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Abstract: In this paper, a modified generalized chain regression cuin estimator for population mean in the presence of
nonresponse has been proposed and its properties havetbéiea sA comparative study of the proposed estimator has barried
out with the relevant estimators and the optimum values af andk have been obtained for the fixed c&k Co. For the several
suitable choice of the constant a, the proposed estimafoursl to be more efficient than the relevant estimators. Thgircal and
theoretical studies also justify the efficiency of the pragub estimator in comparison to the relevant estimators.
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1 Introduction

The use of an auxiliary character to increase the efficief¢heestimator for population parameters is widely used in
researches related to the field of socioeconomic, agrieuitnd biomedical sciences. The research work on the egiimat
of population parameters using auxiliary characters bgisdauthors have been reviewed Bfj[and [8]. For an example,

in a forest surveys, the average amount of timber of a trebea@stimated by using the diameter of the tree as an auxiliary
character. In some cases anyone may be interested in @stirtteg population mean of the study characy@mhen the
population mean of auxiliary characteg (s not known and the population mean of another additionziliary character

(2) is known which may be cheaper and less correlateglitttanx (pyx > py). For the first time, I] has proposed an
estimator for population mean using an additional auxilielraracter. In this context, several estimators for pdjmria
mean have been proposed Wy, [28], [21], [3] and [9] etc. Further the research work has been reviewed By [

While conducting a sample survey, it may not be possible tiecinformation on all the units selected in the sample
due to nonresponse. In this cas#, iave suggested a method of sub-sampling from non-respémead the estimator
for population mean based on available information on redpm units and sub sample units drawn from the non-
responding units in the sample has been proposed. Furthenas@roblems on estimating the population mean through
sample surveys in the presence of non-response have beside®d by 18],[19], [4], [5], [6], [7], [22], [23], [24],
[25] and [10Q]. The study of several chain type estimators and improvedhctype estimators for population mean using
auxiliary character and additional auxiliary charactethi@ presence of nonresponse have been studie® 4[], [14].
The Generalized Chain ratio in regression estimators ®pthpulation mean using two phase sampling in the presence
of non-response have been proposedl#y.|

In the present context, we have proposed a modified genedadizain regression cum ratio estimator for population
mean using two phase sampling in presence of nonresponsg@rdperties of the proposed estimator have been studied
for fixed sample sizesn(, n) and also for the fixed co€ < Cy. Several estimators are found to be the member of the
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proposed estimator as a special case. A comparative stublg pfoposed estimator for the several suitable choiceeof th
constant “a” has been made with the relevant estimators.mpirical study has also been given in the support of the

problem for fixed sample sizes (n) and also for fixed the co&t < Cy.

2 Proposed Estimators

Lety, x andz denote the study character, auxiliary character and additauxiliary character respectively havipg th
valuesYj, X; andZ; (j =1,2,.....N) with their population mean¥, X andZ respectively. The population of si2¢

is supposed to be divided intg; responding and\, non-responding units such thif + N, = N. According to the
[2], a sample of size n is drawn from the population of size N bpgisimple random sampling without replacement
(SRSWOR) scheme, it has been observed that eniynits are responding amg units are not responding in the sample
of sizen for the study character. Further, by making some extra effort a sub-sample of size- ny /k, k > 1) is drawn
from nynon-responding units by using SRSWOR sampling scheme éatddenformation on available units are collected
by personal interview for study character

Similarly, in case when the population mean of the auxiliemgracter is not known we draw the first phase sample of
sizen' (< N) from the population of siz&l by using simple random sampling without replacement (SR&jV§zheme
and estimate the population mednby the first phase sample mearbased om’ units.

Further, we draw the second phase sample ofrgizen') from first phase sample of sireby using SRSWOR sampling
scheme and observed that omlyunits are responding an@ units are not responding for the study charagtekgain
we draw the sub-sample of siz& = ny/k, k > 1) is drawn fromn, non-responding units by using SRSWOR sampling
scheme and collect the related information on r units userggnal interview method by making extra effort.

