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Abstract: A category of singularly perturbed boundary value problem for nonlinear equation of fourth order with
two parameters is considered here. The Adomian decomposition and Variational iteration techniques are used to
propose an asymptotic solution to this problem. Some examples are given to demonstrate the effectiveness of the
two techniques for solving the boundary value problems of nonlinear equation of fourth order with two parameters.
The two solutions are compared for small and large x.
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I. Introduction

The singularly perturbed problem with a turning point is very striking subject of study in international
academic circle [1]. During the past decade, many approximate methods have been introduced for
example, averaging method, the boundary layer method, the matched asymptotic expansion method, and
multiple scales methods and WKB methods. in recent times many researchers including, Ni and Wei [2],
Bartier [3] Libre et al [4], Guarguaglini and Natalini [5] and Jia-qi and Zhao-Hui have done must work
for this concern. Our concern in thus work is to consider the nonlinear equation of fourth order with two

parameters of form:

_d*y(x) -~ A3y (x) . dE3y(x) o dy(x]
L2+ up() T +q) 0+ e =f(x (1.

D=<x<m
Subject to the initial condition (0} = 4. Where ¢ mnd u are positives small parameters. Here it is assumed
that:
® (x) =0, p(x).g(x)and f(x) are sufficiently smooth with regard to their variables in corresponding

domain.
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This paper is presented as follows; we start by presenting Adomian decomposition method, following by

an applications where the turning point occurs at the origin and at x = . This is then followed by the

presentation of Variational Iteration method with an application.
II-Adomain Decomposition methods

Dividing equation (1.1) in both sides with cix) we have the following equation

£ dyixy | po
£

d*yix)  gqxdd™ix)  dylx) _ fix
c(x) dx* clx) : -

# | dx el (1.2)

|

The method used here is based on applying the operator | dx which the inverse operator of % on both

sides of equation (1.2) to obtain:

e ) x & d*yiw pirid*viv) gqleldsvie} Frer
Y@ =y0) = [y e s e o e o (1.3)

The Adomian decomposition method [1, 2] suggests a series solution vix. . u) for equation (1.3) given

below as:

- - a, v . .
yix.e i) = Xp_o¥n (% €.4) (1.4)

Here the components y,(x.c.x) are to be determined recursively. Thus by replacing equation (1.4) into

both sides of equation (1.3) provides:

- X - - - x - x
— Fae} A2 Fart A2 P
e ean o [E @ P e OF. wiwew)| -2 LIS e A

n=0 V] n=0 n=0 n=0

By following the decomposition method, we find the recurrence formula as:
X e

. ) V)
Vplx. €. 1) :1-'~.D2I—f L
’ p ELV)
and
. v o £ d%ya(rel pidiya(val) iR A3y ved o
W(eei) = [ g Hom &F e e OF (15)

From the above equation, if the first component w,(x.¢.u) is known, the remaining components,

valr.e.u)n =1 can be easily calculated in the way that every term is calculated by employing the
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preceding terms, and thus the series solution are entirely calculated. For this purpose we estimated the

solution v(x. e, i) by reduced the series to:

Vi lx e.u) = ELE Vi (X6 ) with limgyg  _ vglx, e.p) = yix e.u) (1.6)

III-Variational Iteration method

The values of the variational iteration method and its applications for a range of categories of differentials
equations can be viewed in [3, 4, and 5]. To solve equation (1.1) by means of variational iteration method,

we put equation (1.1) in the form:
(ev(x)) gy + (XY (x))g, +q(x) (}":'f"]-r +e(x)(y(x))y— f(x) =0 2.1)
The correction functional for equation (2.1) can be approximately expresses as follows for this matter as:

ld'ﬂ.} !

