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Abstract: The object of this paper is to obtain a hypergeometric t@nsétion for Gauss functiopFs[a,b; W; 1%1] using
a summation theorem of Fox. Some special cases of the hypeegec transformation and summation theorems for Clausen
hypergeometric functiogFz[a, b, 22+2048 .1 1 a — b+m, 2201, 1) with suitable convergence conditions, are also discussed.
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1 Introduction, Definitions and Preliminaries

2z [ (&L (4 atl bil.
For the definitions of Pochhammer symbol, generalized + /_( a2,- )b ) 2F1[ 202 22} . (@
hypergeometric  function pF;, Gamma function, ) Q3) 2
Legendre’s duplication formula and other elementary /. .. o
results, we refer the literaturg][ [4] and [7]. <T €C\Zy ; |7 <1, orze{-1,1}, O(a+b) <1,
The following summation theorem plays a key role in . )
the derivation of the main hypergeometric transformation orze {—i,i},0(@+b)<3; i= (_1))-
OF which was proved independently by Ramanujan [

Fox summation theorem(5, p.204, Equation (2.6)] 64 Entry 21] and is also recorded i p.65, Equation

AB: 1] DAYB 2 (ABH)r(AtBHI-2M)  2.15(28), p.111, Equation 2.11(3)].

E i = . .
2F |:A+B+21 M. 5 VT (A T (B) Recently the following transformation
ab; 1+z
Ay 2T " o |l 53
rZO r /—(A+B+13-2r—2M)’ 2
<A,B,W,iﬁe(€\zo ; MeNo). _r(3)rst) b—1) 5 g,%,%; 2| .
o . . . - 2 r(edr(ad)® .54
The main object of this paper is to derive a 2 2 22
generalization of the transformation formul@s &nd @). 4 atl bid.
Kummer's transformation formula [6, p.82, Entry +b72F1{T7le }
72] rr3) 2
ab; 1+z]  F(ESr(3) a b a a2 b,
2F1{a+b+1. ]: oFL| 2% 2|+ g ——oF| 2% 2|+
z . 2 reg)reg) 2 rehresh) 2
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2bz atl b+l b+2. B
=Bz 3F2[ 202038 22} (a,b,w,”—g“’ eC\Zy ; |2 <1; meNo>,
(2 (3) 212
2abz af2 bizz' 2 provided that each of the series involved is absolutely
F T2y +
F(bgl)r(%l)z 1[ %; ] convergent.
3 b1 Proofin order to derive the equatio®)(we consider left
n 2@+1)z i [%, %3; 22] ’ (3  handside of the equatiof)
r3rae 2

(%‘1 €C\Zy ; |z < Lorze
{-1,1}, O(a+b) < —1,orze {—i,i}, O(a+b) <1
and reduction formula
abb+1
3F2{ d,b— % }

a+1b;
d;

_1}7

(2b—2a—1) a,b; (2a)
REE T [ d; ~ 1] @ 2
(4)

(D(a+b—d)<0; (b—13).d e(C\Z(j),

were derived by the author8,[Equations (3.3) and (4.3)].

2 The Main Transformation and its
Demonstration

Our main transformation (presumably new) is stated here
as the following theorem. The result derived in this section

is interesting and potentially useful.

The following hypergeometric transformations holds
true, when any values of parameters and variables

F ab; 1+z] & (a)(b)(1+2)
2F1 1+a+b 2m 2 _r;(1+a+2b72m)rr!2r

3 o
Z) 1+a+b 2m r|2r 10 —

: L (=0)p(=2"
Z p

(l+a+b 2m r|2r &o pl

ﬂ

=

< i a)(b)r 2
£ p:O 1+a+2b 2m P2 p| (r o p)|
- g (@)r+p(b)r+pz”
Ao o ”azb ). 2 (p)1 (1)
_ - % r+2p( )r+2p22p
r= p:O l+a+b 2m +2p 2r+2p(2p) ( )

r+2p+l(b)r+2p+122p 1
Liath-m 2m Jr2pe1 20 2PH(2p+ 1)1 ()]