Using [2] technique of sub sampling from nonrespondents, the estirfar Y based om; +r observations on the study

charactey is given as follows:
Ny — Ny
y = FYl + F%v (1)

wherey; andy,are the means of charactebased om; andr units respectively. The variance of the estimator is given b

Vi) = 1 Tl D g @

wheref = (1—- ), W> :.%, SSZ, andS*f, are the population mean squares of study chargdterthe entire population
and for the non-responding part of the population.
Now, the sample mean of valuesy€orresponding to; + r values ory is given as follows:

Ny — Ny
X=—X+ =%, 3
! + n X2 (3
wherexf,i’2 denotes the means of auxiliary charagterbased om; andr units . The variance of the estimator is given

by
V(%) = %&u%@z, (4)

whereS? andS«2 are the population mean squares of study charadeeithe entire population and for the non-responding
part of the population.

[25], have proposed some improved estimators using auxilidoymation and additional auxiliary information under two
phase sampling scheme which are given as follows:

tor = {V + by, (X —X)} (ﬁ) ; (6)

whered; is constant and, denotes the estimate of regression coefficient of y on x.
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[11] proposed general class of estimator for the populationmusing main and additional auxiliary character which is

given as follows:
AN AN
w7 (%) <z> ©

-\ Q3 L Qg
X z
tos=Y" <?) <z> (7)
wherea, as, a3 and a4 constants.

Further, [L6] have proposed a generalized chain ratio and regressienesgimator for population mean using auxiliary
character in presence of nonresponse which is given asvi&llo

to4=7*+byx{x*<§)as_x—*}, ®)

whereas is constant. Furtherlp] have extendeth, and proposed an improved ratio and regression type estirftato
population mean using information on the coefficient of atioin of the study character which is given as follows:

to5:)7*+byx{)_(L<§>a6—)?‘}, 9)

wherey™ = ky*, kand ag are constants.

and

f o Wak—1) o]
Kopt. = [1+ ﬁc3+ Tcﬂ : (10)
Further [L4] have proposed some generalized chain ratio and regressiomators follows:
PR z
To={Y +by(x —x)} (m) ; (11)
T={y +h {%(——-Z_ )—?} (12)
- Y1I"\Z+8(7-2) ’
and
. Z\%
R e (13)

whered,, &, d and §,; are constants.
In the present context, we have proposed a modified genedaltzain regression cum ratio estimator for population mean
in the presence of nonresponse which is given as follows:

T— a37*+b(>_<L—>?*)] <§)am<§>a02 (14)

wherea, apand ag, are constants artiidenotes the estimate of regression coefficient of y on x.

Case I: Using a=1, we find that T reduces 1@ which is more efficient estimator in comparison to othemaators

which is given as follows:
L (T ()
Tar = [37*+b(x—x)] (?> <Z> (15)

Case lI: If the value of a,(a: ag = n+nc§) is taken which minimizes thB1SE (ay) and T reduces td50 which is given
as follows:

T = [a7 +b8 %) (%) (%) (16)
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Case lII: If we take the optimum value af (a=aj =
reduces tha which is given as follows:

Tacag = [a;? +h(X — ?)} (;) i (%) - (17)

3 Bias and mean square error of the proposed estimator T

W’W) is taken which minimizes th¥ (ay*) then T

In order to derive the expression for Bias and Mean squarar @fr the proposed estimator T using large sample
approximation, we have:

Lety” =Y (14 &)X =X(1+&1)X =X(1+&),Z =Z(1+&),7 =Z(1+ &) b= = Sy (es) _ g(+8s) gych that
E(g)=0and|g|<1V 1=0,1,2,3,4,56.

a01

T =[aY(1+ &) +bX(e2—1)] (1+&2)(1+5) )" (1+£5)7% (18)

T =[aY +aYeo+ B(1+&5)(1+ &) *X(&2— &1)]
[ 1+ Qo164+ 0101(0101 1 82 — Q13— 0018384 + 0101(0101+1) 82) | (19)

