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Abstract: This paper introduced a new Bivariate Modified Weibull (BM@&tribution. It is a Marshall-Olkin type. Also, we introde
an extension of it and we call it bivariate Modified Weibull@eetric distribution. Marginal and conditional distriart functions are
studied. Also, joint hazard rate function and maximum itk@bd estimators (MLES) for the parameters are presentacpblication
of BMW and BMWG distributions to an UEFA Champi@nLeague data set is provided and the profiles of the logitiget function
of parameters of BMWD and BMWGD are plotted.
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1 Introduction

Recently, Lai et al. I] proposed Modified Weibull distribution. His new distriert capable of designing a bathtub-
shaped hazard-rate function. Another advantage of thishiison is that it reduces to the Weibull, exponential ayyke
| extreme-value distribution (called a log-gamma disttidm)[2] and some other distributions.

Our aim in this paper is to proposed a new bivariate ModifiedbWe(BMW) distribution, whose marginal are MW
distributions. It is a Marshall-Olkin type. Many authorsedsthis method to introduce a new bivariate distributioes, s
for example B], [4], [5], [10], [6], [7]. Also, we introduce an extension of the Bivariate Modifie@illl distribution
and we titled this distribution by Bivariate Modified WeibGeometric (BMWG) distribution, it is obtained by using
a method similar to that used i8][ [9]. This paper is arranged as follows, a new bivariate Moditidalbull (BMW)
distribution is given in Sectio2. Also, various properties including the joint survival éilion, the joint cumulative
distribution function, joint probability density functio(pdf) and marginal pdf are investigated in this Sectionn&o
reliability studies are obtained in SectiBnSection4 is devoted to the MLEs of the parameters of the BMW distrituti
In Section5, an application of the BMW distribution to a UEFA Champ®heague data set are provided and the profiles
of the log-likelihood function of parameters of BMWD are f@d. In Sectiorb, we introduce a new Modified Weibull-
Geometric (BMWG) distribution. Moreover, various propestof BMWGD including the joint survival function, the
joint probability density function, marginal probabililensity functions are computed in Secti@nThe MLEs of the
undermined parameters of the BMWG distribution are devateflection7.In Section8, an application of the BMWG
distribution to a UEFA Champids League data set are provided. Finally, the results of thjepare concluded in
Section9.

2 Bivariate Modified Weibull distribution
In this section, we discuss the BMW distribution. First Wesadiss the joint survival function and derive their
corresponding joint probability densities for this distriion. LetX be a random variable has Modified Weibull (MW)

distribution with parameters, 3 andA > 0, with survival function given by the following form

F=e® x>0 (1)
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and the corresponding pdf given by

f(x) = axB~L(B +Ax) e aFe y> 0 )

2.1 The Joint Survival Function of BMWD

Suppose thdt); ~ MW (a1,8,A), Uz ~ MW (a2,8,A) andUs ~ MW (a3, 3,A) are independent random variables. Let
X1 = min{U1,Us} andX; = min{U,, Us}. Then, we get the bivariate vectfX, Xo) ~ BMW (0, 02,03, 3,A).
In the next lemma, We discuss the joint survival functiontfa random variableX; andX,.

Lemma 1.Thejoint survival function of X; and X, is given by

F By \ Boaxy ) 02 2\ O
Fawr = (47 (o) (o) @

where z= max(xg,X2) .

PI’OOf.tBMW (Xl,Xz) = P(Xl > X1, Xp > X2)
= P(min{Uy,Us} > x3,min{Uz, U3z} > x;)
= P(Ul > X1,Uz > Xo,U3z > max(xl,xz)).
Where U (i = 1,2,3) are independent random variables. Then, we get the folpwin
FBMW (Xl,Xz) = P(U]__> Xl) P(Uz > Xz) X_P (U3 > max(xl,xz))
=Fmw (x1;01,B,A) Fuw (x2; a2, 8,A) xFuw (z a3, B,A)

= (efxfe/\xl)al (efxgeﬂxz)az (e_zﬁe,\z) 0!3.