PN

_ < )2p(b)2p7*° o (a+2p)r b+2p)
= p% 1+a+b 2m 22p 2p 1+a+b 2m4p o )
n hd (@)2p+1(b)2p:122P L & (a+2p+1)(b+2p+1),
pzu (T, 22 1)1 &, (BRI ) 2 (1)1

leading to the results which do not make sense, are tacitly,,

excluded.
Then

23+b—2,— ( l+g+b)

JAr (@)
{ o (1+a+b)p(3+2+b)pzzp
p

1+a+b Zm) p( 3+a+4b—2m) p( p) I

a,b; 1+z
2F1 | 11arb_2m. 5| =
2 1

1
:02

> (7)° (e (o)

X
1 b—2m+4
rZO r ( +a+ - m+ p)r

2(1+a+bjz 2

3
(1+a+b—2m) pZO 3)p

m\ 2 ,—(a+2p2+r+1)l—(b+2p2+r+1)} (5)

X
3+a+b—2m+4
r= ' ( : 2 p)r

(350)p(PH50)p 2P

3+a+f72m ) p( 5+a+4b—2m ) p( p) ]

a,b; 1+z
2F1 | 11arb—2m. —
2 1

- )2p(b)2pZ°P
Z 1+a+b 2m 22p(2p)|

21

a+2p,b+2p; 1
1+a+b—2m+4p. 5
2 7

(=)
+Zp: 1tatb— Zm)2 1 22PH1(2p 1) l+a+b—2m+4p+2; 2

@zpaOzp®t {a+ 2p+1,b+2p+1; 1}
| o ©)
Apply Fox summation theoreni) in the right hand side

of the equationg®), we get

a,b; 1+z
2F1 | 11atb- 2m S| T

2

0 (b) oat+b—2 ,-(1+a+b+4p)/-(1+a+b52m+4p)zzp
pZo ”a*b 2"‘)zp VAT (a+2p) T (b+2p)(3)p(p)!

m or /—(a+22p+r)l—(b+22p+r)
X
2\

+

I— ( l+a+b+22r72m+4p)
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3tatbi4 3+atb-2mi4
2p+1 2p+1229+12a+b 1[‘(M)r(%)

HM ), R (@20 D) (bt 29 1) 2 (0! Whenm = 2 in equation §), we obtain

ab; 1+z
2F1 | atb_a3. >
2

oMz

2 1 b+2 1
y m /m 2r /—(a+ p2+r+ )/_( + p2+r+ ) (7)
r; r r ( 3+a+b+22r72m+4p) :

; ; . . r(a+b+1)r(l) a b atbtl atb+3
Using algebraic properties of Pochhammer symbolsin - 2 ~ 2" ¢, 2 & 04 "2l 4
. . LS . . atl b1, 4 I atb-1 at+b-3
equation 7), after simplification we obtain the right hand &) r=) R e e
side of the hypergeometric transformatioB).( This atb_3y /1 ) )
complete the proof of the theorers)( 2@+b-1)(H3=)r(3) o [2f, bpt arbis,
- F 2|+
,-(Q)I-(Q) 32 1 atb-1.
2 2 2 4 L]
i b-3\r (1
3 Special Cases +abl'(a+2 yr z)zFl 242 bi2, 2.
HCONCS! 5
In this section, we obtain some special cases of our main
transformation). b3 1
. . -1 Dzl (5=2) (5
When m = 0 in equation §), we get Kummer's (a+b )(a+b:— )Zb( 2) (2)><
transformation formula2). In Kummer's transformation 2r(3) @)
formula @) put z= 0 we get Kummers second a
. at+l b+l atb43 atb+5.
summation theoren®[ p.134, Entry 2]. ><4F3[ 200 by ab) ]+
Whenm= 1 in equation§), we get 2 4 4
(a+b+1)(ab2 r(&5=3)r) 242 b2 athi5
ab; 1+z T atl b+l F2 3 ath+l Z|+
2F1[a+b’1.' > ] reE)riés 272
2’ z(aH)(bH)ZF(MgS)F(%)zFl{%s’bizz; 22}7 (10)
(e (a+b-1 FzF Li) aihss; zz}+ re) F(g) 5,
-2 reEhred L 2
<a+b €C\Zg ; |7 < 1,0rze
4 atl bil.
+— szl[z’zlfzz] .
re)ra) 5 {-1,1}, O(a+b) < —=3,0orze {—i,i}, O(a+b)<-1).

