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Abstract: In this article, a general model for Influenza of two groupsrissented as a fractional order model. The fractional devizs
for this model which consist of eight differential equasare defined in the sense of Caputo definition. To obtain arieffinumerical
method, the fraction order derivatives are approximatethbyshifted Jacobi polynomials. The proposed scheme redheesolution
of the main problem to the solution of a system of nonlinegehtaic equations. Comparative studies between the prdpusthod
and both the fourth-order Runge-Kutta method and the gépedaEuler method are done.
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1 Introduction

Influenza is a common respiratory disease caused by thenaflugrus. This disease spreads easily from person to person
through coughing, sneezing and hands touching your eyaghno nose. Several papers considered modeling Influenza
such as ({]-[8]). On other hand, mathematical models provide importadtefficient tool to describe several problems
in natural sciences disciplines such as biology, physieseorology science and many other fieldS]¢[[13)).

Through the past three decades, there has been an intetiestsitudy of the fractional differential equations (FDES)
([14)-[20)). The applications of fractional calculus are used in @asi problems in science and biology.Z],[13]),
magnetic plasma[l], physics P2] and other phenomena.

In the mean time, the Jacobi polynomials have been used @&sfhastions of the spectral collocation method for
approximating the solution of different types of differiahtquations, see for examplg3 and [24], [25].

In this paper, a novel Influenza model in two groups of frattmrder derivatives is presented and modified
parameters are introduced to account for the fractionatroithe main aim of this work is to study the approximate
solutions for Influenza model in two groups of fraction orderivatives using the shifted Jacobi polynomials. Shifted
Legendre polynomials and shifted Chebyshev polynomiakpasial cases from Jacobi polynomials, are introduced to
solve the the proposed system and compare the numericébrebtained by the proposed method with those numerical
solutions using fourth-order Runge-Kutta (RK4) and theaggalized Euler method (GEM).

This paper is organized as follows: In sect®rihe basic and necessary definitions of the shifted Jacdin&mials
and the fractional order derivatives with their propertgs presented. In sectid) fractional order derivatives for
Influenza in two-group model and the basic reproduction remabe introduced; in addition, the stability of equilibriu
points is studied. In sectiofy procedure solution of the fractional Influenza in two-gramodel is presented. Numerical
simulations are given in sectidn In section6, the conclusions are given.

2 Elementary Definitions

In the following, some definitions and mathematical toolsh&f fractional calculus theory which are used in this paper
are introduced.
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Definition 21[18] The Caputo fractional derivative operat§b{ of ordera is defined in the following form

Cpdfiy) L x M)
DU = I'(m—a)/o (x—t)“—m+1dt’

wherea >0, x>0,andm—1<a <m, meN,

similar to integer-order differentiation, Caputo fractéd derivative operator is a linear operation
SDF(AT(X) + pg(x))=ASDF f(x) + pusDfg(x), where A and p are constant. For the Caputo’s derivative we have
D9C =0, Cis aconstantand

CDt"x”:{o’ neNy, n<Ja],
a

_ 1
r(n(ﬂﬁg)x“ a neNo, n>[al. @

Where,[a] to denote the smallest integer greater than or equal,ttp = 0,1, ... and it's called the ceiling function. For
more details on fractional derivatives definitions andrhproperties seel B and [19].

2.1 Jacobi polynomials

The well-known Jacobi polynomials are defined on the intgfrvd, 1] and can be generated with the aid of the following
recurrence formula:

Py (HHB+2 - DU p2 i t(ut p+2)(u+p+2i-2))
' N 2A(u+B+)(H+B+2-2)
(I"l+i _1)(B+i _1)(I-1+B+2i) (1.8)

i+ B+ (u+B+2—2) Re (),

R

i=23,...., where,

_ u+B+2t+u—B'

R =1 PP = >

In order to use these polynomials on the interxat [0,L] we define the so-called shifted Jacobi polynomials by
introducing the change of varialle- ZTX — 1. Let the shifted Jacobi ponnomiaqlé“’E)(%X —1) be denoted bP,Eﬁ"m(x).