2.2 Joint Probability Density Function of BMWD

This subsection defined the joint pdf of the random varialieandX; in the next theorem.

Theorem 1Given thejoint survival function of (X3, X2) asin (3) then, the joint pdf of (X3, X;) iswritten in thisway

f1 (Xl,Xz) if Xo < X1

fBMW (Xl,Xz) = fz (Xl,Xz) if X1 < X2 (4)
f3(X) .ifxg=x2=x

where
f1 (X1, %) = fmw (X1; a1+ s, B,A) fuw (X2; a2, B,A)
B

_ (al+ a3) azxf—l (B +)\X1)eAX1_(a1+a3)XleAxl ~ Xg—l(B _’_)\Xz)d\XZ—ange)‘XZ (5)

f2 (x1,%2) = fuw (X1; a1, B,A) fmw (X2; a2 + a3, B,A)

= (a2 + az) apd LB+ Ax) Ve G (BT (g 4 ax,) e (@xtasgete (©)
fa(x) = — 3 -
3(X) = meW (X 01+ a2+ 03,3,A)
= asxﬁ_l (B + AX) &X_(al+a2+a3)Xﬁe)\x. (7)

Proof.Suppose that, < x;. Then,Femw (X1,X%2) in (3) becomes

ay+a3 az
B
Famw (X1,X2) = (e"fe’\Xl) (exze/\xz) )

Then, upon differentiating this function w.n; andx, we get the following expression df (x1,X2) given in ). By
the same way we obtaif? (X1, X2) whenx; < . But f3 (x) cannot be deduced in the same manner. So that, we utilize the
following identity to derivefs (x)
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Jo S 1 (xa,xe) dxadxa + Jo° fir f2(x1,%2) dxedxs + Jo° fa(x)dx=1
let

|;|_] = fow jxozo fl (Xl,Xz) XmdX2 andI2 = j(;o jxoz f2 (X]_,Xz) dX2dX1

then

i = /O°° /X°° (a1 -+ a3) Al L (B 1 Axg) @ (a1 aapdes (BT gy 3y ebro-anbe 2y iy,
2
_ /Om azxg—l(ﬁ+)\X2)e/\xz—(a1+a2+a3)xgeﬂxz dxo. 8)
Similarly
Iy = /Om ale*l (B+Ax1) ef\xl_(a1+a2+a3)xfe“1 dxy. 9)

From @) and @), we get

/ f3(X)dX= 1—11—1»
0

- / (a1+ o2+ a3) xB-1 (B4+AX) e)‘X*(CflJrC!eras)XBe“dX
0
- /°° axP~1 (B4 Ax) (ot aptaglel g
0
- /°° 01XB_1 (B +Ax)eAX—(al+az+ag)xﬁeAxdx
0

Then

f3 (X) = a:;xﬁfl (B 4 /\X) e}‘xf(al‘FC{erag)XBeAx
as

=—-f X;a1+ 02+ as,B,A).
al+az+0{3MW( 1+az2+0az3,B,A)

2.3 Marginal Probability Density Functions of BMWD

Next theorem introduces the marginal pdbafandXs.

Theorem 2The marginal pdf for X; (i = 1,2) hasthe following form
fx () = (@ + ag) (B -+ Ax) x @ —(@as) e
= fMW(Xi;ai+a3aﬁa)\)a (10)
wherex; > 0,i =1,2.
Proof.Suppose that the marginal survival functionfdenoted byF (x;), as following:
F(x) = P(X>x)
= P(min{U;,Us} > x)
= P(Ui > x,Us > x)
SinceU; (i = 1,2) andUs are mutually independent random variables, then
F(x.) =P(Ui >x)P(Uz > x)
= Fuw (Xi;ai +0a3,8,A)
—(ai+ag)f’ e (11)

Since,fx (%) = #XEX‘) then, we obtain the formula given in@.
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2.4 The Joint Cumulative Distribution Function of BMWD
Theorem 3Thejoint cumulative distribution function of (X, X;) is given by
Fl (Xl,Xz) if Xo < X1

FX17X2 (XLXZ) = { F2 (X17X2) if X1 < X2 (12)

Fa(x1,%2) if xp =% =x

where

Fi(x,%p) = 1 — e (@2+aspgele _ o-(artas)qes (1 o-apbe 2)
Fo(xg,x) =1—¢€" (+agpber e (az+az)xb e (1 e—alxle“\xl)
and

Fa (Xq,Xp) = 1— e @& & (e“”lxﬁeAX e afe e‘("1+°’2)xﬂe“) .

