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Abstract: In this paper, a modified generalized chain regression cum ratio estimator for population mean in the presence of
nonresponse has been proposed and its properties have been studied. A comparative study of the proposed estimator has been carried
out with the relevant estimators and the optimum values ofn

′
, n andk have been obtained for the fixed costC ≤ C0. For the several

suitable choice of the constant a, the proposed estimator isfound to be more efficient than the relevant estimators. The empirical and
theoretical studies also justify the efficiency of the proposed estimator in comparison to the relevant estimators.
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1 Introduction

The use of an auxiliary character to increase the efficiency of the estimator for population parameters is widely used in
researches related to the field of socioeconomic, agriculture and biomedical sciences. The research work on the estimation
of population parameters using auxiliary characters by several authors have been reviewed by [30] and [8]. For an example,
in a forest surveys, the average amount of timber of a tree canbe estimated by using the diameter of the tree as an auxiliary
character. In some cases anyone may be interested in estimating the population mean of the study character (y) when the
population mean of auxiliary character (x) is not known and the population mean of another additional auxiliary character
(z) is known which may be cheaper and less correlated toy thanx (ρyx > ρyz). For the first time, [1] has proposed an
estimator for population mean using an additional auxiliary character. In this context, several estimators for population
mean have been proposed by [17], [28], [21], [3] and [9] etc. Further the research work has been reviewed by [13].

While conducting a sample survey, it may not be possible to collect information on all the units selected in the sample
due to nonresponse. In this case, [2] have suggested a method of sub-sampling from non-respondents and the estimator
for population mean based on available information on responding units and sub sample units drawn from the non-
responding units in the sample has been proposed. Further several problems on estimating the population mean through
sample surveys in the presence of non-response have been considered by [18],[19], [4], [5], [6], [7], [22], [23], [24],
[25] and [10]. The study of several chain type estimators and improved chain type estimators for population mean using
auxiliary character and additional auxiliary character inthe presence of nonresponse have been studied by [9], [11], [14].
The Generalized Chain ratio in regression estimators for the population mean using two phase sampling in the presence
of non-response have been proposed by [14].

In the present context, we have proposed a modified generalized chain regression cum ratio estimator for population
mean using two phase sampling in presence of nonresponse. The properties of the proposed estimator have been studied
for fixed sample sizes (n

′
, n) and also for the fixed costC ≤ C0. Several estimators are found to be the member of the
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proposed estimator as a special case. A comparative study ofthe proposed estimator for the several suitable choice of the
constant “a” has been made with the relevant estimators. An empirical study has also been given in the support of the
problem for fixed sample sizes (n

′
, n) and also for fixed the costC ≤C0.

2 Proposed Estimators

Let y, x andz denote the study character, auxiliary character and additional auxiliary character respectively havingj− th
valuesYj, X j andZ j ( j = 1,2, .....N) with their population means̄Y , X̄ and Z̄ respectively. The population of sizeN
is supposed to be divided intoN1 responding andN2 non-responding units such thatN1 +N2 = N. According to the
[2], a sample of size n is drawn from the population of size N by using simple random sampling without replacement
(SRSWOR) scheme, it has been observed that onlyn1 units are responding andn2 units are not responding in the sample
of sizen for the study charactery. Further, by making some extra effort a sub-sample of sizer(r = n2/k,k > 1) is drawn
from n2non-responding units by using SRSWOR sampling scheme and related information on available units are collected
by personal interview for study charactery.

Similarly, in case when the population mean of the auxiliarycharacter is not known we draw the first phase sample of
sizen

′
(< N) from the population of sizeN by using simple random sampling without replacement (SRSWOR) scheme

and estimate the population meanX̄ by the first phase sample mean ¯x
′
based onn

′
units.

Further, we draw the second phase sample of sizen(< n
′
) from first phase sample of sizen

′
by using SRSWOR sampling

scheme and observed that onlyn1 units are responding andn2 units are not responding for the study charactery. Again
we draw the sub-sample of sizer(r = n2/k,k > 1) is drawn fromn2 non-responding units by using SRSWOR sampling
scheme and collect the related information on r units using personal interview method by making extra effort.

