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Abstract: In this paper, assuming that the lifetime of each item una@emal condition follows the modified Weilbull distributipn
partially accelerated life tests based on progressive-Typensored samples are considered. The likelihood eopstire to be solved
numerically to obtain the maximum likelihood estimatess&hon normal approximation to the asymptotic distribugbmaximum
likelihood estimates, the approximate confidence interf@l the parameters are derived. It is difficult to get expfiarm for Bayes
estimates, so Markov chain Monte Carlo method is used tcesthlis problem, which gives us flexibility to construct thedible
intervals for the parameters. Lindley approximation i@dising disscussed to obtain Bayes estimators. Finall{letrative example
and simulation studies are being considered.
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Acronym
ALT Accelerated Life Test MLE Maximum Likelihood Estimates
PALT Partially ALT ACls Approximate Confidence Intervals
MWD Modified Weilbull Distribution SEL Squared Error Loss iretion
PDF Probability Density Function MCMC Markov chain Monter{@a
CDF Cumulative Distribution Function M-H Metropolis-Hagls
SF Survival Function CRIs credible intervals
SS-PALT  Step-stress PALT AVG Average Point Estimate
PRO-II-C  Progressive Type-ll Censored MSE Mean SquarearErr

1 Introduction

There is a difficulity in getting information about the lifigte of products with high quality during testing under notma
conditions, so ALTs are used in manufacturing industriegatiofailure data in short period of time. According to Nelson
[1] there exist three ALT methods. The first one is called cartsstress ALT, where the stress is being constant during
the experiment, see Al-Hussaini and Abdel-Han®l Bagdonavicius and Nikulin3] and Kim and Bai #] . The second
one is called progressive-stress ALT, where the appliegstis increasing during time, see Wang and Bjeaid Abdel-
Hamid and Al-Hussainig]. The third one is called step-stress ALT, where the testlitmm changes at a certain time or
after the termination of specific number of failures, seeaBashnan et al.q], Nelson B] , Wu et al. P] and Abdel-Hamid

and Al-Hussaini 10]. Miler and Nelson 11] got the optimal step-stress ALT plans in the case wheredestms have
exponentially distributed lives and are observed untiitalins fail. For more researches on ALTS, see others Fan et al.
[12], Ismail et al. [L3], Ma and Meeker14] and Tangi et al. 15]. We use PALT when the relationship between life and
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stress is unknown. An extra advantage of PALT appears iimgetiore failure data in a limited time without subjecting
all the units to high levels of stress. In constant-stredsTP@ach unit is run at either use or accelerated conditidy) sae
Abushal and Solimari] and EL-Sagheer][7]. In step-stress PALT, items are tested at normal leveh the stress will
be changed at a certain time. Many authors have dealt wihytpe, including Abdel-Hamidlg], Srivastava and Mittal
[19] and EL-SagheerZ(]. A more general censoring scheme called PRO-1I-C has bsed in this paper in which the
removal of prespecified number of units is done when an iddaii unit fails, this continues until fixed number of units
failed, at this stage the remainder of the surviving uniéssramoved, see Aggarwala and Balakrishrii, [Bairamov and
Eryilmaz [22], Ali Mousa and EL-SagheeR], Singh et al. 4] and EL-Sagheei2b]. Another generalization of Weibull
distribution called MWD was introduced by Xie et a2§ and a detailed statistical analysis was given in Tang ¢24).
This distribution is in fact a generalization of the modeidied by Chen28]. If X follows a MWD, then the PDF, CDF
and SF are given respectively by

f1(X) = Aa <%>alexp{ <%>a+)\ﬁ <1—exp[<%>GD}, x>0, a, B,A>0, )
Fi(x) = 1—exp{)\B (1—exp{ <%>G}>}, x>0, a,B,A >0, (2)

si-enfon (- ()}

Itis clear that the Exponential Power Distribution 3) is a special case of MWD with = 1, so any results obtained
in our study, will also be valid for the Exponential Power f@ilsution (a,) and this was considered and studied by
Smith and Bain29]. The MWD model has been fitted to the failure times of Aarsgadsee AarseB)] and the failure
times of a sample of devices in a large system, see Gupta[8tlhIThe detailed description of the data set can be found
in Meeker and EscobaBf).