Now putz= 0 in equation 10), we have

at+l b+1 atb+5.

Y 2 4 ’

[ 3 atb+1l. }"‘
27 4 )

a,b; 1] ’_(HTM)’_(%)X

2F1{a+b 3. 5 >

(a+b)2 4ab—a—b)+3 4(a+b— 1)}
2ab at2 bi2. + 11
et zZ]} ® { i) rarg [
(a+b—3

5 e(C\ZO).
(a+b 1eC\zg ;|7 < 10rze

{-1,1}, O(a+b)< —Lorze {—i,i}, O(a+b) < 1). 4 Few Applications in Clausen’s series

3F2(—1)
Now putz= 0 in equation §), we find ) . - .
Settingz =1 or z= —i in two transformations3), (8);
under the common convergence conditioi{@+b) < 1)
. atb+1yr (1 1y (1 in (3), (8); equating their right hand sides and separating
JFy [a+g’t1)f 1] r( 12 )I'b(zl) 2 ( )’;(2)’ real, imaginary parts, further making suitable adjustraent
z 2] (&) (%) ré)r) in the parametera andb, we get
(9) 2a+2b+43.
st[ ?Za;z‘t; -1 = s R ?bT’ ~1]+
a+b-1 _ (2a) a+1, b
(T e C\Z, > +m 2F1 |: 2 1] (12)
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1.2 — _ _ m ,-(r+_a)
(D(a+b)<§;%‘”7%lemzo), <2b 2a—1) Z{( >m}+
and m r(ﬂzﬂ) a+r+2
a2 agi:iiﬁfi - ]:%35[ ngi 71]+ +4r {( ) [ (L 2am) +/—(a+r+2 b 2m (1}>
%25[&#12 1} (13) (D ;al+a—b— m(%bfl)
(Dt <3 22 B2z ). «x%:meNg.

If we putd = 1+a— b+ min the equationX5) and appl
The unification of summations theorem2) and (L3) can sumrr?ation th:orem: of Choi qRathi g\i)d Malg%y[

be written as p.1524, Equation 2.3] and autho8; p.14, Equation 3.2],
after simplification, we get

ab, 2a+2b+3. B (2b— 1) ab, 2b+1
S T R S b 5 ab 2 1 r(ra-bim)
2 b ¥2|1+a—b4m2atdt 2(2a+2b— 1)l (a)
=) _F 1 14
Tard-1)° 1{ d; } (14)

(2b—2a—1) m m (_1)r/—(r+_a)
(WZ}{()@%

(D(a+b—d)<o;d,%+T2bl,%le(C\Z(;>.

(=1 ,—(a+r+1) (=1 ( a+r+2

Now using our reduction formulad) in 3F, of right Zr 0 ( ) r(ai=2) <a+r+2 5, ,
hand side of the equatiori4), after simplifications, we (i8)
get

<D®%<%#§—bﬁi+a—b+m4@%t%g
2a42b13. i
sk 32a+ b 1 *l] Eig gﬁ EzFl[ 3 l]+®%2& a+13 1], (C\Za me NO) .
(15)

The summation theoremd44), (15), (16), (17) and (8)
(D(a+ b—d)<0;d, 26‘+TM c C\Z6>- are believed to be new and are not recorded in the tables
of Prudnikovet al. [7, pp.546-547] and Brychkov2[
We have verified the reduction formuld5) by taking ~ PP-589-600] and other literature on hypergeometric

suitable values o, b andd. functions. _ o _
We conclude our present investigation by observing

Now PUtd =1+a—binthe equation15) and apply  that several other corollaries and consequences of
Kummer's first summation theoreni7,[ p.489, Entry  pypergeometric transformatio)( can also be deduced
recorded in Prudnikoet al., after simplification, we get The authors are grateful to the anonymous referee for a

ab, 282053, } r(ita-br (%) careful checking of the details and for helpful comments

that improved this paper.
3':2[1+a b, 2a+5b L. 2(2at20-1)
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