Using [2] technique of sub sampling from nonrespondents, the estimator for Ȳ based onn1+ r observations on the study
charactery is given as follows:

ȳ∗ =
n1

n
ȳ1+

n2

n
ȳ′2, (1)

where ¯y1 andȳ′2are the means of charactery based onn1 andr units respectively. The variance of the estimator is given by

V (ȳ∗) =
f
n

S2
y +

W2(k−1)
n

S∗2
y , (2)

where f = (1− n
N ), W2 =

N2
N , S2

y andS∗2
y are the population mean squares of study charactery for the entire population

and for the non-responding part of the population.
Now, the sample mean of values ofx corresponding ton1+ r values ony is given as follows:

x̄∗ =
n1

n
x̄1+

n2

n
x̄′2, (3)

where ¯x1,x̄
′

2 denotes the means of auxiliary character(x) based onn1 andr units . The variance of the estimator is given
by

V (x̄∗) =
f
n

S2
x +

W2(k−1)
n

S∗2
x , (4)

whereS2
x andS∗2

x are the population mean squares of study characterx for the entire population and for the non-responding
part of the population.
[25], have proposed some improved estimators using auxiliary information and additional auxiliary information under two
phase sampling scheme which are given as follows:

t01 = {ȳ∗+ byx(x̄
′
− x̄∗)}

(

Z̄
Z̄+ δ1(z̄∗− Z̄)

)

, (5)

whereδ1 is constant andbyx denotes the estimate of regression coefficient of y on x.
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[11] proposed general class of estimator for the population mean using main and additional auxiliary character which is
given as follows:

t02 = ȳ∗
(

x̄∗

x̄′

)α1
(

z̄
′

Z̄

)α2

(6)

and

t03 = ȳ∗
(

x̄

x̄′

)α3
(

z̄
′

Z̄

)α4

(7)

whereα1,α2,α3 and α4 constants.
Further, [16] have proposed a generalized chain ratio and regression type estimator for population mean using auxiliary
character in presence of nonresponse which is given as follows:

t04 = ȳ∗+ byx

{

x̄
′
(

Z̄

z̄′

)α5

− x̄∗
}

, (8)

whereα5 is constant. Further, [15] have extendedt04 and proposed an improved ratio and regression type estimator for
population mean using information on the coefficient of variation of the study character which is given as follows:

t05 = ȳ∗∗+ byx

{

x̄
′
(

Z̄

z̄′

)α6

− x̄∗
}

, (9)

where ¯y∗∗ = kȳ∗, k and α6 are constants.

kopt. =

[

1+
f
n

C2
y +

W2(k−1)
n

C∗2
y

]−1

, (10)

Further [14] have proposed some generalized chain ratio and regressionestimators follows:

T1 = {ȳ∗+ byx(x̄
′
− x̄∗)}

(

Z̄

Z̄ + δ2(z̄
′ − Z̄)

)

, (11)

T3 = {ȳ∗+ byx

{

x̄
′
(

Z̄

Z̄ + δ3(z̄
′ − Z̄)

)

− x̄∗
}

, (12)

and

T5 = {ȳ∗+ byx(x̄
′
− x̄∗)}

(

Z̄

z̄′

)δ4

(13)

whereδ1, δ2, δ3 and δ4 are constants.
In the present context, we have proposed a modified generalized chain regression cum ratio estimator for population mean
in the presence of nonresponse which is given as follows:

T =
[

aȳ∗+ b(x̄
′
− x̄∗)

]

(

z̄∗

z̄′

)α01
(

z̄
′

Z̄

)α02

(14)

wherea, α01 and α02 are constants andb denotes the estimate of regression coefficient of y on x.