This paper can be organized as follows: In Section 2 some le@siumptions and description of the model are
presented. The derivation of the MLEs of the parameters disamehe corresponding ACls are showed in Section 3.
Section 4 discusses Bayesian estimation. A numerical eleampresented in Section 5 . A simulation example is
presented in Section 6 to compare the methods of estimé&fioally, some concluding remarks are considered in
Section 7 to show the theoritical results.

and

2 Modél description and assumptions

In SS-PALT alln units are run under normal conditions for a prefixed timand then they are run under accelerated
conditions. Leh; be the number of failures that happen before tinamdm— n; be the number of failures happening after

time T where units are run at accelerated conditions. PRO-II-@péied as follows, when the first failure occux{fyrlnyn, R
items are randomly withdrawn from the remainimg 1 surviving items. At the second failu ;ﬁn‘n, R, items from the
remainingn — 2 — Ry items are randomly withdrawn. The test continues until riife failure anmmn . The remaining
Rn=n—m-— zt”jllRt items are withdrawn. According to Degroot and Go&d][ the lifetime say Z of a unit under
SS-PALT can be defined as:

- X, if X <1,
Z_{r+u1(X—r), if X >1, )

whereX is the lifetime of the item under use conditianjs the time when stress is changed and the acceleration
factor. Assume that the lifetime of the unit follows MWD, thiéhe PDF of the total lifetime of the unit is given by

0, x<0,
f(x)=<¢ f1(x), 0<x<T, (5)
f2(X), X>T,

where f1 (x) is given by Eq.(1) and f,(x) can be obtained from Eq$l),(4) and (5) using transformation variable
technique and is given by:

f2(x) = Apa (& (B, 1) "exp{ (£ (B,u))" +AB(1—exp{ (£ (B,u))" ]}, (6)
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and

S (x) =exp{AB (L —exp{ (£ (B,1)"})}, ()
where
U(X—T1)+ T

EB,u)= B

3 Maximum likelihood estimation

If the failure times of then independent items originally in the test are from a contursipopulation with PDF (x), the

joint PDF forxRL < X, < . < Xohyn < T < Xl << XBm o is given by

L(a,B,A,my:B{ﬁf1<xk><sl<xk>>Rk}.{ 7 f2<xk>(sz<xk>>Rk}, (8)
=1 k=n;+1
where .
B:n(n—l—Rl)(n—Z—Rl—Rz)---<n—m+1—ZR). 9)
t=
The likelihood function without normalized constant cannyéten as
ny a-1 m
LBl = @™ 1] () [] €8 exp(@sla prn) + e pA )}, (0
k=1 k=n;+1
where .
L% a Xy a
) A = — AB(1 1- — 11
L (0,82 1) kzl(ﬁ) saparo (1-ef (%) }). (1)
and o
Q2 (a,B A )= (E(B.M))*+AB(1+R) (1—exp{(§(B,u)"}). (12)
k=n;+1

Therefore, the log-likelihood function without normalizeonstan?(a, 8, A, u|x) is given by

{(a,B,A,plx) =(m—ng)logu+mlogAa + @1 (a,B,A, 1) + @2(a,B,A, 1)

< X L (13)
a1 (5 og()+ logé(ﬁ,m) .
<kzl B k=nzl+1
Then, upon differentiating Eq13) with respect tax, ,A andu respectively and equating each result to zero, we get
m (& X« Z 0Py (a,B,A, ) 0Pz (a,B,A, 1)
—+ log (—) + logé (B, u) | + + =0, (14)
a <k21 B k:%H Jda Jda
ml—a) JP(a,BA,u) P (a,B,A 1)
+ = 07 15
B op o8 (19
m 0(1)1(0737)\7“) d(DZ(a?Ba)\alJ) o
2T oA a2 =0, (16)
and ) "
m_n1+a¢2(aaﬁa 7u)+(a_1) XK_T -0 (17)
H ou k=n1+1 H (Xk - T) +T

A system of nonlinear simultaneous equations in four unkmeariablesa, 3, A andu is resulted, but it is not an
easy task to get an exact solution, so we tackle this situdtjousing a numerical method named Newton Raphson to
obtain an approximate solution of the above nonlinear systee, EL-SagheeR§).
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3.1 Approximate confidence intervals

The asymptotic Fisher information matrixof the maximum likelihood estimates is the negative secaéropartial
derivatives of the log-likelihood function with respectdo 8, A andu. Letyn = a, Yo =, 3= A andys = u , then

dzﬁ o
| = 0, ] =1,23,4. (18)
Therefore, the asymptotic variance-covariance matnxttzawritten as follows