Proof.This can be easily deduced by using the following relation:
Py (X1,%2) = 1 —Fx (X1) — Fxy (X2) 4 Fxg %, (X1,%2) -

2.5 Conditional Probability Density Functions

knowing the marginal pdf for the random variabkésandX, we can get the formula for the conditional pdf as illustrated
in the next theorem.

Theorem 4The conditional probability density functions of X;, given Xj = x;, f (xi[xj) ,i,j = 1,2;i # j, hasthefollowing
formula

)(Wm)ifm<xh

1) .

)22‘ (Xi[xj) ifx; <X,
Fxix; (xilxj) = Xi|X
)

f
f
f)(<| C(Xi]xj) if X =Xj=X,

wher . E
Xi\x ( | ) ((CY|—|—CY3) a;X (B+)\)(|) Xe/\x. (ai+az)x e}\x.) +(aj—|—a3)e—0!3xi ef‘xi’
mx(|?—m L(B 1 Axg) x ex-af e

X.\X ( | ) miaage aIXBEAI

Proof.The proof follows immediately by substituting the joint pf( X1, X2) discussed ing), (6) and (7) and the marginal
probability density function oK (i = 1,2) given in (L0), using the next formula

oy e Oaxg)
i x; (XilXj) = W, =12
3 Reliability Studies of BMWD
This section discussed the joint hazard rate functioiXafX,), also we computed the cdf of the random variables
U =max{X;, Xz} andV = min{Xy,Xz}.
3.1 Joint Hazard Rate Function of BMWD
Theorem 5Thejoint hazard rate function of (Xg, X2) has the following formula
h1 (Xl,Xz) if Xo < X1

hx, %, (X1,%2) = ho (x1,%2) 1f X1 <X
h3(x1,%) ifxg =% =x
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such that

hy (%, %2) = (01 +a3) 02X 56 (B4 Axe) x (B + Axp) € babe),
ho (X1,%2) = (02 + a3) A HE 1 (B+ Axq) x (B + Axp) €} atxe),
and

hz (x,X) = agxf~1 (B + Ax) e,

Proof.This can be easily deduced by usimg x, (x1,X2) = %
1% (X1

Lemma 2 The cdfs of therandomvariablesU = max{Xy,Xo} andV = min{Xy,X,} are given by
Fo(uy=1- e—aguﬁef‘” (e—aluﬁef‘”_,_ e—azuﬁef‘” _ e—(al-s-az)uﬁe"”) R (V) =1— e—(a1+az+a3)vﬁe“.

Proof. Thecdf for the random variabled = max{Xy, Xy} is deduced as following
Fu(u)=P[U <u
= P[max{Xl,Xz} < U]
= P[XJ_S u, Xo < U]
=F (u,u)
—1— efaguﬁe/\“ (efaluﬂe/\“ + efcrzuﬁe/\“ _ef(alJraz)uBe/\“) )

Thecdf for the random variablég = min{X;, X»} is deduced as following
Fv (v) =PV <V

= P[min{Xl,Xz} < V]

=1—P[min{Xy, X2} > V]

= 1—P[X1>V, X2>V]

=1-F(vV)

— 1_ g (ar+aztazvPel

4 Maximum Likelihood Estimators of BMWD

Kundu and Guptad] applied the maximum likelihood method to estimate the teaeined parameters for the bivariate
generalized exponential distribution. In the same manrmeuse the MLM to estimate the undetermined parameters of
the BMW distribution.