Case I: Using a=1, we find that T reduces toT1 which is more efficient estimator in comparison to other estimators
which is given as follows:

Ta=1 =
[

ȳ∗+ b(x̄
′
− x̄∗)

]

(

z̄∗

z̄′

)α01
(

z̄
′

Z̄

)α02

(15)

Case II: If the value of a,
(

a = a0 =
n

n+C2
y

)

is taken which minimizes theMSE(aȳ) and T reduces toTa0 which is given

as follows:

Ta=a0 =
[

a0ȳ∗+ b(x̄
′
− x̄∗)

]

(

z̄∗

z̄′

)α01
(

z̄
′

Z̄

)α02

(16)
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Case III: If we take the optimum value ofa,
(

a = a∗0 =
n

n+C2
y+W2(k−1)C∗2

y

)

is taken which minimizes theV (aȳ∗) then T

reduces toTa∗0
which is given as follows:

Ta=a∗0
=
[

aȳ∗+ b(x̄
′
− x̄∗)

]

(

z̄∗

z̄′

)α01
(

z̄
′

Z̄

)α02

(17)

3 Bias and mean square error of the proposed estimator T

In order to derive the expression for Bias and Mean square error of the proposed estimator T using large sample
approximation, we have:
Letȳ∗ = Ȳ (1+ ε0),x̄∗ = X̄(1+ ε1),x̄

′
= X̄(1+ ε2),z̄

′
= Z̄(1+ ε3),z̄∗ = Z̄(1+ ε4),b =

sxy
sx2

=
Sxy
Sx2

(1+ε5)
(1+ε6)

= β (1+ε5)
(1+ε6)

, such that

E(εl) = 0and|εl |<1 ∀ l = 0,1,2 ,3,4,5,6.

T = [aȲ (1+ ε0)+ bX̄(ε2− ε1)]
(

(1+ ε4)(1+ ε3)
−1)α01

(1+ ε3)
α02 (18)

[

T =
[

aȲ + aȲε0+β (1+ ε5)(1+ ε6)
−1X̄(ε2− ε1)

]

(

1+α01ε4+
α01(α01−1)

2 ε2
4 −α01ε3−α2

01ε3ε4+
α01(α01+1)

2 ε2
3

)

(

(1+α02ε3+
α02(α02−1)

2 ε2
3)
)

] (19)

Now retaining the terms ofε ′s up to second degree, we have:

T = aȲ + aȲε0+β X̄ε2−β X̄ε1+ aȲ(α02−α01)ε3+ aȲ(α02−α01)ε3ε0
+β X̄(α02−α01)ε3ε2−β X̄(α02−α01)ε3ε1+ aȲα01ε4+ aȲα01ε4ε0

+β X̄α01(ε4ε2− ε4ε1) + aȲ(α01−α02){
1
2(α01−α02+1)ε2

3 −α01ε3ε4}

+aȲ α01(α01−1)
2 ε2

4

(20)

The expression forBias(T ) up to the terms of ordern−1 is given by:

Bias(T ) = E[{Ȳ (a−1)}+ aȲ(α02−α01)(ε0ε3)+α01aȲε0ε4−α01β X̄(ε1ε4− ε2ε4)

−β X̄(α02−α01)(ε3ε1− ε3ε2)+ aȲ α01(α01−1)
2 ε2

4
+aȲ (α01−α02){

1
2(α01−α02+1)ε2

3 −α01ε3ε4}]

(21)

Bias(T ) = [{Ȳ (a−1)}− aȲ(α01−α02)
f ′

n′ Cyz +α01aȲ ( f
nCyz +

W2(k−1)
n C∗

yz)

−α01β X̄(( f
n −

f ′

n′ )Cxz +
W2(k−1)

n C∗
xz)+ aȲ α01(α01−1)

2 ( f
n C2

z +
W2(k−1)

n C∗2
z )

+aȲ (α01−α02)
f ′

n′ C
2
z (1−α02)]

(22)

The expression forMSE(T ) is given by:

MSE(T ) = E[Ȳ 2(a−1)2+ {Ȳ2a2ε2
0

+Ȳ 2a2{(α02−α01)
2ε2

3 +2α01(α02−α01)ε3ε4+α2
01ε2

4 +2(α02−α01)ε0ε3

+2α01ε0ε4}+ X̄2β 2(ε2
1 + ε2

2 −2ε1ε2)−2X̄Ȳ aβ (ε0ε1− ε0ε2
+α01(ε1ε4− ε2ε4))} +2Ȳ (a−1){aȲ((α02−α01)ε0ε3+α01ε0ε4

+ 1
2(α01−α02)(α01−α02+1)ε2

3 + α01(α01−1)
2 ε2

4
+α01(α02−α01)ε3ε4)−β X̄α01(ε1ε4− ε2ε4)}]