020 020 820 02 771 N

_E _0%!? _5%/\ _03571 var@) cov(a,A )COV@,Z) cov(c:r,ﬁ)
-1 535251 op? ~opax ~opon _ | covB.a) var(B) couB,A) cov(B,fi) o)
_0i20[a aizaép gég df\zdéu cov(xl,?) cov(i,g) varﬁ)\l COV()\,Aﬁ)
— o g“g GEA COV(H, @) coM(1, B) co(ld,A) var()
where 0% 020y (a,B. A1) 92D, (a,B. A, 1)
__m 10777“ 2077711
da?2  a? da? + da? ’ (20)
0% m(a—1) 0*®(a,B,A 1) 2P (a,B,A, 1)
P A N T @D
9%¢  —m
a2~z (22)
2 m _
s =, 2 —PrRen(E B aE e (BT, 29
=N+
azé < a a
FYYI =kzl—B(1+Rk)logE(B,u)exp{(f(B,u)) } (B, 1))
- m a a (24)
X« X« X
_ 1 I 2k 2k 7K
k=nzl+1B( +R og(B)exp{<B> }(B) ’
02( _nl B & a & o & a
snop =2 @R ((1-ew{ (F) }) raen{(5) }(5)) o5
. > 1(1+ R ((1—exp{(& (B.1)"}) +aexp{ (& (B, k)" } (& (B, 1)),
=N1+
o § a(&(B,m)* 1 % )logf(B 1) (1-AB(1+R)exp{ (¢ (B,u)"})
(90(9[.1 k=n;+1 B
il a (Xk—r) a
+k=nzl+1(f (B,1)) H0e—T) 1 (1-AB(1+R)exp{(£(B,u)"}) o5
_ il a A 1 a a—1( (%—T)
3 (€ I0gE (8.1 (A8 1+ Roerp{( (6.1} € 8. (P45 )
(%~ 1)
U(—T)+T’
026 _ il a-1 (Xk_r) _—aZ _ o
apan =, 3, e (B0 (e Ry @ vem(EB0)). @
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;B%Z;_r;+§llogz<%) (%)a (1—AB(1+Rk)eXP{ (%)a})

33 )Y ) G (3

)
+k§+llogz(f (B.1)) (& (B.1)* (1-AB(1+R)exp{(& (B.u)"}) 29)
+knzrj+1“ (B,1))"10g (& (B, 1)) (a (& (B,1))" — 1) (A (1+Ra) exp{ (€ (B, 1)) }).,

and

The common method to construct the confidence interval fepdrameters, 3,A andu is to use the asymptotic
normal distribution of MLEs and this is showed by Vander Végil Meeker 34]. Therefore,(1— y)100% ACls for the
parametersr, 3, A andu become

G+£Z,00/var@), BEZys\/varB), A£Zym\/var(d), A2z, var(f), (30)

whereZ,, is the percentile of the standard normal distribution wigt-tail probabilityy,/2.

4 Bayesian estimation

In this section, the Bayes estimates and the correspondrig f0r the parameters, 3,A andu are obtained. In some
situations where we do not have sufficient prior informatbut our parameters, so we can use non-informative uniform
distribution as a prior distribution for the parametersntte the prior distributions for our parametersg, A andu are

ma)da™t ,a>0,

mp)op—t ,B>0, (31)
nA)OA 1t JA>0,
and
nu)Oop ™t u>1
The joint prior of the four parameters can be expressed by :

m(a,B,A, 1) 0 (a,BA,u) 1, a>0,>0,A>0 u>1 (32)

The joint posterior density function af, 3,A andu given the data ,denoted by (o, 3,A p|x) can be written as

_ Lt B2 ) < (et B0 1)
TP A = e L@ B A, ) < (@, B A K9G BN 9

The Bayes estimates of any function of the parametersz@ay3, A, 1) using SEL function is

ZBS(G,B,/\,IJ) :Eaﬁ,)nu\),([z(aapa)‘a‘*l)]
_Jo Jo' Jo Jo' z(a.B. A p) x L(a, B, A, ulx) x Ti(at, B, A, p)dadBdAdu (34)
I I I Jo Lla, B, A, plx) x m(a, B, A, u)dadBdAdu :

while the Bayes estimate afa, 3,2, ) using LINEX loss function is
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o -1 _
BL (aaﬁ,)\,u) = ? |Og [EG,B,A,u\data [e 52(017[3,)\7“)” , € 7& 0,
and
o Jo 5 Jo e BN L (a, B, A, pIX) x m(a, B,A, u)dadBdAdu
Jo Jo Jo Jo L(a,B.A, p[x) x m(a, B, A, p)dadBdAdp '

It is not possible to computEd3), (34) and(35) analytically. So, Lindley approximation and MCMC technégare
being used to obtain the Bayes estimatesfoB, A andyu .

