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1 Introduction

In this paper, we study the properties of the mixed hypeciiRiksz B-potentials which is a fractional power of the opmra

(92 n
=5 » (By)x:
ot2 k;

wherey; > 0,...,yn > 0 and(By )x = aijf + %0% is the singular differential Bessel operator.
1
First we give a brief history of Riesz potentials and neagsdefinitions of spaces of basic and generalized functions
adapted to study hyperbolic operators with Bessel operaistead of second derivatives.

1.1 Brief History

Potential theory is originating from the classical Isaaevidd® mechanics, and was reshaped and developed by Marcel
Riesz (see]], [2]). The concept of Riesz potentials arose as generalizatbthe Riemann—Liouville fractional integral

for dealing with partial differential equations of the sedmrder. Riesz introduced potentials with Euclidean anehtz
distances which are applicable to calculating explicitig tpotential for elliptic, hyperbolic and parabolic Cauchy
problems. Further study, properties, and applicationsasfsical Riesz potentials could be found in books ( 8¢e.[49,

263; [4] p.117; [B] p. 131, [] p. 483, 554; 7] p. 215; [8] p. 127, 341, 458 9] p. 111, [1Q] p. 254, 316, 11] p. 144).

Along with operators representing fractional powers oadyrderivatives the theory of fractional powers of diffetieh
operators with the Bessel operaBy=D? + ¥D,D= % develops. Itis interesting that Bessel operator and a hgeessel
operator could be considered as generalized fractionaladizes too (seel2] p. 97). In [12], p. 18 hypergeometric
fractional integral was investigated which is the fracibpower of the Bessel operator in particular case. Fraation
powers of Bessel operator have been also studietidr[16].

The theory of fractional powers of elliptic operators with€3el operators instead of all or some second derivatives is
well developed. Such operators in the case of negative moaveranalogues of Riesz potentials with Euclidean distance
and for them the terrelliptic B—potentialds accepted. Elliptic B—potentials and its inverses hawentstudied in papers
[17]-[29] and this list is not complete.
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The fractional powers of hyperbolic operators with Besgmrators instead of all or some second derivatives are
much less investigated despite the fact that its study ofpenwidest possibilities for theoretical researchs andtjpal
applications not only of singular differential equationg blso differential geometry. When the power is negativehsu
operators are calldayperbolic B—potentialsSome results for hyperbolic B—potentials could be foun@b}-[33.

In this paper we will study properties of a mixed hyperboliggBtential for which the second derivative acts on the
time variable, and the Bessel operators act on all the $patiables. In our research we rely on methods developed
in papers B4-[42]. Namely, we use the methods of such transmutation oparatoa generalized translation and the
Poisson operator (se84]-[38]), weighted spaces (se89—[42)) and methods of classical Riesz potentials (&3-{
[51]). In subsectiorl.2, we give the basic definitions. In Section 2, we define the Hygl& Riesz B-potential and write
its properties. In Section 3 we provide some examples, amddhclusions are written in Section 4.

1.2 Basic Definitions
Suppose thak™*? is then+ 1-dimensional Euclidean space,
RY={(t,X)=(t,X1,..., %) € R™™ x;>0,...,%,>0},

y=(¥1,...,¥h) is @ multindex consisting of positive fixed real numbersi=1,....,n, and |y|=yi+...+}. Let Q be a
finite or infinite open set iIR™! symmetric with respect to each hyperplage0,i=1,...,n, Q, = Q ﬂR“jl and
Q. = QNRT whereRT1={(t,x)=(t,X1,...,%)ER™L,x>0,...,x,>0}. We deal with the clas€™(Q ) consisting
of mtimes differentiable o2, functions and denote b@™(Q ;) the subset of functions fro8™(Q. ) such that all
existing derivatives of these functions with respeckitéor anyi = 1,...,n are continuous up t&=0 and all existing

derivative with respect to are continuous fot € R. ClassCg,(Q) consists of all functions fror€™(Q ) such that

% = 0 for all nonnegative integds < ”%1 and fori =1,...,n (see B9 and [4Q], p. 21). In the following we will

x=0

denoteCT(RT™) by CI. We set
ColQ+) =[CaU24)

with intersection taken for all finiten. Let C3,(R"T") = CZ,. Assuming tha’(o:"e"v(ﬁJr) is the space of all functions

feC2(Q,) with a compact support. We will use the notat©f(Q , )=2, (2., ).
Let L}Q(QJF), 1<p< be the space of all measurablein functions such that

/|f(t,x)|pxydtdx< o,
Qp
where and further N
X =[x
i
For a real numbep > 1, theL{,(QJr)—norm of f is defined by

1/p
Ml = | [ 11000 Pxdtax
Q.