Vne:(®) = ¥al®) + [ A) G20 - F0) + e F@)+ 0T + POIRTENap+ e(F@))gpdy]  (2.2)

Where i(r) is a general Lagrange multiplier [6], and this is can be determined most selectively via
variational hypothesis [7, 8,9]. Here (#(:))y, » (7(v))zp (7(#))2p and f(r)

are considered here as restricted variations. Now making the above functional stationary

i d ™y (r)dr
G¥pay(x) = GJ A(r) [L—w]
J dr
giving up to the following Lagrange multipliers i = —1 for the case where and i = —x for m = 2. For

these matter if m = 1, we obtained the following iteration formula:

@ _ A d
¥nealX) = vplx) = '“'U - fvy+ gy |—..—+ pl(viu

ul:

“yulr) d
de” -

In this case, we begin the initial approximationy,(x} = y(0) = A. And for m = 2, we obtained the following

iteration formula:

X -
lf dya(v) diya(¥) | d¥ya()
Vneplx) = f‘l —x) [fi ) — f{r) + qlv) dr + plvlu ::'1,‘3 + e __;_r._:J. - dv
In this case we begin with the initial v, (x) = v(0)+ x¥'(0) = A+ x¥'(0)
IV-Applications And Results
Example 1
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An application of the two approaches introduced earlier is performed here by considering the following
boundary value problem for nonlinear equation of fourth order with parameters of form:

g4 diyx) divlxh dylx] 2
LX) ] + ] " —
as M TS ax X G.1

subject to the initial condition introduced earlier. We start this application here with Adomian

decomposition method.

3.1 Adomain Decomposition Method

Here equation (3.1) can be written as:

dy(x} 2 _[e d*y(x) + uf::’rir_i +x 5”}"1::-]
dx ' ! T dy?

Applying the integral on both sides of the above equation we have the following:

. . Aoy diy(ed | diy(e) g
yix) — y(0) = —_f;[f ;ﬂ" - 4y Y ex ‘1_ - ::‘] dv (3.2)

Following the discussion presented earlier, a series solution of the above equation is suggested here as:

==

yiv.e p) = Z ValX. €. 1)
n=>0
Substituting the above into equation (3.2) and following the decomposition technique we introduced the

following recursive formula:

) [ d¥*yulve diy, (ren) diy,(ewenl] ;.
Yoealv. €)= = [ [=# Uy =t X = 1El (3.3)
x o
Yo(X.E.4) = Y(0) + f Pdr=A+—
- E. 4

-
£

vo(x e.p) = —Bex— 2ux®— -t
w

| " 3
Volr.e.u) = 18ex+ 6p°r® + 10pxr?+ EI*

yalx. €. ) = =6ex =30 u*xr* = Hur* = 20pux" - Ir"'

For this matter we stopped at N = 3 and the asymptotic solution of equation (3.1) was given by:
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vix € ) = Valx 6, @) + vyl 6, w) + vo(x. 6, w) + w6 i)+ + (3.4)
3.2 Variational Iteartion Method
Following the discussion presented earlier we put equation (3.1) in the form:
(€¥(D)ax +*(y(D)ax + x(y(0)) , + @)y — %" =0 (3.5)
The correction functional for equation (3.5) can be roughly expresses as follows for this matter as:
.\ .\ X o, [EMp Y o o e e
Ynea(X) = ¥ulx) + [7 A1) == X+ E(TV) g + VTV e + vR{F(¥Y) g+ é;}'!_uj‘u_.ydrl

Now making the above functional stationary

'r
G¥p.y(x) =6 ;”jlﬂl

giving up to the following Lagrange multipliers i = —1 for the case where and i = —x for m = 2. For

these matter if = = 1, we obtained the following iteration formula:

- .
P [ B G dya(v) dya()
YnaalX) = Yulx) J[ STV v v+ e

In this case, we begin the initial approximationy,ix) = 4 +§, the case of m = 2 will not be investigated in

this work.
r* .
Wineu)=A———2ux"—6ex

2 g n 7
Volr e ) = A+ 12e x4+ 6ur" + 10ux*+ Ir-i

yalreu) =A=42ex= 36y = F4ux® — 5xd

For this purpose we stopped for N = 3 and the series solution of equation (3.1) can be approximated to:

vixe p)=yplre pm)+ vyl )+ vl )+ yalnep) + -4+ (3.6)

It is important to single out that, there is the self-cancelling noise terms appear between various

components of the two asymptotic solutions. Then we cancelled the noise terms in the decomposition
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solution (3.4) and the variational iteration, and we then compared the two approximated solutions see
Figure 1.