Assume((X11,X21), --., (X1n,Xon)) is @ random sample from BMW distribution. Assume we intraetlithe following
notations
lp={i; xai > Xai}, l2={i; xi <xa}, la={i; Xty =X =%}, | =11Ul2Ul3, [l1] =ny, [l2] =y, [I3] = nz, and

n+n2+ng=n.
The random sample of sizehas the following maximum likelihood function:

ny no N3
I (a1, 02,03,B,A) = _ﬂl f1 (Xli,Xzi)ﬂ1 fa( X1i7X2i).|_|1 f3(x)
1= 1= 1=
The log-likelihood function can be expressed as
L(a1,a2,03,8,A) =Inl (a1, 02,0a3,8,A)

— min(atas) + min(a) + (B— 13 In(a) + i:§1|n(B+Ax1i) + i:zll(/\xli—(al+a3)xﬁe?\x1i) N

(B-1)5™, In(xa) + :zllln (B+Axa) + :zll (A — @) + g () + (B — 1) 572, In ) + :zzlln (B+Axu)+

.%21 ()‘Xli _alxlfie“l‘) +m2in(az+az) + (B—1) 312 In(xai) + _%zlln(ﬁ+)\X2i) + '%21 ()\x2i - (az+ag)x§ie"X2i) +
ngln(a3)+(B—1)2{21|n(>q)+in§1In(B+/\xi)+in§1()\>q —(on+az+ CYg))Q-BGAX‘).

Differentiating the previous function with respectde, a2, as, B andA respectively, and setting the results equal to
zero, we have
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oL nq el N2 2 s

— = +zi—x‘fie“li+—+zi—xﬁef‘xli+zi—xfef"* (13)
Jday 01—1—0!3 & ; -

oL

[ X! e)\X2| +—c 4 X! e(\X2| + Be(\xi 14
002 Z 2i 2_|_ 3 Z 2i Z ( )
oL Ny

— = +21 1,e“lur

das ai+Qas

+Zi 2,e“2'+zi xP e (15)

INXqgj + + ar + az) xE i Inx
0B zi 1i Ziﬁ )\Xll zi 1 3 1 1i
ny
| b
+zlnX2I+le+)‘ ZI+ZL 025, €% I Xy
1
+3 Inxqi + +5 —apBeMilnyg
i; ! i;B‘”‘Xli i; v .

Ny no 1 no e(\x
+5 I+ ————+Y —(a2+a3)x 2 [nx
i; ? i;B‘”‘XZi i; (02 + 03, :

n3 n3 1 n3
FS I+ ———+ S — (01 + az+ az) XM Inx (16)
i; iziﬁ+)‘)‘i izi i I
oL N X1 /3+1 X1
2 B+)\X1|+Z|(Xl' (a1 +az) X e )
L Xy p+1 Xj
Xoi — OoXo €V ) 4
i= B+)\X2|+Z|( am e ) 4 B+ AXj

+-§ (X1| alx1|+1e2‘X1|) Zi (Xi _ (al+02+03))(1ﬁ+1ez\xi)

X2i

Xi
4 B+ AX i;ﬁ+)\xi

+ ii (Xzi — (o2 +az) X2|+le)‘xz')
: (17)

Solving EquationsX3) - (17) we obtained the maximum likelihood estimators denotedhyd, O3, ﬁ anda for the
unknown parameters;, a», as, 3 andA respectively by using Mathcad software.

5 Data Analysis of BMWD

A set of real data is used to compare the fits of the Marsh&llir@ivariate Exponential (MOD) distribution, Bivariate
Generalized Exponential (BVGE) distribution, Bivariateerigralized Linear Failure Rate (BGLFR) distribution and
Bivariate Modified Weibull (BMW) distribution. The data gsee Table 1) was first analyzed ] It is a bivariate data
set, and the variable§ andX; are defined11] From their definitions, we know that both variables take fibleowing
manner: ()X < Xo, (i) Xy = Xo, (i) X1 > Xo.
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Table 1 UEFA Champidss League Data
X[ XXX [X]X
26| 20| 66| 62| 51| 28
63| 18| 25| 9 | 76| 64
19 19| 41| 3 | 64| 15
66 | 85| 16 | 75| 26 | 48
40 | 40 | 18 | 18 | 16 | 16
49 | 49 | 22 | 14 | 44 | 13
8 8 |42 | 42 | 25| 14
69| 71| 36| 52|55| 11
391 39| 34| 34| 49| 49
82|48 | 53| 39| 24| 24
72| 7254 7 | 44| 30
42 | 3 | 27| 47 | 2 2
28 | 28