Weighted measure @@, is denoted by mg$Q., ) and is defined by the formula

mes(Q,) = / x/dtdx
Q4
For every measurable functidrix) defined oriR""* we consider

wy(f,0) = mes{(t.x) € R™L: [f(t,x)| > 0} = / x/dtdx
{(tx): [f(tx) >0}t
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where{(t,x):|f (t,x)|>0}*={(t,x) R | f(t,x)|>0}. We will call the functionpy=p,(f,o) aweighted distribution
function|f (t,x)].
Let a spacé ) (Q, ) be defined as a set of measurable®nfunctionsf (t,x) such that

||f||L3)/°<Q = esssup|f(t,x)| = |nf {uy(f 0) =0} < 0.
(tX>€Q+

For1< p<wthel’, (Q,)is the set of functions defined almost everywhere @, such thauf ¢ L%(Q+) for any

fe2:(Q4).
Let defineZ’, (Q.) as a set of continuous linear functionals@n. Each functioru € Llloc(Q+) will be identified

with the functional € #/, (Q..) acting according to the formula

p, Ioc(

(u,f)yz/u(t,x)f(t,x)xydtdx fe 2. (Q.) 1)
Qp

Functionalsi € 2/ (Q.;) acting by the formulaX) will be calledregular weighted functional@\ll other continuous linear
functionalsu € 2, (Q.) will be calledsingular weighted functional§Ve will use the notatiod’, = Z/, (R..).
Generalized functiody is defined by the equality by analogy witR(], p. 12)

(5ya¢)y:¢(0)a ¢€-@+(§+)'
We will use the generalized convolution product defined eyftrmula
(t+g)y= [ Hr.y(Thg)t-T.xydrdy @
Rn++1
whereYT}, is multidimensional generalized translation
(T 0)="TE T )(t,%). ®3)

Each of one-dimensional generalized translatiéng is defined fori=1,...,n by the next formula (se€3ff, p. 122,
formula (5.19))
M)t %)=

()
:I_()i/f t 3 XLy ey X 17\/)(1 +y| 2X4Y| COS¢|7XI+17 ) n) Sinw_1¢id¢i'
2

As the space of basic functions we will use the subspace allyagecreasing functions:

Sev(RTY) = {f €C3: sup
(t

n+1
X)ERT

t"ox"Dﬁf(t,x)’ <oo},

wherea = (a1,...,0an), B = (Bo,B1,---,Bn), ao,al, .,0n, Bo, B, ..., Bn are arbitrary integer nonnegative numbefs =
X{1x52 ... xgn, DP = DFOD%...DB”, Dy = 4, Dy, [,XJ i =1,...,n.In the same way ag’, we introduce the spac®,, In
fact we identifyS,, with a subspace o/, since@+ which is dense irgy.

2 Mixed Hyperbolic Riesz B—Potential and its Properties

Let (By);= 522 + az is the singular differential Bessel operator. In this smttive define the negative fractional powers

of the operator
02 n
(Dy)t,X:W_ Z(BM)XU V1>0a---7Vn>0. (4)
k=1

following M. Riesz (see]], [2]) and prove its basic properties such as boundedness, semigroperty and connection
with the iterated operato#y.
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2.1 Definition of Mixed Hyperbolic Riesz B—Potential

Let [x| = y/X¢ + ...+ X2 First for (t,x) € R}, A € C we define functiors’ by the formula

E \hent? > |x|? andt > 0;
S\ (t,x) = { N@yn > , o0 = (5)
0, whents < |x|= ort <0,

where

N ) = a\/n_1|£lr<y+l) ( n—2|y|+1)l_(%). ©)