(23)

= Ȳ 2[(a−1)2+ a2{( f
nC2

y +
W2(k−1)

n C∗2
y )+α2

01((
f
n −

f ′

n′ )C
2
z +

W2(k−1)
n C∗2

z )+α2
02(

f ′

n′ C
2
z )+

2(α02−α01)(
f ′

n′ Cyz)+2α01(
f
nCyz +

W2(k−1)
n C∗

yz)}+2a(a−1){α02(
f ′

n′ Cyz)+α01((
f
n − f ′

n′ )Cyz

+W2(k−1)
n C∗

yz)+
α02(α02−1)

2 ( f ′

n′ C
2
z )+

α01(α01−1)
2 (( f

n − f ′

n′ )C
2
z

+W2(k−1)
n C∗2

z )}]+ X̄2β 2(( f
n −

f ′

n′ )C
2
x +

W2(k−1)
n C∗2

x )

−2X̄Ȳβ{(( f
n −

f ′

n′ )(α01(2a−1)Cxz+ aCyx)+
W2(k−1)

n (α01(2a−1)C∗
xz+ aC∗

yx)}

(24)
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Here we denote:

A = (( f
n −

f ′

n′ )C
2
z +

W2(k−1)
n C∗2

z ), B = (( f
n −

f ′

n′ )Cyz +
W2(k−1)

n C∗
yz),

C = (( f
n −

f ′

n′ )C
2
x +

W2(k−1)
n C∗2

x ), D = (( f
n − f ′

n′ )Cxz +
W2(k−1)

n C∗
xz)

and E = (( f
n −

f ′

n′ )Cxy +
W2(k−1)

n C∗
xy)

(25)

The expression forMSE(T ) is given as follows:

MSE(T ) = Ȳ 2[(a−1)2+ a2{( f
nC2

y +
W2(k−1)

n C∗2
y )

+α2
01A+α2

02(
f ′

n′ C
2
z )+2α02(

f ′

n′ Cyz)+2α01B}+2a(a−1){α02(
f ′

n′ Cyz)

+α01B+ α02(α02−1)
2 ( f ′

n′ C
2
z )+

α01(α01−1)
2 A}]X̄2β 2C−2X̄Ȳ β{α01(2a−1)D+ aE}

(26)

The optimum values ofα01 andα02 obtained by differentiating MSE (T ), given by (26) , with respect toα01& α02
and equating to zero, we have:

α01opt. =
1
A

(

−B+ X̄β D
Ȳ a

)

+ (a−1)
(2a−1) ,

(27)

α02opt. =−

(

Cyz

C2
z

)

+
(a−1)

2(2a−1)
(28)

Noting that the second partial derivatives of MSE(T) with respect toα01 andα02 are greater than zero forα01opt and
α02opt . The optimum values ofα01opt andα02opt depends on the parameters of the population. So one may use onthe
bases of the prior information available for the parametersfrom the past data or experiences which does not change the
minimum value of MSE (.) up to terms of ordern−1 [20]. However, if no prior information is available then we may
estimate the parameters on the bases of sample values and it has been observed that substitution of the constants based on
these estimated values of the parameters does not affect theminimum value of Mean Square Error up to the term of order
n−1 [27]. For α01opt andα02opt , the expression forMSE(T )min is given by:

MSE(T )min = Ȳ 2[(a−1)2+ a2{( f
nC2

y +
W2(k−1)

n C∗2
y )

+α2
01(opt.)A+α2

02(opt.)(
f ′

n′ C
2
z )+2α02(opt.)(

f ′

n′ Cyz)+2α01(opt.)B}+2a(a−1){α02(opt.)(
f ′

n′ Cyz)

+α01(opt.)B+
α02(opt.)(α02(opt.)−1)

2 ( f ′

n′ C
2
z )+

α01(opt.)(α01(opt.)−1)
2 A}]X̄2β 2C−2X̄Ȳ β{α01(opt.)(2a−1)D+ aE}

(29)

The value ofMSE(Ta0) andMSE(T ∗
a0) can be obtained easily by putting the value of constant “a” inthe expression of

MSE(T) given by (29).