(14 0283 + 0102(0!02 1 82))
Now retaining the terms of'sup to second degree, we have:

T =aY +aYey+ BXe — BXep +aY (Aoz — o1)€3 + aY (o2 — 0o1) €360
+BX(ao2 — ao1) €362 — BX(A02 — Ao1) €31 + @Y Ap1€4 4 AY Ao1£4E0

+BXao1(€42 — €4€1) +aY (o1 — Ao2){ 3(Go1 — Qo2+ 1)€2 — Ao1€3€4} (20)
+ay 0101(0101 1) 82
The expression foBias(T) up to the terms of order is given by:
Bi as(T) [{Y(a 1)} + aY(Goz — 001)(8083) + a01aY£o£4 — a01BX(£1£4 — 8284)
—BX (02— 001)(8381 — &38) +ay 2ol D) g2 (21)

+aY(0101 — Goz){ (001 — Qo2+ 1)83 0018384}]

Bias(T) = [{Y(a— 1)} — aY¥(ao1 — Go2) 5Cy + apsaY (£ cyz+W2 Uer)
—apaBX((£ — 17)Ca+ MUlcy,) 1 ay et 2 Wkt (22)
+aY (do1 — lo2) & C2(1 — ato2)]

The expression foMSE(T) is given by:

MSE(T) = E[Y2(a— 1)2+ {Y2a2£2
+Y2a2{(aoz — G01) 83 + 2G01(6¥02 — G01)8384 + G0184 +2(ao2— 0o1)&0€3
+20016084 } + X2B2 (€2 + €2 — 2€167) — 2XYaPB(g0€1 — €02

+001(€164 — £264))} +2Y (a— 1){aY((aoz — Oo1) €03+ 01804 (23)
+3 (001 — 002) (001 — Aoz +1)€2 + 7001((’20171) £
+001(002 — O01)€3€4) — BXA01(E1E4 — E264) }]

= Ve{(a— 1)+ @{(5C) + MTHCR) + ady(( — )CF + HGIC) + oy CE) ¢

2(a0z — to1) ({7 Cye) + 2001 cyz+W2k L G} +2a(a - 1>{aoz( /Cpz) + dor((5 — 1)Cre

+V\&(k 1)Cyz)+002(02()2 l)( C2) aoa( 001 l( o rf1) (24)

(3
S G2+ XEB( — )G+ 1>mclzx )
)

~2XYB(((L ~ )(a0n(28— 1)Crs+ aCye) + L (agy (28~ 1G5+ G0}
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Here we denote:

A= ((f— )C2+ EUCR), B=((f - 1)t 20T,
C= (5~ w)CE+ >c;2>, D= (( — 17)Ce+ *1C) (25)
and E=((%——>Q<y+““ “Cy)
The expression foMSE(T) is given as follows:
MSE(T) = VY2[(a— 1)2+a?{({ Cy+ Cy )
+ag A+ agy( n’CZZ) + 200217 v CyZ) + 2001B} +2a(a— 1){aozf /Cyz) (26)

+agiB+ 902902 D L2y | donldor Y AV X22C — 2XY B{api(2a— 1)D + aE }

The optimum values ofrg; and g obtained by differentiating MSET(), given by @6) , with respect taxp1& ag»
and equating to zero, we have:

dotopt. = % ( B+ XED) + ((21111))7 @7)
__(Sx (a-1
v = () * 32 1 )

Noting that the second partial derivatives of MSE(T) witspect toag; andag; are greater than zero forop and
Qo2opt - The optimum values oftg1opt and dozope depends on the parameters of the population. So one may ube on
bases of the prior information available for the paraméfitens the past data or experiences which does not change the
minimum value of MSE (.) up to terms of ordar?! [20]. However, if no prior information is available then we may
estimate the parameters on the bases of sample values aschiebn observed that substitution of the constants based on
these estimated values of the parameters does not affecitium value of Mean Square Error up to the term of order
n-1[27). For aopiopt andaozop: , the expression favISE(T )min is given by:

MSE(T)min = Y2[(a—1)2 a2{ (fc2 4 Vel g2
+0Gy o)A+ O’oz<opt.)( e IL 20’02(0pt->( 5Cy) + 2001<2pt.)|3} +2a(a— 1){dozopt)(7Cy2) (29)
+ gy ope, B+ 202 Cozep) D X2y Sovon) Covop) ) Ay X22C — 2XY B{ gy op (22— 1)D +aE}

The value ofMSE(T,0) andMSE(T};) can be obtained easily by putting the value of constant “ah@expression of
MSE(T) given by 29).