(35)

Ea,p,)\,m)_( [e—EZ(mB,A#)}

4.1 Lindley Approximation

Lindley approximation was introduced by Lindle§q and its importance appears in a sense that the Bayes estémat
can be approximated in a form containing no integrals. Letamsider the ratio of two integrals

JaprmW(a,B,A, 1) g(@BA L +p@BANG (a,B,A, 1)
f("aﬁ-)\#) ee(a,ﬁ,)\,[J)er(C{,B,)\,[J)d (G7B7A s IJ) !

wherew(a, 3,A, 1) is any function ofar or 3 or A or u, ¢(a,3,A, ) is the log-likelihood function ang (a,3,A, i) =
logrm(a,B,A, ). Then the ratio of the two integrals can be calculated asviallo

| — (36)

I = W(a, B.A, I:l) + W18y + Wollp + Wadla + Wady + 85 + 8 + A (W1 011 + WaO12 + WaB13 -+ WaG14)

+B (W1 821 + Wo B2 + W3 B3 + Wab2a) + C (W1 831 + Wo B3 + W3 B33 -+ WaG3a)

+D (Wy 841+ W2 022 + W3043+ W4 044) , (37)
Where&,ﬁ,;\ ,and[l are the MLE of the parametets 3, A andy, respectively.

& = P10i1+ P20i2 + P30iz + Pabia, fori=1,23,4,
&5 = O1o0W12 + G13W13 + 014W14 + O23Wo3 + GoaWos + O34W3a4,

N 1. . n " .
% =3 (611W11 + O2\Wop + O33W33 + O44Wa4),

A= 5112111-1- 25122121-1- 25132131+ 25142141-# 25232231-1- 25242241-1- 25342341—# 5222221+ 5332331-1- 5442441,

B = 6110110+ 20120102+ 20130130+ 20140142+ 20230230+ 28240 242+ 20340342+ G2l 222+ 330330+ 54424427
C = G11l113+ 20120103+ 26130133+ 20140143+ 20230233+ 26240 243+ 20340343+ G220 293+ O33l333+ 54424437
and

D = 611/114+ 20120124+ 26130134+ 20140124+ 28230234+ 26240 204+ 20340384+ 6220224+ B33l334+ Oaal 244,

where subscripts 1,2,3 and 4 on the right-hand side staral,fBr A andu, respectively

ﬁi:<0_p> fori =1,234 and Q1 —a, Qo= f, Q3=A, Qu— .
0% 1(©1,02,03.04)

, fori,j =1,2,34.

. (aZW(Ql,Qz,Qs,Q4))
ij = . ;
[9Q|(9QJ L(él,ézré&é“)
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Ifw( B;\

Aplind—SEL = O + W18y + Wolp + Was + Wil + 85 + 86 -+ A (W1 811 + Wp01p + WaB13 + Wal14)

\_/

by = (dzg(gj’ffj’ff_:"’g“) ) , fori,j =1,2,3,4
i034] 1(01,.92,05.Q4)
Gij = ;1, for i,i=1,2,3,4
ij
é\ijk = (azg(ﬁfg.’d%’;);)’ Q4)) ’ for iv Jvk = 17 27 374
1034032k 1(91,92,95.Q4)

B (W G21 + W 022 + W3 023 + Wy G24) + C (W1 O31 + Wo G2 + W3 033 + W4 G34)

D (W,

041+ Wo 042 + W3 043+ WaOs4) ,

= a, then the Bayes estimate of the parametemder SEL function fron{37) is

(38)

while, ifw( B A, ) = B, then the Bayes estimate of the param@temder SEL function fron§37) is

BBlind_sEL = B + Wiy + Wolp + Wahg + Was + &5 + 8 + A (W1 11 + Wa b2 + Wab13 -+ WaO14)

+B (W1 821+ WoB2p + W33 + WaG24) + C (W1 Ga1 + WoB3p + W33+ Wab34)
+D (W1 041 + W2 0242 + W3043+ W4 G24)

(39)

while, ifw( B 3\ ) =A , then the Bayes estimate of the paramateinder SEL function front37) is

OBlind—SEL = A + Wy

+B(W
+D (W1 041 + W2 0242 + W3 043+ W4 024)

and ifw( a,B,A,p

BBlind_SEL = [+ W18 + Wohp -+ Walg + Wads + 85 + 8 + A(Wy 611 + WaB12 + W33+ Wali14)

a1 + Wodp + Wadz + Wsds + 85 + 8 + A (W1.611 + Wo 012 + Wab13+ Wa614)
1021 + W2 022 + W3 023 + Wi 024) 4 C (W1 G31 + Wo 032 + W3 033 + WaO34)