These numerical evaluations are calculated using the BaakaMathcad software. Table 2 provides the MLEs for
the discussed model parameters. The model selection exiasing theAlC (Akaike Information Criterion) and thBIC
(Bayesian Information CriterionplIC = —2L +2q,BIC =L — g In(n).

WherelL refers to the log-likelihood function, the number of paréeng denoted by and the sample size denoted by
n.

Table 2: The MLEs for UEFA ChampiésLeague data

| Model || MLEs |
MO A1 =0.012 A, = 0.014
A3 = 0.022
BVGE a; =1.351a, =0.465

a3 = 1.153 8 = 0.039
BGLFR 0, = 0.492 0, — 0.166
G3=0.4113 = 2.013x 10°*
B =8.051x 104
BMWD | a; = 2.393x 103, = 1.051
G3=51x 103 =0.018
d, = 5.346% 103

Table 3: The values Qf, AIC andBIC
[Model [ L | AIC | BIC |
MO -339.006| 684.012| -344.423

BVGE | -296.935| 601.870| -304.157

BGLFR | -293.379| 596.757| -302.406

BMWD | -287.468| 584.936| -296.027

The values of-L, AIC andBIC calculated in (see Table 3) are smaller for the BMW distidouttompared with
those values for the other distributions in the table, thesan conclude that the proposed distribution a very coniyeeti
distribution to these data.

The profiles of the log-likelihood function af, a», az, 8 andA of BMWD for UEFA Champiots League data are
plotted in Figures from Figure 1 to Figure 5 respectivelye3é plots of the profiles of the log-likelihood functionaf,
o2, a3, B andA shown that the equations of the likelihood have a uniqueisoiu
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Fig. 1: Variation for the log-likelihood function ofr; for UEFA Fig. 2: Variation for the log-likelihood function ofr, for UEFA
Champions League data. Champions League data.
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Fig. 3: Variation for the log-likelihood function ofr3 for UEFA Fig. 4: Variation for the log-likelihood function o for UEFA
Champions League data. Champions League data.

6 Bivariate Modified Weibull Geometric distribution

This section proposed the Bivariate Modified Weibull GeamméBMWG) distribution.We first discuss the joint survival
function and derive the corresponding joptf and marginapdf of this distribution.

6.1 The Joint Survival Function of BMWGD

Suppose thaf (Xin, Xon); N=1,2,...} is a series of i.i.d. non-negative bivariate r.v. with conmijoint distribution
function F (.,.) and N is a geometric r.v. independent ¢fXin, Xon); N=1,2,...}. Suppose the next bivariate r.v.
(Xl,XZ) .

X1 = min(Xll, ...,X]_N) andX2 = min(X21, "'7X2N) .

Then, the bivariate random variak{¥;, X,) has a bivariate geometric distribution if its joint surdifanction with
the following form:
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Fig. 5: Variation for the log-likelihood function ok for UEFA Champiofs League data.

Gxa,%) = 3 F (x1,%) 0 (1—0)" !
n=1

- e (19)
1-(1-60)F (x1,%2)
where 0< 6 < 1.
If F (x1,%2) in (18) is the joint survival function of BMWa1, a2, as, 3,1 ), then, the joint survival function Xy, X)
becomes

= Gl(Xl X2),...X12X2
G(X1,X2) =1 = ’ 19
( 1 2) {Gz(Xl,Xz),...Xl<X2, ( )
where o "
_ —(ay+az) Y ><14;{22 X2
G1 (X1, %) = —28 X1 > X
1 (.%2) 17(179)e*(“1+“3)xfe“1*ﬂzxge“z L=
— —ar xBeAXl— an+a X
Go (xq,Xp) = —2e 22 (@203 L X1 < Xo.