ThenPL(ﬁ"B)(x) can be generated from:

(ut 42 - V{2~ P2+ (B - (it BH2) U+ B+2 -2} )
2A(H+B+i)(H+B+2-2) -1
(U+T=1)(B+i—1)(U+B+2) (up)

PP 09 =

— . . P ;
(s B+t piai-2z 12 ¥
i=23,..., where,
U+B+2,2x LB
PP (0 =1, P“‘lB)(X):#(f—lHT-

The analytic form of the shifted Jacobi polynomiﬁ{#’5>(x) of degrea is given by

By _ = (_qyik_ TBHI+DI(U+Britk+D)
=2 Y T ke D (B DR @
where,
if(B+i+1) , r(p+i+1)
O = 0 A=
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The orthogonality condition of shifted Jacobi polynomials

L
| P 00RP cow ) = 3)

(NB)()

wherew, is the weighted function, which is defined as follows:

WP () = B (L—x)H,

LB (kb pt )1 (k- B+1) i— Kk
he = { @FprB+DT (k+B+uF+DK I =X,
0, i #k

Letv(x) be an analytic function, then it may be expressed in termhiéiesl Jacobi polynomials as follow&8):
V(X) = Zocj P,Eﬁ’m(x), (4)
J:
where the coefficients; are given by:

1t .
==/ R*Poveou(*? (xdx,  j=0,1,...N. (5)
hy o -

2.2 Fractional Jacobi spectral collocation method

Let us considePL(i’B)(x) of degred is given by @). Using Egs. {) and by noting that the Caputo fractional derivative
operator is a linear operator, we can claim frd (

rB+j+1)r(u+pB+j+k+1) CD"(xk)
FB+k+1)r(u+B+j+1)(j—kIKLk, 7

(—1)i* F(B+j+1)r(u+p+j+k+1) e
kz%d FB+k+Dr(u+B+ji+1)(j—Kk!Irk—a+1)Lk™ 7

i=lal,[a]+1, . (6)

Now, the spectral collocation method is applied by settirgresidual of Eqs6) equal zero at them+1— [a| collocation
points:

m

aD{' (v ZO jcaDf (PP Z Z 208X p=0,12---,m—[al, @)
] k=la]

where,

r+j+0r(p+p+j+k+1)
FB+k+Dr(p+B+j+1(j—Kk!IM(k—a+1)Lk
j:(a~|7|_a.|+17"'7m' (8)

Ofi= (-1

3 Mathematical Model

In this section, the fractional Influenza model of two growpth modified parameters is presented, it is more general
model than the model given i27]. The new parameters of the proposed modeB&reBy, £, p® as described in Table
2, this modified parameters are introduced to account forrtitibnal order28]. The population in this model is divided
into two groups. The first group is the individuals belongingeconomically higher strata and the second group is the
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individuals belonging to economically lower stra¥]. All interpretation and meaning of the variables for theposed
model are given in Tablg.

The new system is described by fractional order derivathge®llows:

eDES =07 — BISil1 — BISilo — (£9 4+ 69)S,, 9
eDiVL =898 — (1— p*)B{Valy — (1— p®) B Vil — 8%Vy, (10)
Dl =By Si(l1+12)+ (1—pY) B Va(l1+12) — (6% +n9)ly, (11)
thaRl =I7G|1 — 6"R1, (12)
SDIS =0 — BISly— (7 + u”)Sy, (13)
aDfVo =89S — (1— p%) B Val2 — 6Vy, (14)
aDf 2 =B 11+ (1 — p*)B{'Val2 — (87 +n%)l3, (15)
thaRz Zna|2 — 9"R2. (16)

with the following initial conditions

S(0) = s0,1i(0) = io, Ri(0) = ri0,Gi(0) = Cio,

Table 1: Definitions of the variable states of systéf) — (16).