Regular weighted generalized function corresponding)avé will denote bys{‘F
We introduce thenixed hyperbolic Riesz B—potentiguof ordera > 0 as a generalized convolution produgt\ith
a-n-|yl-1
a weighted generalized functien 2 andf € S

a—n—|y—1

(IsyP)(tx) =(s; 7 * Fy(t,x). ()

The precise definition of the constadta, y,n) allows to obtain two key properties of the potentiafy. (They are the
semigroup property and its connection with téterated operatody.
We can rewrite formula?) as

a—n—|y|-1
(I, F)(t,x) = / s, 2 (r,y)("T)f(t—r1,x)y"drdy. (8)
RTrl
Along with the potential 7) we consider operator

a-n-lyl-1

(Igys )t %) = / s, 2 (T,y)(YTYF(t—r1,x)y"drdy, 0<d<1l 9)
at=>ly|

If f € Syvandn+|y|—1< a < n+|y|+ 1then the integrald) converges absolutely and
I|m (I§y5f)(t,x) = (Ig,F)(x).

2.2 Boundedness

We first give the definitions of operators of strong and wealetpdapted for our case, then we give Marcinkiewicz
interpolation theorem and finally we prove the boundednéssxed hyperbolic Riesz B—potential in proper spaces.

The operatoA is said to bequasilinear(see b2, p. 41) if A(fy + f2) is uniquely definedAf; andAf, are defined,
and if there exists a constaktsuch that for allf; and f, at any point the next inequality is valid:

IA(fL+ f2)| < K(JATL| +[AT2]).

A quasilinear operatoA is of strong type(p, )y, 1<p<e, 1<q<w if it is defined fromL‘,ﬁ to Lé’ and the following
inequality is valid:
IAf]lqy <hllfllpy, VTeLL, (10)

where constartt does not depend ofh
We say that a quasilinear operafois an operator oiveak typgp,q)y (1 < p< 0,1 <q< o) if

IRLILIS ,
IJV( 9 )S T ) erl—pa (11)

whereh does not depend ohandA, A > 0.
If g= o then a quasilinear operatéris an operator of weak typ@, q)y if it has strong typ&p, q),.
To prove the boundedness we shall use the Marcinkiewicgiolation theorem in the following form (seg3)).
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Theorem1lletl<p <g <o, (i=1,2),q1#0, 0< 1T <1, % =L 4 E ?1 + L. If aquasilinear operator A has

simultaneously weak typép1,0d:)y and(p2,02), then an operator A has a strong typp, q)y and
1Aty < MI[f]]py, (12)

where a constant M= M(y, T, K, p1, P2,01,92) and does not depend on f and A.

Theorem 2Let n+|y| — 1<a<n+|y| + 1,1 < p< ™% For the next estimate
sy Fllay <Ml fllpy,  feSy (13)
to be valid it is necessary and sufficient thatq%) Constant M does not depend on f.
Proof.NecessitLetn+ |y| - 1< a < n+|y| + 1, 1< p < ML and for some an inequality
sy Hlay <M flloy.  f(X) € S (14)
is hold. Let show that the inequalit§4) is valid only forq = %.

For the extension operatog : (T5f)(t,x) = f(dt, Xy, ...,0%) = f(4t, 8x), d > 0 we have

_L
It5fl[py =19 [ f]lpys (15)
(18, F)(t,x) = 89151, 15 (1,%) (16)
and
17518y f (€ X)lay =S sy F (&%) lqy- (17)
From (14), (15), (16) and (L7) we obtain
n+\y\+1 n+\y\+1
gy FE ) lqy <M S T [py- (18)

If VL VL L S g or anHl ”*MH + a < 0 then tending in18) to the limit with & — 0 or 3 — o respectively
we find that

[1sy f (. %)]lq.y =0,
for all functionsf € L} and yet this is obviously false. And that means that inetylig) is valid only if % -
n+ y+l n+ly|+1)p L

MWL L g = 0,i.e.forg= M%)ap. Thus the necessity is proved.