4 Determination of optimum values ofn
′
, n and k for the proposed and relevant estimator for

fixed cost(C ≤C0),

Let us assume thatC0 be the total cost (fixed) of the survey apart from overhead cost. The cost functionC
′
is given by:

C
′
= (c

′

1+ c
′

2)n
′
+ c1n+ c2n1+ c3

n2

k
(30)

The expected total cost of the survey apart from overhead cost is given by:

C = E(C
′
) = (c

′

1+ c
′

2)n
′
+ n(c1+ c2W1+ c3

W2

k
) (31)

It is to be noted here thatc
′

2 < c
′

1 < c1 < c2 < c3,
where
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c
′

1: is the cost per unit of identifying and observing auxiliarycharacterx at the first phase.
c
′

2: is the cost per unit of obtaining information on additionalauxiliary characterz at the first phase.
c1 : is the cost per unit of mailing questionnaire/visiting theunits at the second phase for the study character y.
c2 : is the cost per unit of collecting and processing data obtained fromn1 responding units for the study character y.
c3 : is the cost per unit of obtaining and processing data for thesub sampling units for the study character y.
The expression forMSE(Ei),i = 1,2,3,4,5,6,7&8, can be expressed in terms ofV0(Ei),V1(Ei),V2(Ei) andV3(Ei) which
is given as:

MSE(Ei) =
V0(Ei)

n
+

V1(Ei)

n′ +
kV2(Ei)

n
−

V3(Ei)

N
, (32)

whereV0(Ei),V1(Ei),V2(Ei) andV3(Ei) are the coefficient of1n ,
1
n′
, k

n and 1
N respectively in the expression ofMSE(Ei).

Here we denoteE1 = ȳ∗, E2 = t1, E3 = T1, E4 = T3, E5 = T5, E6 = Ta=1 , E7 = Ta=a0 and E8 = Ta=a∗0
.

Now we define a functionΦ for minimizing theMSE(Ei) for the fixed cost to obtain the optimum values ofn′,n andk,
The functionΦ is given as:

Φ = MSE(Ei)+λi{(c
′

1+ c
′

2)n
′
+ n(c1+ c2W1+ c3

W2

k
)}, (33)

whereλii = 1,2,3,4,5,6,7&8 is the Lagrange’s multiplier.
Now differentiatingΦ(33) with respect ton′,n andk then equating to zero we get the optimum values ofn ,n

′
andk which

are given as follows:

n
′

(opt.) =

√

V1(Ei)

λi(c
′

1+ c
′

2)
,n(opt.) =

√

Vo(Ei)+ kV2(Ei)

λi(c1+ c2W1+ c3
W2
k )

&k(opt.) =

√

Vo(Ei)c3W2

V2(Ei)(c1+ c2W1)
, (34)

where
√

λi =
1

Co

{

√

V1(Ei)(c
′

1+ c
′

2)+
√

(V0(Ei)+ koptV2(Ei))

√

(c1+ c2W1+ c3
W2

k
)

}

, (35)

For the optimum values ofn
′
,n, k and neglecting the term of order (N−1), theMSE(Ei)min. is given as follows:

MSE(Ei)min = [
1

Co

{

√

V1(Ei)(c
′

1+ c
′

2)+
√

(V0(Ei)+ koptV2(Ei))

√

(c1+ c2W1+ c3
W2

k
)

}2

] (36)

5 An Empirical Study

One Hundred and Nine Village/Town/ ward wise population of the urban area under police- station-Baria, Tahasil-
Champua, Orissa has been taken under consideration from District Census Handbook, 1981, Orissa, published by Govt.
of India, [26]. The last 25 percent villages (i.e. 27 villages) have been considered as non-response group of the
population. The problem considered here is to estimate the average number of male workers in the village (y ), using
total population of the village (x ) as auxiliary character and number of cultivators in the village (z ) as additional
auxiliary character. The values of the parameters of the population under study are given as follows:

Ȳ=165.2661,X̄=485.9174,Z̄=100.5505,Cy=0.6828, Cx=0.6590, Cz=0.7314, C∗
y =0.5769, C∗

x =0.4877, C∗
z =0.5678,

ρyx=0.908,ρyz=0.841,ρxz=0.801,ρ∗
yx=0.907,ρ∗

yz=0.785,ρ∗
xz=0.654.