Variable Definition
Si(t) The proportion of susceptible at tingof higher strata group.
Vi (t) The proportion of vaccinated at timeof higher strata group.
I1(t) The proportion of infectious at time of higher strata group.

Ry(t) The proportion of removed individuals at tiheof higher strata group

(1) The proportion of susceptible of lower strata group.
Vo (t) The proportion of vaccinated of lower strata group.
I2(t) The proportion of infectious of lower strata group.
Ro(t) The proportion of removed individuals of lower strata group
Table 2: All parameters and their values of the syst€h— (16).
parameter Definition Value
(2L birth and death rates. (%)“
na Removal rate due to hospitalization and isolatign. (10(?;32)“
By Transmission rate. (%)“
a Vaccination rate. )
a Vaccinati i 099ya (094 a
p accination efficacy. ( ay) , ( ay) e

One of the main assumptions of this model is that:

Q={(S:Vi,R, 1)) :SVi,R,[i 2 0;S+Vi+ R + i =1i =12}
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is positively invariant for the mod¢B) — (16). UsingR =1—S —|; —Vi; i=1,2in Q equationg12) and(16) can be
removed from the model. Therefore we have to study only fahg six equations:

aD{'S; =07 — B'Sil1 — BSilo — (£ + 67)S,, 17)
aDfV1 =89S — (1 - p%)B{Vil1 — (1—p) B Val2 — 89V, (18)
D1 =B Si(l+12) + (1 —p®)BIVa(le +12) — (8% +n)ly, (19)
aDf S =07 —BI'Sl— (7 +6)S, (20)
aDiV2 =E9S — (1—p®)B{'Val2 — 89V5, (21)
aD{ 2 =11+ (1 - p“) B Val2 — (89 +n%)l2. (22)

3.1 Stability of equilibrium points

Leta € (0,1] and consider the syste(t7) — (22).
eDISi(t) = f1, gDIVA(t) = f2, ED{11(t) = f3, SDFS(t) = fa, gDIV2(t) = 5, gDfIa(t) = fe.
fl — fi(Sl,Vl,Il,SZ V27|2) I - 1 2 6
W|th the |n|t|al values $1( ) (O) Il(O) $(0), V2(0), 12(0)). To evaluate the equilibrium point IEDfS; =5 DV =5

:>f SOV SIS =0, 1=1,2,3,...,6.
Then we can get the equilibrium poir(§;9,V;’ ,Ilq, gq V4159, To evaluate the asymptotic stability let

ﬁ% et (23)
v1<t> =Vii+ et > (24)
l1(t) =17+ &3(t), (25)
S(t) =S+ &u(t), (26)
Va(t) =V, '+ s(t), (27)
la(t) =159+ es(t). (28)

So the equilibrium pointd, LY, L, L% 189 15 159, Reé9) is locally asymptotically stable if all eignvalues of Ja@n
evaluated at the equilibrium point satisfies Matlgnon sditions given by

|argAi| > %T, where i=1,2,....,6 (][29,[30]).

3.2 Control reproduction number

Control reproductive numbé&; for the model(17) — (22) is defined as follows:
rr _ PEIO7+ (L p*)Ec)
(na + 90{)(50{ + QC{) :
For more details se@f)]. If there is no vaccination or the vaccination is totallgffective, i.e..£9 =0 orp? =0. Then
the control reproductive number become basic reprodustiveberRj and
B
a
RO T pa +na'

(29)

(30)
Itis clear thatRY < Rj.