17(179>e*"1xf‘3" MU (ayag iy &2
Hence the vector of random variable§, X,) has a bivariate Modified Weibull geometric distributionkyitarameters
ai1,02,03,5,A and@ and it will be written agX;, Xp) ~ BMWG (a1, az,03,3,A,0).

6.2 The Joint Probability Density Function of BMWGD

The joint pdf of the random variable§ andX; for the Bivariate Modified Weibull Geometric distributiolfuistrated in
the following theorem.

Theorem 6Consider the joint survival function of (X3, X2) given asin (19) then, the joint pdf of (X1, X>) is obtained as

Gi(x,%2)  1fx<x
OBMWG (X1,X2) =< Q2 (X1,%2) if xg <X (20)
g3(x) .ifxg=x2=x

where
01 (X1, %e) = ki (X2, Xp) 8012 (011 + a5) €101 02) ¢ (XIfA + Bxf_l) (Xg/\ +Bx’23_1) e aGe? o g-(arragpfe
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% (X17X2) — ko (X17X2) fay (az+ ag)e/\(xl-&-xz) % (Xf)\ _’_Bxlf—l) (Xg)\ i Bxg—l) efalxllzef‘xl (C!z+0!3)x2e/‘><2
03 (X1,X%2) = K3 (X1,X2) 90362‘)( (XB)\ + BXB_]') X e_(a1+a2+a3>xpe“

+(1-0)e Xﬁe/\ - xﬁe/\
K (ar+a3) X1 -a, X2
1 (X]_7 Xz) = (1 ) 1 2 N
(1—(1—9)e (0’1+"3)><lfe’ Xl—azxge/\xz>
— Bef\X17 Axo
K +(1-0)e 01X (02+G3)>€
2 (XLXZ) = 1+(1-6) 1

(17(179).9*0'1*?9“1*(azws)xg e“2>3 ’
O 2
kB(XLXZ):( —(1-06)e” 0’1+0!2+0!3)><Be") '

Proof.This can be easily deduced by using the same method 4% in (

6.3 Marginal Survival Functions of BMWGD

The next theorem discussed the marginal survival functdixg andX;.
Theorem 7The marginal survival functionsof X; (i = 1,2), say Gj (i), is given by

ge(ai+az) el

Gi(x)= i=1,2 (21)

-(1- G)e*("ﬁ“a)&ﬁe“‘ ’

Proof.By usingG; () = Gz (x;,0) andG; (x;) = G2 (0, %), we get the proof directly.

7 Maximum Likelihood Estimators of BMWGD

By the same way, we use the method of maximum likelihood tionesé the undetermined parameters of the BMWG
distribution.

Suppose (X11,X21), ---, (X1n,X2n)) is @ random sample from BMWG distribution.Consider thedaihg notation

lh={i; xi >Xai}, la={i; xu <xa}, la={i; Xii =%z =%}, | =11UlLUl3, [l1] =ny, [l2] = ny, [I3| = n3, and
Nni+nN2+nN3=n.

For the sample of size the likelihood function is given by:

I (a1, a2,03,B8,A,0) = rﬁlgl(xlthI) [ 92 ( X1i,%ai) nI_Islgs(xi)

The log-likelihood function can be expressed as
L(a1,a2,03,8,A,0) =Inl (a1, 02,03, 8,7, 6)