Suﬁ|C|encyAssume, without loss of generality, thit, x)>0, (t,x) € RT™. Let w be a fixed real number. We define
Gy, ={(t,x) eRT™: 82> |x?, 0<t < w},

2 o=1tx) e R 5% > |x2 w < t},

0,w
N 1 @ %) e G,
KO 6(t X) = N nr1
’ (a,y,n) | 0, (t,x) e R \G5w,
a-—n—|y - .
K+ t — ; (tZ_ |X|2) z ( ) ) G5 w’
005( 7X) - N n+l 0
* (a,y;n) | o, (t,X) e RTIN\ G .

Using these notations we obtain
(I8 F)X) = (Kgg* )y + (KT 5% )y (19)

We have

a—n—|y-1
N(@. ) lIKglly = [ (2= 1x3)*"2" Xdtdx=
GO
4.0
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w
= [t [ @R Xx= (x=ty) =

0 |x2<at?

an -1 w? an_jyi-1
_/ta dt / —yA) T ydy< - /(1—Iy|2)_f ydy=Cg ny &%
ly]2<s lyl<1

whereCéyn’y does not depend oh andw. Consequently(af(S € Li’.
Lets taker,r’ such thatt + 4 = 1 and¢ = (VL g il estimatef[K 5|, . Suppose first # 1 (i.e.r’ # ),

] n+|y|+1-ra
so it follows
1/r
N K slly = 2 ) x| =
(a,y,n)||Kg 1y = (t—1[x) =
G0
1/
—n-lyi-1
Jau [ @2 0ax | = (x=ty} =
w ‘X‘zg&z
w 1/(’ 1/r’
—n-|y-1
= | e [ @A™ vy | <
w ‘2§5
Ivi-1 Ivi+1
<C§nyr(1 6)01 n—ly| w_n+’+ ’

whereCa ny,r does not depend ahandw. Passing to the limit’ — o we get an inequality for = 1. Then we derive that
K+5 eLr,,r < oo,

Further, for anyA > 0 we have
n+\y\+1 a

(1= 8)""5 (18,51 (6.%0,22) <

n+\y\+1 a

< Hy((1-9) (Kos* ly:A) + y((1-0)

n+|y]+1 a

(K g* FlysA). (20)

Since Y Wit
n+|y|+1 _u
(1-8)"7 [|I(KE o Dylloy <Conyw 7,

e ,
whereC3 |, does not depend obiandcw, puttingew=(C3 , ) ¥+ 1A~ 171 we obtain

n+|VI+1 a

Hy((1—3) (Kis*)yA)=0 (21)
and n+|y]+1 a
b((1— 5)n+lvl+1 G(Kaa*f)y’)\)_canys(l)\;) 22)
From 20), (21) and @2) it is clear that
n+\y\+1 a
(- 8)"5 " 12, 1) .2 < S0 @3)

whereCy ny does not depend oh, 6 andf.

Puttingéz% in (23) we obtain that the quasilinear operal@‘;a has a weak typ&él, %) . Similarly,

(- yi+1)ps
n+|y|[+1-apy

1< pg< VS ”*‘V‘” . Lets takep, = 5= pl-D ” , T€(0,1) so that k py < %2 ”*‘V‘” . Then an operatdf/, ; has weak typegps, 1)y and

assuming= in (23) we obtain that the quasilinear operal§y5 has a weak typ(épl, Nﬂ) where

Hlyi+l-ap ),
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(p2,02)y Wherep;= 1( Tp , 1= nHy"“fr”J(‘i"jlg;lag o P2=1, Go= n-:-]\t/‘\% Therefore by the Theorethan operator

12, 5 has strong typeép, M%)) and by (12)

1sy.5 Fllay < MIIfllpy, (24)

where Kp< ”HV‘“ e nﬂuﬁly’p n+|y|—1<a<n+|y|+1 where the constamd does not depend ohandlsy(s

Butbecausé(tx)zOthenfor0<51<62< < dn<...<1we have
1y, ) < (18,5 D9 < < (15,9 <

Due to the fact thag Ii{(‘llgycsf)(t,x) = (Igyf)(t,x) tending to the limit withd — 1 in (24) we obtain
LVsy, ,

n+|y|+1
10800y <MIfllpy. 1< EL 0y acaentiyi1

This proves the desired result.