3.3 Stability of the disease free equilibrium point

To evaluate the equilibrium points:
Let DF Sy(t) = DFVA(t) =§ DF11(t) =§ D Salt) =§ DAVa(EDFIa(t) = 0 = fi(SIVELIFSIVSLT) =0 i =

_ ue & pe &a ;
1,2,...,6. Now, if I, =1, =0, then BFE( BT T ,0, €T T TET ,0) i. e., the mode(17) — (22) has exactly one
equilibrium pointEy = (u‘“rf" ) qaTEa ,0, “a‘jrga, o Ea ,0) in Q, with no disease in the population. We calculate the
Jacobian matrix of the systefti7) — (22) at DFE point as following:
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—Booe *Bf’Qa

g en  tipme o o g
B [6°+(1-p%)E] _ pa Bf[6°+(1-p)&7]
I(Eo) = 0 0 " Frge——09-n" 0 0 * s
0 0 0 —(§946%) 0 e
(1-p*)BféE”
0 0 0 & -6 —aige
0 0 0 0 0 w _ 99 _pa
ll+ a
The characteristic equation Bf is as follows:
afga 1—p9)&Q
(/\+9“)2(A+E“+9“)2)[/\—B1{ (1-p7)¢ }+9“+'7“}2:0

a4 ga
or,
(A+09)2(A+&7+0%)2A — (8% +n7)(RE ~1)]>=0

Thus four roots are negative and remaining two roots aretivegd RY < 1 and positive ifR? > 1. Hence by Hurwitz’s criteria DFE
is locally asymptotically stable if all eigenvalues of tteedbian matrix satisfies Matignon’s conditions given 8Y{

|argAi| > %T, where i=1,2,....,6.

Theorem 31IThe proposed modél7) — (22) has a unique solutiofS; (t), Va(t), 11(t), S(t), Va(t), I2(t)) and the solution remains in
R

ProofThe existence and the uniqueness of the solution of sy&t&jmn- (22) in (0,) can be obtained fromg]. We need to show that
the domairRi is positively invariant.

SinceSD{ S (t)|s,—0 = 6 > 0, $DFVA(1) =0 = £9S; > 0, SDF 1 (1),—0 = B Sil2 + (1— p¥)B1Val2 > 0, SDF Sp(t)]s,0 = 67 >
0, EDfVa(t)|v,—0 = €9 > 0, §Df15(t)]i,—0 = B{ Sl1 > 0 and in view of the generalized mean-value theorem (GMVT)each
hyperplane bounding the non-negative octant, the vectordi@nt intoRi.

4 Procedure Solution of the Fractional Influenza in Two-Groy Model

Consider the system given in E¢7) — (22). In order to use Jacobi polynomials of m-degree, first we @pprate S;(t), Vi(t),
11(1),S(t),Vo(t) andlx(t) as follows:

:;eupéﬁ"’”a), v1<t>:,;bipéff””<t>7 (31)
t):';quffi"ﬁ)(tL &(t);;dmﬁﬁ“’”(t» (32)
t):iaPﬁﬁ”m(tL gfp“ﬁ , 33)

now, we collocate the solution éin+1— [a]) pointsty, (p=0,1,..,m+1—[a]) as follows

mod ka pa  pa & oB) a Qo olB) g e g pHB)
a0ty @ =67 — By a.P (tp) § GRS (tp) — B aP P (ty) S fiPH
i:%ﬂ k;w z0 H Zv RGP 2 AR (6] 3 R

— (g + e“)'Z)a.-PL(fi"ﬁ)(tp), 34

m i

akea _ra e . pHB) a0 e B\ e - o(lB)
bofts ™ =& y aPi P (t) - (1-p"pf 3 bR’ 1) y Rl
i:%ﬂ k:%ﬂ P izb . P ' izb L P iZO t

~(1-p%)p7 5 bR ) 5 1Rt -0 3 bRl (35)
i= ’ i= ' i= ’
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Fig. 1: The solutions graph using GEM and RK4 with= 1, p = 0.94,RZ = 1.0082.
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Fig. 2: The solutions graph using the shifted Jacobi spectral ndetfith differenta and,p® = (0.94)9, u =0, 3 =0.
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Fig. 3: The solutions graph with differemt by using GEM,p% = (0.94)9.
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Fig. 4: The solutions graph with differemt by using the shifted Jacobi spectral methofl,= (0.99)9, u = 0.5, 8 = 0.5.