Figures in parentheses give the MSE(.).
From table 1, we observe that for the fixed sample sizes (n

′
,n) and for different values ofk, the proposed estimatorsTa=1,

Ta=a0, andTa=a∗0
are more efficient than the relevant estimators ¯y∗, t1, T1, T3,and T5. It is observed that the MSE of the

proposed estimatorTa=a∗0
is minimum and comparatively more efficient than all relevant estimators. It is also observed

that the value of MSE (.) of the proposed and relevant estimators decreases as the value ofk decreases. The relative
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efficiency of all estimators with respect to ¯y∗ decreases ask decreases. This is due to the fact that the MSE (¯y∗) decreases
with the faster rate as other estimators ask decreases.

Table 1: Relative efficiency (in percentage) of the estimators with respect to ¯y∗ for the different values ofk.
Estimators 1/4 1/3 1/2

ȳ∗ 100 (532.0214) 100 (457.2255) 100 (382.4296)
t1 254.7804 (208.8157) 234.1385 (195.2799) 210.4219 (181.7442)
T1 477.9368 (111.3162) 467.6039 (97.7805 ) 453.9507 (84.2447)
T3 420.8076 (126.4286) 405.0082 (112.8929 ) 384.9040 (99.3571)
T5 477.9368 (111.3162) 467.6039 (97.7805 ) 453.9507 (84.2447)

Ta=1 494.0631(107.6829) 476.9807 (95.8583) 455.2835 (83.9981)
Ta=a0 507.3863 (104.8553) 481.0052 (95.0562) 450.1805 (84.9503)
Ta=a∗0 523.8823(101.5536) 500.0282 (91.4399) 472.0542 (81.0139)

Table 2: Relative efficiency (in percentage) of the estimators with respect to (¯y∗) for fixed cost(C ≤C0), C=Rs.300 respectively.where
c
′

1 = Rs.0.40, c
′

2 = Rs.0.30, c1 = Rs.0.50, c2 = Rs.1.75, c3 = Rs.45
Estimators kopt (approx.) For fixed costC0 For fixed costC0 Relative efficiency (In %)

n′opt (approx.) nopt (approx.)
ȳ∗ 5.355994 0 76 100 (292.4312)
t1 5.31691 173 45 196.8114 (148.5844)
T1 5.31691 86 61 353.9355 (82.62272)
T3 5.31691 112 56 302.8088 (96.57288)
T5 5.31691 86 61 353.9355 (82.62272)

Ta=1 6.57019 88 67 391.6860 (74.65959)
Ta=a0 6.64258 85 68 406.1209 (72.00593)
Ta=a∗0 6.66068 85 69 409.8295 (71.35435)

Figures in parentheses give the MSE(.), Rs. =Rupees (Indiancurrency)
From table 2, it has been observed that for the fixed cost, the proposed estimatorsTa=1,Ta=a0 and Ta=a∗0

have also less
mean square error in comparison to the relevant estimators ¯y∗, t1, T1, T3,and T5. HoweverTa=a∗0

is more efficient than
Ta=1and Ta=a0 .

6 Perspective

On the basis of empirical and theoretical studies, we have observed that the proposed estimatorsTa=1,Ta=a0 and Ta=a∗0

are more efficient than the relevant estimatorst1, T1, T3,and T5 for the fixed sample sizes (n
′
,n) and also for the fixed

cost(C ≤ C0),. Thus, we suggest to use the membersTa=1,Ta=a0 and Ta=a∗0
of the proposed generalized chain regression

cum ratio estimator for population mean in the presence of nonresponse for the different values of a as 1,a0anda∗0. The
estimatorTa=1 is preferred in comparison to relevant estimators when no prior information onCyis available. However if
prior information onCyis available then the use ofTa=a0 is preferred and if we have prior information onCy, W2 and C∗

y
then the use ofTa=a∗0

is more preferred. Hence, we conclude to prefer the use ofTa=1,Ta=a0 and Ta=a∗0
more efficiently than

the relevant estimators according to the availability of the prior information onCy in several areas of research in different
fields of Science and Technology.
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