(40)

= [1, then the Bayes estimate of the parametemder SEL function fron37) is

+B (W1821 + WoB2p + W3 823 -+ Wab24) + C (W1 G31 + Wo s + WGz + WaG34)
+D (W1 041 + W2 0242 + W3 043+ W4 G24)

(41)

If w(&,ﬁ,f\ , ﬂ) = e €0 then the Bayes estimate of the parametemder LINEX loss function fron37) is

~ —ca
aBlind—SEL = €

+B(W
+D (W

+ W87 + Wodp + W3dz + Wy + 85+ g + A(Wléll +Wo G712 + WsG13+ W4a'14)

181+ Wo B2 + Wa B3 + WaG4) + C (W1 Ga1 + Wp 832 -+ Wa Gz + WaGa)
W1041 + Wo0a2 + W3 043+ Wal44) ,

(42)

while, if w(a, [3,5\ , ﬁ) = e‘gé, then the Bayes estimate of the param@teinder LINEX loss function fron{37) is

Apiing_seL = € P +
(
+D(W

while,ifw( a.B.A,

A —€A
aBlind—SEL = €

+ W18 + Woay + Wa3z + Wy + 85 + ag + A(Wlall +Wo 012+ W3013+ W4614)

+ W11 + Wodp + W33 + Wads + 85 + 86 + A (W1011 +Wo012+ W3613+ W4014)

1821+ Wo B2 + Wa B3+ WaG24) + C (Wy 531 + Wo Gz + W3 G334+ WaO34)
1041+ Wo 0242 + W3 G43+ Wy 014)

(43)

) = e*g", then the Bayes estimate of the paramatemder LINEX loss function front37) is

+B (W1821 + Wo B2 + W383 -+ Wab24) + C (W1 G31 + Wo O3 + WGz + WaG34)
+D (W1.041 + W20a2 + W3 043+ Wa044) ,

(44)
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and ifw(&,ﬁ,f\,ﬁl) — e ¢#_then the Bayes estimate of the parametemnder LINEX loss function froni37) is

BBlind_seL = € °H -+ W1dy + Wohp + Wadz + Wals + 85 + 8 + A (W1 811 -+ Wali12 + Wab13 + Wyb14)
+B (W1 021 4 W2022 + W3023 4 W4 G24) + C (W1031 + Wo 32 + W3 033+ Wa034)
+D (W1.041 + W2 042+ W3 043+ W4 Ga4) - (45)

4.2 MCMC technique

An important sub-classes of MCMC methods are Gibbs samplirigmore general Metropolis-within-Gibbs samplers to
generate samples from the posterior density functitfm, 3,A, 1|x) and in turn compute the Bayes estimates and also
construct the corresponding CRIs based on the generatgéetiposamples. The expression for the posterior is diyectl
proportional to the product of the likelihood and the prindahis can be written as :

(a0, B2, plx) O pm A igmoipl (46)
ny a-1 m
Q1) N E B0 exp(oa(@.pAm + @a(apr. i)
k=1 k=n;+1
The conditional posterior densities df i, a and are as follows :
nf(Ma,B,u,)_()~Gamma(m,cpl(a,ﬁ,)\,u)+®2(a,ﬁ,)\,u)) ’ (47)
B (e, B,A,%) O™t [ (E(B,m)"
k:r:lJrl (48)
><exp{ > (E(BJJ))"—AB(1+Rk)eXp{(E(B,u))“}},
k=n1+1
ny a-1 m
@p A 0™ [ (5) [] EB0) en(o@p Ao pAm) (9
=1 =n;+1
and 9
(B0 A b0 0B ] (%) ] (€80 ep(@n(a A0+ 0o A M) (0
=1 =n+1

It can be seen that E@¢47) follows gamma distribution, so samplesfcan be easily generated using any gamma
generating routine.The posteriorsiofa andp in Egs.(48),(49) and(50) respectively are unknown, but upon plotting
each of them, their graphs are similar to normal distribuytaee Fig. (1), (2) and (3), so the Metropolis-Hastings th
with normal proposal distribution is used to generate franheof them. For more details about Metropolis-Hastings
algorithm, see36].The algorithm of Gibbs sampling within M-H is as follows :

Step 1:Startwith an3© = 3, a©@ = a,A©@ = A, u© = ).

Step 2:Set =1.

Step 3:Generatg® from 1 (A |a Y, gD [ (t=1) ).

Step 4:Using M-H method, generate® from 7z(u|a®Y, B A0 x) with the Nu~Y,var(f)) proposal
distribution.