m i

a k—a WB) s\ o p(HB) C ¢ o(HB)
GOty T =Br Y aPi" (tp)(H GPT (o) + > fiRT (tp)
5,3, oo 8t Sartt o St s
v pa © pp B\ e (B
+(1-p)B bR (t qP- p)+ fP
( )B1 i; iR (p)i; L Z)

< o pHB)
—(e“+s“>,§OqPLﬁ" (tp), (36)
i=
k-a _pa a < ¢ o(HB) a ay (1,8)
d@ ktp =0 - pB; diP, t fiP " (tp) — (¥ 4+ 6 diP\FF) (tp), (37)
; 2 Z)'L (p)izouL,. (tp) — ( )izo' (tp)
ol k-0 _pa < (u,B8) A\ pa © o p(HB) < ¢ o(HB) 0 < plHB)
80ty © =¢ aiPP (tp) — (1—p")B aPi" (tp) > fiRLiT (tp) — 6% > eR i (tp), (38)
i=[a k=[a] Hep iZO l P ' i;) - P i;) TR i;) = P
i i atk—a Pl a < (H.B)
fio4ty “ =B gPH fP +(1—pY)Bf aP (t )y iRt
i:%ﬂk: al e ' i;) o Z) Z) WP i;) o
_(9“+n”)20fipﬁfi‘vﬁ>(tp). (39)
i=

For suitable collocation points we use roots of Jacobi spkecbllocation methodD,E“ B)( t). By substituting the initial conditions in
Egs.(31) — (33), we can obtain six equations as follows:

S VR A =S 3 UG = 5 (0 T e = (40)
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Fig. 5: The solutions graph using the shifted Chebyshev polynamiith differenta andp® = (0.94)9.

o ir(B+i+1) o iF(B+i+1) o iF(B+i+1)

1) — -~ di = S, 1) —————"6 =V, 1) —————~fi=l. 41
Equations(34) — (39), together with the equation®0) — (41), give 6 m+ 1) of algebraic equations. This system is solved by the
Newton'’s iteration method for the unknowas bj, ¢;, di, g andf;, i=0,1,....,m.

5 Numerical Experiment

In the following, the shifted Jacobi polynomials are usealbtain approximate solutions for the systéhy) — (22) with the initial
conditionS; (0) = 0.5, V1(0) = 0.05, 11(0) = 0.45, $(0) = 0.7, V»(0) = 0.2, 12(0) = 0.1 and the parameters given in TaBldetm=6
andT = 10, Fig. 1 shows the behavior of the approximate solutions using GEMRIt4 witha = 1, p9 = 0.94 andR? = 1.0082
Using the same data given in Figy. consideru = 0, 8 = 0 in Eq. (7), Fig. 2 shows the behavior of the approximate solutions with
different values ofr using the shifted Jacobi spectral method. We have notegvih@na = 1, the approximate solutions using the
shifted Jacobi spectral method are in excellent agreemigttiie solution by using RK4 and GEM. Fig.shows the behavior of the
approximate solutions with different by using GEM. Fig4 shows the behavior of the approximate solutions with déifeor by using
the shifted Jacobi spectral method whee- 0.5, 8 = 0.5. The obtained results using the shifted Jacobi spectrdlodevith different
values ofy, B anda = 1 are listed in Tabl&. We noted that, the results almost equal in all casgs, @&. The results using the shifted
Jacobi spectral method when= 0.5, 8 = 0.5 and different values aoft are listed in Tablel. Moreover, we can generate the shifted

ey (—1_1
Chebyshev polynomials of first kind from the Jacobi polynalsiaccording to the following relationship; (x) = ;!gfi)) P,E_i z 2>(x).
1 :
Fig. 5 shows the behavior of the approximate solutions usingeshi@thebyshev spectral method with differenand p® = (0.94)7.
We have noted from Figs and Table5 that the obtained results are the same when 0, 8 = 0. Fig. 6 shows the behavior of the

approximate solutions with differept® by using the shifted Jacobi spectral methoe: 0 andB = 0. We have noted that whenever the
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Fig. 6: The solutions graph with differemt® by using the shifted Jacobi spectral methpds 0, 8 = 0 anda = 0.99.

values ofp? increase the values of, |, decrease. Fig illustrates the relation between the variables whea 0.90, p% = (0.50)%-%0
by using the shifted Jacobi spectral method and 1, 3 = 1.