4 Determination of optimum values ofn’, nand k for the proposed and relevant estimator for
fixed cost(C < Cp),

Let us assume th& be the total cost (fixed) of the survey apart from overheatl @b cost functioi© is given by:

/ / A n
C = (¢ + &N +can+Can + a7 (30)
The expected total cost of the survey apart from overheadgssen by:
o / o ! ! ! V\b
C=E(C)=(c;+cy)n +n(cl+02W1+03T) (31)

Itis to be noted here that < ¢; < ¢; < ¢z < C3,
where
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c'l: is the cost per unit of identifying and observing auxili@haractex at the first phase.

0'2: is the cost per unit of obtaining information on additioaekiliary charactez at the first phase.

c: : is the cost per unit of mailing questionnaire/visiting tiets at the second phase for the study charactery.

Cp . is the cost per unit of collecting and processing data akthfromn; responding units for the study character y.
3 : is the cost per unit of obtaining and processing data fostheesampling units for the study character y

The expression foMSE(E;),i = 1,2,3,4,5,6,7&8, can be expressed in terms\Gf(E;),V1(E;),V2(E;) andV3(E;) which
is given as:

MSE(E) = Vo(BD) Vl(l/fi) L Rva(E)  Vs(E)

n n n N

whereVp(Ei),V1(Ei),V2(Ei) andV3(E;) are the coefficient of;, Foh Kand & N respectively in the expression MSE(E;).
Here we denot&; = y*, Ep =t;, E3 =Ty, E4 =T3, Es =Ts, Ee =Ta1, E7 = Ta—a0 and Eg = Ta=a€3-

Now we define a functio® for minimizing theMSE(E;) for the fixed cost to obtain the optimum valuesnbh andk,
The function® is given as:

(32)

CD:MSE(Ei)'F)\i{(C/l-I-C/Z)n/+n(01+02W1+03%)}, (33)

wherelji = 1,2,3,4,5,6,7&8 is the Lagrange’s multiplier.
Now differentiatinge®(33) with respect taY,n andk then equating to zero we get the optimum values of andk which
are given as follows:

Vl Ei) Vo(Ei) + KV2(E;) &k _ Vo(Ei)caWa (34)
Ai(c)+¢y)’ opt.) Ai(Ct+ oWy +c3%2) (opt) Vo(Ei)(cy +CcWa)’
where
VA= é {\/Vl(Ei)(C/l—i—c/z) + \/(Vo(Ei) + koptvz(Ei))\/(cl+c2w1+c3V\—k’2)} : (35)

For the optimum values af ,n, kand neglecting the term of orded(?), the MSE (E;)min. is given as follows:

2
MSE (Ej)min = [é {\/Vl(Ei)(C/l"f' C,) + \/(Vo(Ei) + koptVz(Ei))\/(Cl+02W1+ Cg%)} ] (36)

5 An Empirical Study

One Hundred and Nine Village/Town/ ward wise population lué urban area under police- station-Baria, Tahasil-
Champua, Orissa has been taken under consideration framcb&ensus Handbook, 1981, Orissa, published by Govt.
of India, [26]. The last 25 percent villages (i.e. 27 villages) have beensitered as non-response group of the
population. The problem considered here is to estimate theage number of male workers in the village)( using
total population of the villagex() as auxiliary character and number of cultivators in théagi ¢ ) as additional
auxiliary character. The values of the parameters of thelfadipn under study are given as follows:

Y_:165.2661,)Z:485.9174,Z_:100.5505,Cy20.6828, Cx=0.6590, C,=0.7314, C;=0.5769, C;=0.4877, C;=0.5678,
Py=0.908,p,,=0.841,0,,=0.801,05,=0.907,0y,=0.785,05,=0.654.