Remark. By virtue of (13) there is unique extension ij toallLh, 1< p< ”*‘VH preserving boundedness when

n+|y| —1< a < n+|y|. It follows that this extension is mtroduced by the mtégafrom its absolute convergence.

2.3 Fourier—Hankel Transform

The natural method for the investigation of operators dased with the Bessel differential operatd@, ), = azz +% 52
is to use the Hankel transform instead of Fourier transfoymariables on which the Bessel operator acts. Let us define
here the Fourier—Hankel integral transform and obtain @mession of mixed hyperbolic Riesz B—potential in the insage
of this transform.

The Fourier—Hankel transfornof a functionf €L} is expressed as

FH)(1.8) = / F(t,x) € 1Tj,(x; € )x/dtdx
Rn+l
where
rllyT (xi&), ¥1>0,...,%h >0,
the symbolj, is used for the normalized Bessel function:
. 2'I(v+1
Jv(r) QJV( ) (25)

rv

andJy (r) is the Bessel function of the first kind of order
For f € Sy inverse Hankel transform is defined by

FrYA(X) = F(t,x) = ﬂ / f(r,&)e ), (x, &) EVdTdE.
y ’ ) n-l_l /_2()/]+1)Rn+1

Theorem 3For f € Sy the Fourier-Hankel transform of mixed hyperbolic Rieszptal I, f is defined by the formula

FNEf1(1,8) =ar? - P 2 f . 00)(1.8), (26)

1L,  [EP>1%
q=4 e 71 |2 <12, 1>0

e7!, [ERf <12, 1<0.

where
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ProofFollowing the idea of L. Schwartz (se8][ p.263) first we are looking foe‘“(l"’yf)(t x) and after that we pass to
the limit € — 0. Using permutation property of generalized translatiod the fact that

Ty (6 )=y (% iy(y:€) @7)
(see B4)]), we obtain

Fyle (14, 1)(t.0)(1,§) =

. a-n—|yj-1
_ / Jy(xEetrevdtdx [ s, 2 (hy)("TLF)(t —h,x)y¥dhdy=

n+1 n+1
R R}

a—n—|y-1
= [ s (hy)e MM )yrdndy [ et 8 (1 X)X dx=

n+1 n+1
R R}

a—n—|y-1
= Fyle (1, %)](1,) / s, 2 (hye M (v, &)y’dhdy=

n+1
RY

[oe]

1 - _ihr— a-n-|yl-1,
= Nigymy Ve X [emtan [Py vy
o 0 {lyl<h}*

Applying the linear change of variablgs= hn in inner integral we get to

Fyle 18, H(t0)(1.8) =
—ct i —iht—ehpa—1 2y oML
Fle M FAX)(0.8) [T [ (1) 0. E)nvan.
0 {Inf<1}*

1
~ N(a,y,n)

In the inner integral we pass to spherical coordingtesr6:

e (18,5)(t.x)](1.€) = m%[eﬁf(t#)](r,f)x

00 1
x/efihrfshhafldh/(l_rz)“*”;‘V‘*lrnﬂy\fldr / j,(hre,€)6vds
0

S{(m
Integral | j,(w8,&)6YdSwas calculated ing4] and equals to
S{(n)
n
nrs)
[ ivwe.§erds— o, (wlE). (28)
on— 1/'( ) 2
S (n)
Then using 80) and formulajy (r) = WJ\,U) we obtain
: 2% 7 (%)
7z et a _ = g att i=1
FAE DN = g7y P (OO — oy
></ oiht— ahha_wdh/ = e 1Jn+|vl (€0 “Mar.
0
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Applying formula 2.12.4.6 fromg5] which has the form

B-1g8+v
/tm 213, (et = 2 2 (B35 (ac),
for a > n+ |y| — 2 we can write
i ()
Fle Mg NAX)T.8) = = Fle  (61)(1,6) —
y sy ’ N(a,y,n)” Y ’ 7 &2