Table 3: Numerical solutions by the shifted Jacobi spectral methbdmo = 1, T = 10.

P R¢ u B Vi Iy Vo 2
0.99 | 0.3689| 0.5 05 | 1.6763x 101 | 5.3280x 10 I | 55071x10 1 | 1.7537x 101
—05| —05 | 1.6763x 101 | 53289x 107! | 55071x 1071 | 1.7537x 101
1 1 1.6763x 1071 | 5.3289x 1071 | 55071x 101 | 1.7537x 1071
—05| 05 | 1.6763x10 1 | 53289x 10! | 55071x 101 | 1.7537x 101!
0 0 1.6764x 1071 | 5.3288x 1071 | 55071x 101 | 1.7537x 1071
0.90 | 1.5204| 05 05 | 1.5681x10 1 | 53984x 10 I | 54214x10 1 | 1.8499x 101
—05| 05 | 1.5681x10°1 | 53984x 107! | 54214x 1071 | 1.8499x 101
0 0 1.5681x 101 | 5.3983x 101 | 5.4214x 101 | 1.8499x 101

Table 4: Numerical solutions by the shifted Jacobi spectral methitd different values ofr, RY andT = 10, u = 0.5, 8 = 0.5.

a Rg Vi 11 A\ I>
0.98 | 1.4267 | 1.5707x 10 1 | 5.3509x 10 1 | 54219x 10T | 1.8300x 101
0.90 | 1.1153 | 1.5852x 10 1 | 5.1442x 101 | 54144x 101 | 1.7400x 101
0.80 | 0.8410 | 1.6112x 10 1 | 4.8424x10 1 | 53839x 101 | 1.6033x 101
0.50 | 0.4622 | 1.6720x 10 1 | 3.6319x 10 1 | 5.0630x 101 | 1.0677x 101
0.30 | 0.3692 | 1.5385x 10 1 | 2.9292x 101 | 42715x 101 | 7.4409x 102
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Table 5: Numerical solutions by using the shifted Chebyshev polyiatsrand different values af, RY andT = 10.

a Rg Vi 11 Vo lo

1 | 03689 1.6764x10 1 | 53288x10 1 | 55071x 10 1 | 1.7537x 101

1 | 1.5204 | 1.5681x 10 1 | 5.3983x10 1 | 5.4214x 10 1 | 1.8499x 101
0.98 | 1.4267 | 1.5709x 10 1 | 5.3507x 10 1 | 5.4225x 101 | 1.8302x 101
0.90 | 1.1153 | 1.5865x 10 1 | 5.1443x 10 1 | 5.4172x 101 | 1.7406x 101
0.80 | 0.8410 | 1.6163x 10 1 | 4.8446x 101 | 5.3907x 10 1 | 1.6042x 101

6 Conclusions

In this paper, the shifted Jacobi polynomials and their priogs together with the collocation method are used toestio-group
Influenza model of the fractional order derivatives. Thetianal derivative is considered in the Caputo sense. Tvgnpmials from
Jacobi polynomials; the shifted Legendre polynomials dmittesl Chebyshev polynomials as special cases from théeshifacobi
polynomial are introduced to solve the proposed model. Titaied results by proposed method are compared with thdtses
obtianed by RK4 and GEM methods. It's found that the resudtaioed by the method suggested here are in excellent agréevith
the results obtianed by RK4 and GEM, in integer-order caseeSfigures are given to demonstrate how the fractional migdel
generalization of the integer-order model. All computeslits are obtained using Matlab programming.
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