=mIn(8) +ngIn(ar+az) +nin(az) + M Axqi + S Axoi + z In ()\x‘f,+[3xl| )+iizllln (Ax§i+pxgi—1) +
nin® + molnay + zi“;lln(1+(1—6) ~(artas)g e —apd 9“2) + 2i=1(—(al+ag)x‘fe“1—azxge“2)
3y™,In (1—(1—6)e (a5 &0 e“z) + mpin(ap+az) + $2 A% + T2 A% + nzzln (/\xfi+[3xﬁ-’l) +
iizzlln ()\xgi+[3x§| l) + 32 (—aleef\xl—(a2+ag)xgef‘x2) + 3%2;In (1+(1 0)e ‘O’lxle’\xl (“2“’3)’(26/“2) +
nsin® + nglnas — 32,21In( (1—G)e*"l"f@“*("ﬁ‘“)xge'\xz) + IEAX 4 2 In ()\x1 +Bx l)

5. (a1 + ap + ag) P * — 25, In (1 (1-8)e 0’1+0’2+0!3)Xﬁe"x)

Differentiating the log-likelihood with respect ;, a2, a3, 6,A and 3 respectively, and setting the results equal to
zero, we have

oL _32 eA i Cq (X1, %) n2 z XB e?\X1| L xlle?‘ 1 Cq (xgj, x2, 32 IeA 1 Cy(xqj, xz, _ z Xﬁ e/\Xll

day — 0!1+Ols l Cy (xqi,%2i) =1 4G (i %) k)
() ehn g A EHCa(.x) (22)
A 1+Co(xa, %) i; Z 1+Ca (%)
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L 2|9A 21Cy (XaiX2i) Xoi 2|e/‘ 2Cy( X1|7X2| ny X2|9A 2'Cz(X1|,X2| . B Axoi
day — 32 1-Cy (xai X2i) +0’2+0!3 2 XZIeA I 2' =1 1+Cy(xqi %) SYiti T Co(xai Xoi) Z % e)\ I

B Xz.e“\XZ'Cz (X1i, X2i) X BeMiCy (xai, xai)

_ B %
&G 1+Co(xai, %) i; ¢ 221 1+ C3 (Xai, Xai) (23)

ny X1|e/\ 1 Cy (xai,%2i)

oL _ G eaicy (g 7X2| np Xe 02(_X1' o) @ xB M
Jdag 0!1+0!3 3YitiT T Ca (X1 Xai) 2 %i

1+Cy (Xi X2i ) 3%it1 1-Co(Xqi Xai)

2 XBeAxll - EI =1

2 Xﬁe“\xz'cz (X1i, X2i) i ><|-Be“‘C3(Xi,><i)

— B A - 24
21 1+ Co (X1, X2i) i; 02+03 &G 1+C3(xi,X) (24
L _ ﬂ_|_ 32 CixaiXi)/(1-6) M Ci(xaiXai)/(1-60)  ache Co(xiXi)/(1-6) 2 Cp(XiiXi)/(1-6)
J6 — @6 1-Cy (xai X2i) i=1 " I+Cqy(xai Xai) i=1 " 1-Co(xaiXai) i=1 I+Co(xai Xai)
'3 Cs(X 1-6) n
i= 1+C3(X|,X|) 6
Ny . Ny Ny ) Ny 1 1
S_IA_ = 2 B-:(}\lei * igl)(li + .Z BSIXzi B iZ ((Gl+ag)x1|+ M +ap XB+ eszl) +
((a1+a3)x1+1e/‘><1| +a2xﬁ+1ef‘>‘2|) 1 (Xai Xoi) n ((a1+a3)x1+1e/‘><1| +a2xﬁ+1ef‘><2|)c1(x1|,xz|) -
3%ih 1-Cy(xqi %2i) - 2ih T+Cy (xai %2i) * z i+ z B-sj\xl'
n2 ) ny 117}
.zlﬁff\'xz + Z X - 3 (a XA 1 0ty + atg) B“e“ﬂ) + Z Xy + .21X2i + -zlﬁ+'/\>q +
1= = 1= 1=
o (ale e“ll+ (az+0a3) ><2|+ e/\X2|)c2 X1, %i) n2 (ale e’\>‘1l+(012+013)x2|+ e/\XZI) (X1i Xoi)
3Yit 1-Co(Xqi Xai) ~2i-1 1+Co(Xqi X2 )
(a1 + 02+ a3) X 1M Cy (341, %)
2 (26)
1 —Cg(Xqi, X2i)
ny ny
0 1+A Xqi InXqj InXqj 1+ A x5 In Xy In Xy WA (X1i,%0i )C: R WA (X1i,%0; )C: ,
ﬁ — igl + Xllﬁ 131;(—;5 LTI g + XZIB 1?2;(—;3 nX 3zn1 A >il| ézll()xli(xxz? Xi) + znl A 11_:_ éil()xli%l)le)
2 1 Axgi Inxgi+BInxg; "2 1 A xgi Inxgi+BIn %o X0 )Ca(Xai X01)Ca(Xais
zinilwl (Xai,Xai) + igl + lelr;\l;lriﬁ LLSTRE z +AXg Tr);\szlr.B nXoi 3zn2 Wh( ilu ég()Xhz ;21.' X2i ) + znz Wh( )ﬂ éiu()Xllz(Xleu)qu) _
. (ar+ap+az)X Inxe ) Ca(x %)
52 W (Xai, X2 ) — 372y ((0’1+ az+ az) % 'Me“) -235% ( o) Jou
" 1+ AxInx + BInx
N iInx + BInx; 27)
& B+ AX
where