Step 5:Using M-H method, generaté) from 7z (a|B, A, 4, x) with the N@ Y var(@)) proposal distribution.

Step 6:Using M-H method, genergdé) from 7z;(B|a, A, 4, x) with the N~ var(B)) proposal distribution.
Step 7:Computer®, O A andu®.

Step 8:Set=t+ 1.

Step 9:Repeat Steps-36 N times.
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Step 10:Obtain the Bayes MCMC point estimateipivheren, = a, no =, n3=A andns=pufor j=1,2,3and 4 as

13w
E(nj|data) = n;
N—-M k=M+1 .

and the estimates for the aforementioned parameters utldEXloss function as

ﬁ k=N+1EXp{_5'7,-(k) }] 7

~1
nj= ?Iog

whereM is the burn-in period .
(M+1) _(M+2

Step 11:To compute CRIs qf , ordernj ,nf
symmetric CRI becomes

>,...,I]J-(N) asnja) <nNje) < - <NjN-m)- Then the 100L — 2y)%

(Miyn-my) s M-y (N-m))) -

5 Numerical computations

In this section , a numerical example is presented. PRO@#sared sample from MWD under SSPALT is generated
using the algorithm described in Balakrishnan and San@iugnd using tranformatio(d) with T = 0.3. A simulation
data for PROG-II censored sample under SSPALT from the MWD parametersa, B,A, 1) =(2, 1, 1.5,1.5)1 = 0.3

and by using progressive censoring schemes30,m= 15andR={3,0, 3,0, 2,0, 2,0, 3,0, 1, 0, 1, O} @re presented

in Table 1. The MLEs, Bayesian Estimates using Lindley’srapjmation SEL, Bayesian Estimates using Lindley’s
approximation Linex Loss function and Bayes point estimai@ve been calculated for the parametei8, A andu and
listed in Table 2. 95% ACI, and CRIs for the parameter$8, A andu are computed and listed in Table 3. In MCMC
procedure, the chain has been run 12,000 and the first 20@0e@n canceled as burn-in .

Table 1. SSPALT simulation data generated from MWD
Failure times before = 0.3 | Failure times after = 0.3
0.2963 0.3342 0.3576 0.3806 0.4371 0.5496
0.6649 0.6856 0.7119 0.7885 0.8295
0.8700 0.9393 1.2083 1.2489
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Fig. 1. Conditional Posterior density function af

Table 2. Differents Point estimates for parameter§, A, U.

() ()MLE ()Lindley (J)MCMC
SEL Linex SEL Linex
c=-1 c=0.001 c=1 c=-1 c=0.001 c=1
a 2.457 2.332 2.422 2.332 2.262 1.107 1.100 1.107 1.106
B 1.195 1.268 1.273 1.268 1.262 0.899 0.896 0.899 0.896
A 1.151 1.023 1.064 1.023 0.992 1.01 1.011 1.001 1.001
u 1.006 0.945 0.950 0.945 0.942 1.701 1.703 1.702 1.701
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Table 3. 95% Confidence intervals for parameter8,A andu
Method o Length B Length
ACI [[1.3265,6.2416] 7.5680 [-1.8966,4.2878] 6.1844
CRI [1.0996,1.1016] 0.0020 [0.9991,1.0005] 0.0014
Method A Length u Length
ACI [-3.0259,5.3285] 8.3543 [-2.2379,4.251] 6.4889
CRI [1.6997,1.7009] 0.00121 [0.8989,0.9001] 0.0011

6 Simulation study

In this section, we made a simulation study using (MATHEM@&Alver. 8.0) and computed the mean square error (MSE)
for the parametera, 3,A andu. The procedure was performed 1000 times and the populaticameters werea, 3,

A, u) =(2,1, 1, 1.2) with different sample sizaandm. The comparison between the different methods of the iagult
estimatorsx, 3,A andu has been considered in their MSEs and this is illustratedlales 4, 5, 6 and 7.