«r (AZPGMER) [erema el
0

By using formula 2.12.8 fromg5] which has the form

0

/e‘ptt"JV(ct)d CMd (PP+c3)V-2r v+} ,  Rev> —}, Rep > [Imc]|
/ N 2 2
final representation is obtained

1

Fyle 8 (14, H)(t,))](1,8) = N(o,iyn)g‘\y[e_Et f(t,%)](1,&)x

X2a\/;1|ﬂlr<v+1>r< 2|V|+1>,_(2)((8+|T) +|E|2)_%=

— ((e+102+12%) "% Fyle 1t x0](7,).
Let find Ji_r}rg)ﬁy[e*“(lgyf)(t,x)](r, ). We have

arctanm, €212+ E12>0;
arg(e? — 124 |E|2 + 2ieT) = arctanngfﬁJrn 2 -1°+|E2<0,1>0;
arctanw me?—12+(§12<0,1<0
and
\82—r2+|E|2+2i£r|:\/(r2—|E|2—£2)+4£2r2.
Then
Fyl(syH(E,X))(1,&) = lim Fyle (18, )t 3)](1,8) =
sl %, . 2> 1%
=Zy [, 2)(1,6) ] [12— €] :fem?' IEP<1%,1>0;
|12 —|&)?|"2e2', |E]?< 13, 1<0.

2.4 Semigroup Properties

In this subsection we establish semigroup property for pmfatongy and obtain formula fo(Dy)klg;fz".

Theorem 4The mixed hyperbolic Riesz B—potentials satisfy the fatlgwemigroup property for £ Sy

15081 =187 1. (29)
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ProofUsing 6) we obtain

2 |EP,  jER>1?
FNENEA(1,E) = ZYNE (1.6 |12 1€ e T, g2 <12 1> 0; =
12— |E12- 57T, [ER<121<0
12— |E2]- %2, £ > 1
= ZT.EQ |12 g e P g2 <12, 120, =

B)t;

12— |12 26N, |ER <13 1<0
= 2P 11(1,€).
Applying inverse Fourier—Hankel transform we g29).

Theorem 5For f € Sy, ke Nand n+ |y| —1 < a < n+ |y| + 1the next formula is valid

(O (0 = (1, f)(t. %),

n

WheI’E(Dy)t,x:g_tzz_ _Zl(Bw)Xi -
i=

ProofUsing commutativity of TY! and(By )x as well as formula 1.8.3 fron#{] we obtain

a+2k—n—|y-1
(Dy)t'fx(léfy”kf)(t,X):(Dy)t'fx/S+ Z (hy)("Tyf)(t —h,x)y"dhdy=
RTrl
K a+2k—n—|y|-1
= (O [ 0T T )E+hf(hy)y/dnay-
RTrl
a+2k—n—|y-1
= [ 0TUOs T () f(hy)ydndy
R1+1
A direct calculation yields
a+2k—n—|y-1 (o=t g (94K a—nly-1
(Dy)kS+ 2 (t—l—h,X):ZZk ( 2 - ) (2:— )S+ 2 (t-l—h,X).
r(e2e) (3
Since
N G TRy T S
r(a—r;—\y\+1) r(g) N(a+2kyn) N(a,y,n)
we have

It completes the proof of the theorem.
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3 Examples

In this section we give an example of mixed hyperbolic Riesp@&ential for particular functio.
Let f(t,x) = @ (t)jy(x;b), whereb = (by,...,bn), f(t) € S Applying (27) we get

a-n-ly-1 .
£ 0i6D) = g v / pi-ndr [ (@-yAT Ty byrdy—
’ {lyl<ty
JVXb 22y W
= N(a.yn /¢ / (=" 2 Tiyyiby'dy={y=1n} =
{iyl<r}t
(x;b) _ a-n-ly-1.
= Jya n /¢ %t / 1-In»)"2 jy(tm:bn¥dn ={n=p6} =
’ {In<1y+
1
_ JVaXyb /¢ O’_ldT/(l—pz)LnEMany‘_ldp / Jy(TpG,b)GVdS
0 S{(n)
The integral [ j,(1p8;b)6YdSwas calculated ing4] and has the form
Si(n)
n
HF(VT)
[ iftpoiberas— =, (xplbl) (30)
on— 1,—( \)
S (m