Ci (xai, Xa1) = (1 — §) e (@utaspgel s o g-angeba
Co (Xai, Xa1) = (1 — B) e (@2t 0a)Ge"a o g-andeha
Cs(x,%)=(1-0)e" (ay-+a+az)xP e

Wi (xai, Xai) = (a1 + 3) XE Inxq; €%+ apxb Inxp e}
Wa (X, Xai) = a1 Inxqi € + (a2 + a13) X5 Inxzi€} e

The maximum likelihood estimatés, a>, ds, 0, A andﬁ of the unknown parametees, as, az, 6 andA respectively,
are calculated by solving Equatior?] - (27), using Mathcad software.

8 Data Analysis of BMWGD

This section used the same real data set (see Table 1) to ootmgaBivariate Modified Weibull Geometric (BMWG)
distribution with the other distributions in Table 3.
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Table 4: The MLEs for UEFA ChampiésLeague data

| Model ]| MLEs
BMWGD | a7 = 1.958x 10*3,3 =1.041
O3 = 4.166x 1073, A = 0.02
0, = 4.542x 1073,6 = 0.828

Table 5: The value Of, AIC andBIC.
[ Model | L [ AC [ BIC
BMWGD | -287.4278| 586.8556| -298.26

Since the value of—L) (see Table 3 & Table 5) for the BMWG distribution is less thirree values computed from
the other models, then the proposed distribution a very etithe model to these data.

The profiles of the log-likelihood function afy, oy, az, 8, 6 andA of BMWGD for UEFA Champiofs League
data are ploted in in Figures from Figure 6 to Figure 11 retygely. From the plots of the profiles of the log-likelihood
function ofa, ay, as, 3, 6 andA ,we observe that the equations of the likelihood have a wsglution.
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00002 0006 0010 0 001 002003004
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Fig. 6: Variation for the log-likelihood function ofr; for UEFA Fig. 7: Variation for the log-likelihood function ofr, for UEFA
Champions League data. Champions League data.

9 Conclusions

This paper proposed a new bivariate modified Weibull (BMV§}rithution, whose marginals are MW distributions. Also,
we introduce an extension of the bivariate Modified Weibistribution and we call it the bivariate Modified Weibull-
Geometric (BMWG) distribution. Some statistical propestof this distributions have been studied and discussesl. Th
maximum likelihood method investigated to estimate thepeaters of BMW and BMWG distributions. A real data set
is analyzed using the Bivariate Modified Weibull distritoutj Marshall-Olkin bivariate exponential distributioriyBriate
Generalized Exponential distribution, Bivariate genieeal linear failure rate distribution. Based on the conguars
between all these models, we conclude that, the introduaetehis highly competitive in the sense of fitting this real
data set. And, its extension (BMWGD) is better than it.
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