Figures in parentheses give the MSE(.).

From table 1, we observe that for the fixed sample siges)(and for different values d, the proposed estimatofg_,
Ta—ag, and T, a; are more efficient than the relevant estimatgrd;, T;, Ts,and Ts. It is observed that the MSE of the

proposed estlmato'i’a:ao is minimum and comparatively more efficient than all releévestimators. It is also observed
that the value of MSE (.) of the proposed and relevant estirmadecreases as the valuekoflecreases. The relative
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efficiency of all estimators with respectyd decreases dsdecreases. This is due to the fact that the M@BEdecreases
with the faster rate as other estimatorkaecreases.

Table 1: Relative efficiency (in percentage) of the estimators watspect to/* for the different values of.

1/3

1/2

100 (457.2255)

100 (382.4296)

234.1385 (195.2799

210.4219 (181.7442

467.6039 (97.7805)

453.9507 (84.2447)

405.0082 (112.8929

384.9040 (99.3571)

467.6039 (97.7805 )

453.9507 (84.2447)

476.9807 (95.8583)

455.2835 (83.9981)

481.0052 (95.0562)

450.1805 (84.9503)

Egimators 1/4
y* 100 (532.0214)
t1 254.7804 (208.8157
Ty 477.9368 (111.3162
T3 420.8076 (126.4286
Ts 477.9368 (111.3162
Taz1 494.0631(107.6829
Ta—ao 507.3863 (104.8553
Ta=q; 523.8823(101.5536

500.0282 (91.4399)

472.0542 (81.0139)

Table 2: Relative efficiency (in percentage) of the estimators wepect toy") for fixed cost(C < Cy), C=Rs.300 respectively.where
¢, =Rs0.40, ¢,=Rs0.30, c¢;=Rs0.50, c;=Rs1l75 c3=Rs45

Estimators| kopt(approx.) | For fixed costCy | For fixed costCy | Relative efficiency (In %)
Nopt_(Approx.) Nopt (@pprox.)

y* 5.355994 0 76 100 (292.4312)
t1 5.31691 173 45 196.8114 (148.5844)
T 5.31691 86 61 353.9355 (82.62272)
T3 5.31691 112 56 302.8088 (96.57288)
Ts 5.31691 86 61 353.9355 (82.62272)
Taz1 6.57019 88 67 391.6860 (74.65959)
Ta—a, 6.64258 85 68 406.1209 (72.00593)
Ta:a;; 6.66068 85 69 409.8295 (71.35435)

Figures in parentheses give the MSE(.), Rs. =Rupees (lrdiaancy)
From table 2, it has been observed that for the fixed cost, ribyeoged estimatorf_1, Ta—a, and Ta=a;3 have also less
mean square error in comparison to the relevant estimgitots, T1, Tz,and Ts. HoweverTazas is more efficient than

Ta:la.nd Ta:ao .

6 Perspective

On the basis of empirical and theoretical studies, we hagerkd that the proposed estimat®s, Ta—a, and Ta—ay

are more efficient than the relevant estimator$;, Tz,and Ts for the fixed sample sizesf(n) and also for the fixed
costC < Cp),. Thus, we suggest to use the membRts;, Ta—a, and To—,;0f the proposed generalized chain regression
cum ratio estimator for population mean in the presence ofesponse for the different values of a asgandag. The
estimatorT,—1 is preferred in comparison to relevant estimators when i@y prformation onCyis available. However if
prior information onCyis available then the use dfa—4, is preferred and if we have prior information @y, W, and G
then the use of, —a} is more preferred. Hence, we conclude to prefer the uSg-af Ta—a, and Ta—gzmore efficiently than
the relevant estimators according to the availability @f phior information o@, in several areas of research in different
fields of Science and Technology.
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