MSE— ﬁNiA (Sk(”—fk)z,

whereN — M is the number of simulations, k = 1, 2, 3 aéy = a , &, =, &= ). In our study three different
censoring schemes are considered :

Schemel Ry =n—-m R =0fori # 1.
Scheme Il Ry =Ry, = 5 R =0fori # 7 andi# 7 + 1.
Scheme lll Rn=n—m, R =0 fori #m.
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Table 4. The MSE of the parameterat 7 = 0.4

(nnm) CS MLE Lindley MCMC
SEL Linex SEL Linex
c=-1 c=0.001 c=1 c=-1 c=0.001 c=1
(30,15) | 0.339 0.177 0.174 0.177 0.165 0.079 0.078 0.079 0.073
I 0.347 0.185 0.183 0.185 0.175 0.083 0.082 0.08 0.082
M 0.347 0.196 0.195 0.196 0.187 0.088 0.084 0.07 0.080
(30,20) | 0.320 0.157 0.156 0.158 0.156 0.073 0.071 0.069 0.070
I 0.322 0.159 0.157 0.159 0.150 0.075 0.073 0.07 0.072
M 0.331 0.168 0.167 0.167 0.163 0.077 0.077 0.078 0.076
(50,25) | 0.306 0.135 0.134 0.136 0.130 0.065 0.064 0.065 0.063
I 0.308 0.137 0.136 0.138 0.134 0.069 0.066 0.067 0.062
M 0.310 0.139 0.139 0.137 0.135 0.071 0.071 0.069 0.070
(50,40) | 0.283 0.113 0.112 0.113 0.110 0.061 0.060 0.06 0.060
I 0.291 0.123 0.122 0.133 0.121 0.061 0.061 0.059 0.061
M 0.298 0.133 0.132 0.123 0.130 0.064 0.061 0.064 0.060
(70,50) | 0.266 0.105 0.102 0.104 0.100 0.056 0.054 0.058 0.051
I 0.274 0.107 0.102 0.106 0.100 0.058 0.054 0.0591 0.051
I 0.282 0.112 0.110 0.113 0.110 0.061 0.060 0.0644  0.060
(90,75) | 0.204 0.093 0.093 0.094 0.091 0.039 0.033 0.0366 0.031
I 0.221 0.099 0.091 0.098 0.090 0.048 0.040 0.049 0.040
M 0.221 0.104 0.102 0.106 0.102 0.051 0.050 0.053 0.050
Table 5. The MSE of the paramei@ratt = 0.4
(nm CS MLE Lindley MCMC
SEL Linex SEL Linex
c=-1 c=0.001 c=1 c=-1 c=0.001 c=1
(30,15) | 0.424 0.185 0.183 0.186 0.180 0.085 0.083 0.085 0.083
I 0433 0.196 0.191 0.196 0.190 0.086 0.086 0.088 0.081
I 0.454 0.199 0.196 0.199 0.195 0.087 0.085 0.087 0.084
(30,20) | 0.407 0.143 0.143 0.144 0.140 0.074 0.073 0.073 0.073
I 0.408 0.144 0.144 0.143 0.141 0.076 0.073 0.075 0.072
M 0.423 0.159 0.157 0.159 0.152 0.079 0.074 0.079 0.074
(50,25) | 0.356 0.122 0.122 0.123 0.122 0.064 0.061 0.064 0.061
I 0.391 0.139 0.138 0.138 0.138 0.065 0.064 0.066 0.063
I 0.401 0.141 0.141 0.142 0.140 0.068 0.066 0.068 0.062
(50,40) | 0.348 0.119 0.117 0.118 0.111 0.057 0.052 0.058 0.052
I 0.350 0.118 0.119 0.120 0.114 0.060 0.060 0.061 0.060
M 0.352 0.120 0.121 0.121 0.120 0.061 0.062 0.062 0.063
(70,50) | 0.287 0.112 0.112 0.113 0.110 0.033 0.033 0.032 0.032
I 0.299 0.115 0.115 0.116 0.114 0.043 0.040 0.043 0.041
i 0.341 0.117 0.111 0.118 0.111 0.050 0.050 0.049 0.051
(90,75) | 0.236 0.095 0.093 0.088 0.092 0.030 0.033 0.032 0.030
I 0.246 0.102 0.101 0.103 0.100 0.031 0.030 0.029 0.034
I 0.247 0.105 0.103 0.104 0.100 0.033 0.032 0.031 0.038
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Table 6. The MSE of the parameteatt = 0.4

(nnm CS MLE Lindley MCMC
SEL Linex SEL Linex
c=-1 c=0.001 c=1 c=-1 c=0.001 c=1
(30,15) | 0.316 0.185 0.184 0.184 0.182 0.082 0.080 0.083 0.080

