eigen valug satisfying|a — A | < |B]. On solving
the above system of equations, we have

A —
fipr = <Tkak) fx
(%52 (o) - (P
by b_1 bo
k+1
—a
B )fo

Proceeding this way, we obtain tHdit, 1| < |fk\....

all k € Ng

Now, lim |fy. 1| < sup
k—00 K

< [fol
if and only if |a —A| < |B| and thereforez | fie|9 < o

Hence,f € /g, provided|a —A| < |B| and|fo| < o0, This
completes the proof.

Theorem 5Residual spectrum of the operatyg, over/,
is given by

Ot (Aan, Up) = {a eC:la—A|<|B] }
ProofFor |a — A| < |B|, the operatord,, — Al has an

inverse. By Theorem the operatofAgp)* — Al is not one
to one forA € C with |a —A| < |B]. By using Lemma2,

we haveR(Aap— Al) # €. Hence

Oy (Aan, {p) = {a eC:la—A|<|B| }

Theorem 6Continuous spectrum of the operatfyy, over
Lpis given by

Oc(Dab, lp) = {/\ eC:la—A=|B] }

ProofThe proof of this theorem follows from Theorems

2,3,5 and with the fact that

0 (Dap, Cp) = Op(Aap, fp) U Or (Agp, £p) U Oc(Dgp £p)-

4 The spectrum of the Difference operator
Aap over the sequence spadavp, (1 < p < «)

In this section, we determine the spectrum of the
generalized difference operatdy,, over the sequence
spacebvp, (1 < p < ). Sincelp C by, strictly, the results
examined for the sequence spdgeare almost similar to

that for the sequence spaog,, (1 < p < ).

.) is an eigen vector correspond to

Theorem 7The operatorA,y, : bvp — by, is a bounded
linear operator satisfying the condition

| Aab || (bvp:bvp) < Stlp(|ak| +[bx])-

ProofLinearity of the operatorA,, is trivial, hence
omitted. Letx = (x¢) € by, for allk € Ng and 1< p < co.
Now, by using Minkowski’s inequality, we have

o 1/p
[Aan(X) [ (bvp) = < Zo |y (X — Xi—1) + b (X1 — Xi_2)| p)
k=

© 1/p
< <k; |ak (X — k1) p)
o 1/p
+ (k; by (X—1 — Xc—2) | p)

< Slkip(\akl + [bw|) [[ X[l b, -

Thus,

Aabll ovp) < SUP([K] +[Bi])-

This completes the proof.

Since the spectrum of the matrfy,, as an operator over
the sequence spabe, are similar to that of the spacg.

So, we avoid to repeat the similar statements as discussed
in last sections. We give the results in the following
theorems without proof.

Theorem 8(i) 0(Aap, bvp) = {A eC:la—A|<|B };
(i) op(Aan, bvp) = 0;

(i) 0 (Aap, bVp) = {2 € C:la— A < |B| };

(V) OB, bvp) = {1 € C: [a —A| = |p] }.

5 Conclusion

In the present article, we have determined the
spectrum and fine spectrum of the difference operatgr
over the sequence spaég and bvp(1 < p < «). The
results and theorems presented by this article are more
general and comprehensive than the works done by
previous authors. Now, choosing sequeneesand b
suitably, our work generalizes various other known results
studied by

()Akhmedov and Basaig],
(ilAkhmedov and Basar9],
(iKayaduman and Furkarip],
(iv)Furkan et al. 2] and many others.
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