After cancelling the noise terms in both solutions we ended up with the following solutions

4

Adomian y(xeu) =A +6ex— 30 u'x* — 12ux"—2x" 4+

Varigtional Yix.e.u) = A— 46 ex—30u " x" — 26 ux® —2x% + -+

The comparison of the graphical representation of the two solution is shown in the below figure 1-2-3.
The graphical representation show that for 0 = x = 1and for very small values of £ and , the two solution

are equal. For x =1 for any values of the small parameters ¢ and u, the curves of the two solution are

equal.

1.2 -

Figure 1: Comparison for ¢ = 0.0002 and u = 0. 001 with small values of x
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Figure 2: Comparison for ¢ = u=0.001
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Figure 3: Comparison for £ = 0.1 and u = 0.2 with large value of x
Example 2

Our concern here is considering the following boundary value problem for nonlinear equation of fourth

order with parameters of form:

diyix g3y (x gAY (X) 1 dypx

=1 3.7

subject to the initial condition introduced earlier.
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3.3 Adomian Decomposition Method

Following the discussion presented earlier we introduced the following recursive formula:

X
yplx.Eu) =A———x

2
Yres(xe ) = [5[(v+ 1)e & 2+ (v +1) cos(v );—" +iv+ ljex'ﬁj';:'ﬁ']d:' (3.8)

Then using the zeroth component and equation (3.8) we determined the remaining components as:

yi(x €.} = —xe”

bt

B’

1 . 2 2y 2 . 1, .
plxeu) =-[1—e — 26" —e"x" + 26— 2¢%e — 6exe — 2e%x7e + 2u— M2 + 4x 4 7 Jucos(x) —e¥x(2

+ xusin (x)]

I'La(l' [ _LI‘]
[1 70000 — 5[:0::-3“- 34+3x(29 + Bx(4+ 1) }j — 26156256+ 945000 %+ 871776u + 1012500eu+ 568944,2:]

L HSNEI

+

= 2?9“{—625{—155+ 2x(155 + x(101+ 13:}]'] #) -8 {:4035+ 5x(1921+ 5x(278+ 55xj}),z cos(x) —

8(448+ 52(253 + 151(18 +51)) ) usin(9)]

+

08 e
135000

x(36+x(15 + 3:}]) cusin(x) +2 {:512 +5x(199 + 5x(24 + ijujj_u: sin(2x) — 1250( (7 + x(3+ 0 (6 + 1) )e* +

[—625{15 + x(38 + x(16 + x_‘-]] sucos(y) —2 11 384+ 5(593 + 10x(34 + 51) ) | wleos(20) + 525{21 +

(2 +x(3+ 20 + 73sink (1)) |

For this purpose we stopped for N = 3 and the series solution of equation (3.7) obtained via Adomian

Decomposition method can be approximated to:
vix.e.p) = vylx. e )+ yylx. e w) + volx. e p2) + yy(x e ) + -+ (3.8)

3.4 Variational Iteration Method
As discussed earlier we introduced the recursive the following recursive formula:

Vylx, e u) =A— - X

r - d 1 d
;,r,,_:{:.e.,uj:}rﬂ{x.f.uj—f[e{1+~jﬁg—+ (1l + 1)cos v T§—+r1+L.a %E— }E{ & — (v +1)|dr
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So that:

i X

Vil ed)=A———x+x¢
o1 R .