I 0.323 0.186 0.185 0.186 0.184 0.090 0.093 0.091 0.092
I 0.324 0.218 0.217 0.217 0.210 0.098 0.096 0.099 0.091
(30,20) | 0.292 0.170 0.170 0.171 0.170 0.073 0.071 0.074 0.071
I 0.293 0.181 0.181 0.181 0.180 0.078 0.076 0.078 0.072
Il 0.296 0.184 0.182 0.183 0.182 0.079 0.078 0.079 0.073
(50,25) | 0.273 0.161 0.161 0.162 0.161 0.062 0.062 0.064 0.061
I 0.281 0.162 0.163 0.163 0.163 0.065 0.063 0.066 0.060
Il 0.291 0.166 0.121 0.168 0.166 0.069 0.068 0.068 0.061
(50,40) | 0.262 0.125 0.132 0.124 0.120 0.055 0.053 0.053 0.051
I 0.269 0.138 0.151 0.139 0.131 0.056 0.054 0.056 0.054
I 0.272 0.151 0.113 0.152 0.151 0.059 0.056 0.059 0.055
(70,50) 1 0.235 0.113 0.114 0.112 0.110 0.042 0.041 0.042 0.041
I 0.244 0.116 0.113 0.117 0.114 0.052 0.052 0.055 0.050
Il 0.255 0.117 0.115 0.115 0.112 0.054 0.053 0.056 0.058
(90,75) 1 0.216 0.097 0.096 0.098 0.091 0.033 0.031 0.033 0.037
I 0.224 0.103 0.103 0.102 0.102 0.036 0.033 0.035 0.031
I 0.228 0.107 0.106 0.108 0.100 0.037 0.037 0.038 0.032

Table 7. The MSE of the parameferatt = 0.4

(nnm CS MLE Lindley MCMC
SEL Linex SEL Linex
c=-1 c=0.001 c=1 c=-1 c=0.001 c=1
(30,15) | 0.314 0.199 0.190 0.199 0.191 0.076 0.071 0.076 0.070

I 0315 0.214 0.211 0.213 .0210 0.086 0.083 0.086 0.081
I 0316 0.224 0.223 0.224 0.221 0.088 0.085 0.089 0.084
(30,20) | 0.306 0.172 0.172 0.172 0.171 0.068 0.066 0.066 0.061
I 0.308 0.180 0.180 0.180 0.180 0.069 0.065 0.068 0.060
Il 0.310 0.186 0.185 0.189 0.145 0.070 0.070 0.071 0.070
(50,25) | 0.283 0.146 0.145 0.145 0.151 0.057 0.056 0.055 0.052
I 0.285 0.152 0.152 0.153 0.152 0.059 0.057 0.058 0.050
Il 0.288 0.154 0.155 0.155 0.130 0.063 0.060 0.064 0.060
(50,40) | 0.272 0.130 0.130 0.131 0.133 0.053 0.053 0.054 0.050
I 0.273 0.133 0.132 0.131 0.134 0.054 0.054 0.055 0.051
I 0.279 0.136 0.133 0.133 0.139 0.056 0.056 0.056 0.054
(70,50) | 0.260 0.117 0.114 0.116 0.110 0.045 0.043 0.045 0.043
I 0.266 0.119 0.115 0.118 0.115 0.049 0.045 0.048 0.044
Il 0.269 0.123 0.122 0.122 0.120 0.048 0.047 0.046 0.046
(90,75) 1 0.250 0.104 0.101 0.105 0.100 0.043 0.043 0.044 0.042
I 0.253 0.107 0.107 0.106 0.101 0.044 0.044 0.043 0.040
Il 0.254 0.112 0.111 0.114 0.111 0.048 0.049 0.049 0.044

7 Concluding Remarks

In this paper, The maximun likelihood for the parameterstef MWD is considered. This paper also studied the
construction of Cls for the parametarsf3,A and . MCMC method and Lindley approximation are used to tackée th
problem of not getting an explicit form for the bayes estimm# numerical example using simulated data is presented to
show how the methods work based on progressive type-Il cedstata. Finally, a simulation study was performed to
compare the performance of the proposed methods for diffesgmple sizes and different censored schemes. From the
results, we observe the following :
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1.From Tables 4, 5, 6 and 7, as sample sizecreases, the MSEs decrease and the Bayes estimates aéaralest
MSEs for the parameters, 3,A and .

2.For fixed values of the sampteandm, Scheme | performs better than other Schemes in the senseingtsmnaller
MSEs.

3.From Tables 4, 5, 6 and 7, the estimated values for all patemusing Bayesian-Lindley Linex at ¢
approximately equal to the estimated values of all pararmetgng Bayesian-Lindley SEL.

4.From Tables 4, 5, 6 and 7, the estimated values for all petensusing Bayesian-MCMC Linex at ¢ = 0.001 are
approximately equal to the estimated value of the pararisteg Bayesian-MCMC SEL.

0.001 are
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