Using 25) and formula 2.12.4.6 fronbp] we obtain

e, N7 (1) 2% ()
N(a, Y, n) on-1r (%\Y\) |b|"—+zm—1

Isy¢ (V)iy(xb) =

= 1
« [o-nreFdr [(1-p) =7 0" a0y (rplbl)dp =
0 0

= Jy(xb) iﬁlr <MT+1) 2”_+2M—1,—(n+2\ ‘)
N(a,y,n) on-11 (%y\) |b|n+M -1

2= 2 7
X any+1r< )/¢ TTJa 1(|b|T)
b2 5
2T (WT”) o
_ Jy(xb) i1 <a—n—|y|+1> a1
“Nayn T pE 5 0/ Bt - )T 31 (blr)dlT
\/7—1]y(x§b) a-1
= a1 pt—1)1°Z Jaa(|b|T)dT
(2|b|)2’_(%)0/ 7z
Now using formula
a . \/Fljy(xib) T Ll
lsy® Oiy(xb) = ——=5——— [ ¢(t=1)T 7 Jas([b[T)dT 31)
WU @) (9) 0/
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we can calculaté f for different functionsp (t). First we takep (t) = 6(t), where6 is the Heaviside step function, when

) t
12,6(t)jy(xb) = \/ﬁi(lx b)a /r"T’lJ%Qbmdr =
@)z ()4
VTiy(xh) 7 (|b|t)l§_1/'(a) F2<a_or+1 a+2, |b|2t2)
= a— a 51 DY ) L =
(272" r ($) 2°% 2/7\2n 2 20 4
/Ay (xb) a a+l a+2 |bA2
R I T e el R
Letn=1,y=5,b=1,a =5.5. The plot of
. VTS5 (X 11 13 15 t2
|gy9(t)12(x) = 725,52( ) 12 Z; e Z; -7

is given on figure 1 obtained through the Wolfrig&ipha.

Fig. 1:18,8(t)jy.1(x),y =5,a =55.
’ 2

Now let(t) = tP~10(t), where@ is the Heaviside step functiof,> 0. So forf (t,x) = t#~16(t)j,(x;b) we have
t
jy(x;b _q_a-1
(18,)(t,%) = _VTy(xb) /(t — 0P 17 o (bfT)dr.
0

Using formula 2.12.3.1 fromBb] we obtain

B(a,B)

(Igyf)(t7x): I_(a)

21h|2
0ot (9- aip axprl th ),tzo.

2" 27 2 ' 4
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Letn=1,y=1,B=1,b=1. The plot of

18 0(1)] 1 (X) = r@E) SRy a+2 t
Sy Jy%l - Z%F(G_’_l) ,% 172 21 2 ] 2 ] 4

for o = 0.7 is given on figure 2 obtained through the Wolfij@ipha.

s
/1?3/[/;'@ \ A
/s

P |
=
B il
W %
Gl

-

e

Fig. 2:12,0(t)jy-1(x),y= 3.0 =0.7.
’ 2

Finally let¢ (t) = sin(t)8(t) then using the Wolfraplpha we obtain

12,Sin(t)8 (1), (x; b) =

T @b)Fr(g) @
cost) (tsin(t)J%_s (1) + Jays (1) (tcos(t) — (@ + 1)sin(t))
+ G .

The plotofl, sin(t)B(t)jy.1 (x) whenn=1,y= % B=1,a =1isgiven on figure 3 obtained through the Wolfi&ipha.
2

VTl (xb) %<2¥t%sin<t>z%(%+%,%:%,%+%,%+1:—t2>+
r

N—

4 Conclusion

In the present work, a fractional powers of a singular hyphkctoperator on arbitrary spaces was studied. Such fraaktio
powers are named mixed hyperbolic Riesz B—potentials. iomntixed hyperbolic Riesz B—potential such properties as
Fourier—Hankel transform, semigroup property, boundssliveproper functional spaces and others were obtained.
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