vilreu) =s[1+24-2x—x" — (1 +x)" + 26+ 2u

—e(—6x+2(1 +x(3+ 1) )e + (2 +x(4 + )peos(x) +x(2 + x)usin (1))

Valx.6,0) = %+ A-ix(2+ 41+ f—,g’x{n + 3229 + 6x(4 + 1)) — 7¢? +—; e(—20(1+ 0% + (155 +

2x4(155 + x(101+ 18x) ))e) — Be—13+ 4w —ﬁ,ui:?ll +263u)+e (Pt + (-5 + T+ 2pt +xf(e(-5+ %) +

2u°) + x(7 + 3e(—5 + 6€) + 3u7))

+
% ( ey ({ 2¢*(4036 +5x(1921+ 52(278 + 55x)) ) 625 |:—5+_':: +x(4+x0))+(15+x(38+ (16 + 1)) ])E ] ) cos (x)

+2(1384 +5x(593 + 10x(34 + 5x)) ) ucos(zx) + 26 (248 + 5x(253 + 15x(18 + 5x) ) ) sin(x)
-625(5x(2+ ) + (21 + (36 + x(15 + arju]] i) sin(x) —2(612 + 5x(199 + 5x(24+ 5x)u sin(2x) )) + 73¢%¢ sinh(x)

For this purpose we stopped for N = 3 and the series solution of equation (3.7) obtained via Variational

iteration method can be approximated to:

vive W)=yl e pi+ywilve g+ vl e ul+ v lxep)+ -+ (3.9)

The noisy free of both solutions are obtained by canceling the noise terms in both solutions as discussed
earlier.

V- CONCLUSIONS

In this work, we applied both the Adomian decomposition and the variational iteration method for solving
the initial and boundary value problems of nonlinear equation of fourth order with two parameters .The
solution obtained noticeably pointed out the consistency and correctness of the proposed methods. Two
examples were given in order to demonstrate the effectiveness of the two techniques for solving the
boundary value problems of nonlinear equation of fourth order with two parameters. The suggested
method is used directly without using perturbation, linearization or restrictive assumptions.

References

1. G. Adomian, (1988) A review of the decomposition method in applied mathematics, J Math Anal Appl 135, 501-544;
Marwan T. Alquran (2012), Solitons and Periodic Solutions to Nonlinear Partial Differential Equations by the Sine-
Cosine Method, Appl. Math. Inf. Sci. 6, 85-88.



76

NS PN Abdon Atangana: New Class of Boundary Value ......

2.

G. Adomian, (1994) Solving frontier problems of physics: the decomposition method, Kluwer Academic Publishers,
Boston; B. P. Moghaddam and A. Aghili (2012) A numerical method for solving Linear Non-homogenous Fractional
Ordinary Differential Equation, Appl. Math. Inf. Sci. 6, 441-445

J. H. He, (1997) Variational iteration method for delay differential equation, Commun Nonlinear Sci Numer Simulat,
235-236

J.H. He, (1999) Variational iteration method-a kind of non-linear analytical technique: some examples, Int J Nonlinear
Mech, 699-708

J.H. He, Y.Q.Wan and Q.Guo (2004) An iteration formulation for normalized diode characteristics, Int J Circuit
Theory Appl, 629-632

M. Inokuti, H. Sekine, and T. Mura,(1978) General use of the Lagrange multiplier in non-linear mathematical physics,
S. Nemat-Nasser, editor, Variational method in the mechanics of solids, Oxford, Pergamon Press, 156-162.

J. H. He, (2001) Variational theory for linear magneto-electro-elasticity, Int J Nonlin. Sci Num. Simul. 2, 309-316.
J. H. He, (2003) Variational principle for Nano thin film lubrication, Int J Nonlin. Sci Num. Simul. 4, 313-314.

J. H. He, (2004) Variational principle for some nonlinear partial differential equations with variable coefficients, Chaos
Sol. Frac. 19 , 847-851.



