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1 Introduction

Let By, B, denote the Banach space and(ebe an open subset 8f. Let alsoU (z,p) := {ue By : [Ju—2|| < p} and let
U (z,p) stand for the closure & (z,p).
We recall that many problems in several disciplines can daaed to

F(y)=0 (1.1)

utilising the Mathematical Modelind]-[17], whereF : Q — B, denotes a continuous operator. We recall that the solution
y* of (1.1) is sought in closed form, but this is obtained only in partc cases. Thus, most solution methods for these
type of equations are usually iterative. For more detaiisenéitive methods for finding the solution of equatidnf, we
suggest[2, 6, 7,9 -13, 15, 16].

Newton’s method[6,7,11,15,16)]:

Yni1=Yn—F' (anl F (yn)- (1.2)
Secant method:
Y1 =Yn— [Yn—1,¥n; F]_lF (Yn)» (1.3)

where[-,-;F] is a divided difference of order one ¢ x Q [7,15,16].
Newton-like method:

Ynt1=Yn— EglF (Yn), (1.4)

whereE, = E (F) (yn) andE : Q — ¥ (B1,By) the space of bounded linear operators fidminto B,. We recall that the
readers can find other methods #),[[ 11], [15], [16] and the references therein.
Below we investigate the new method defined for emeh0,1,2, ... as

Ynr1 = G(¥n)

G(Ynt1) = G(¥n) — Ay F (Yn), (1.5)
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wherexp € Q is an initial point,G : B3 — Q (Bz a Banach spacefn = A(F) (Vn+1,Yn) = A(Ynt1,Yn) andA: Q x
Q — ¥ (B1,By). The approachl(5 provides a sequence which we shall show converggs tmder some Lipschitz-
type conditions (see Section 2). Having in mind that the metfi.5 (and Section 2) is of independent interest, it is
nevertheless designed especially to be utilized-abstract fractional calculus ( in Section 3). We recallt timaour
knowledge such iterative methods have not yet appearedineation to find the solutions of the equations in abstract
fractional calculus.

In Section 2 of this manuscript we show the semi-local cageece of method1(5). Section 3 provides several
applications to abstragtfractional calculus on a given Banach space valued funstovided that all the integrals are
of Bochner-type @], [14]).

2 Analysis of Semi-Local Convergence

Below we give the semi-local convergence analysisld)(utilising the conditiongM):
(mp) Fp:Q C By — Byis continuous(; : B3 — Q is continuous andy (x,y) € .Z (B1,By) for each(x,y) € Q x Q.

(mp) There exis{3 > 0 andQp C B; in such a way tha#y (X, y)’1 € ¥ (By,By) for each(x,y) € Qo x Qp and

o <6

SetQ; = QN Q.
(mg) There exists a continuous and nondecreasing fungtiojd, +-) — [0, +) in such way that for eachy € Q;

[IFL(X) = F1(y) = A1 (X,Y) (G1(X) = G1(¥))[| <
Bw ([Ix=ylI [Ix=Xol[ , [y = o[} [| Gz (X) = G1 ()] -
(my) There exists a continuous and nondecreasing fungtario, +o) — [0, 4-0) in such a way that for eaohe Q;
[[G1 (x) = G1 (X0) | < Yo ([Ix = Xol[) [[X—Xol|.

(ms) Forxp € Qp andxy = G1 (Xg) € Qo there exists) > 0 such that
AL 30) R (00)|| < -

(me) There exists > 0 fulfilling
w(n,ss) <1,

Yo(s) <1

and 0
— <s<
1G1(%0) —Xof| <5< T

wherego = §(n,s,9).

(m7) U (x0,8) C Q.

Below, we show the semi-local convergence analysis Id5) (by using the conditiongM) as well as the previous
notation.

Theorem 1Suppose that the conditiori®) hold. Then, sequendgn} provided by methodl(5) starting at yy € Q is
well defined in Uyp, s), remains in U(yp,s) for each n=0,1,2, ... and converges to a solutiori ¥ U (yp,s) of equation
F1(y) = 0. The limit point y denotes the unique solution of equation(y = 0in U (yo,s).

ProofUsing the definition o and(ms), we havey; € U (yo,s). The proof rely on mathematical induction krAssuming

that |y — yi—1/| < oy *n and|lyk —yol| < s
We get by (.5), (mp) — (ms) in turn that

1G1 (Y1) — G1 () Il = [|AFa (i) || =

1A (Fa (Vi) — Fa (Y1) — Ax-1(Ga (i) — G1 (Vk-1)))||y
< [IACH IFL (i) — Fa (Y1) — Ak-1(Ga (Yie) — G (Y1) || <
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BBY(IIyk — Vi1l [IYk—1 — Yoll, [[Yk — Xo||) [|G1 (V&) — G1 (Vk_1) || <

¥(n,59) [G1(Yk) — G1(Yk-1) || = |G (Yk) — G (Yk—1)I| < a2 — Yol| < d§n (2.1)

and by(mg)
Vk+-1 —Yoll = [IG1 (Yk) — Yol < [|G1(Yk) — G1(Yo) | + |G1 (Yo) — Yol

< o (|lyk — Yoll) Ik — Yoll + [|G1 (o) — Yol|
< o(s)s+|G1(Yo) —Yo) <s.
Thus,the induction is finished. In additio2,{) implies that fom=0,1,2,...

1-qgT
[Yicem — Ykl < >—2d§n.

T 1-0qo

It implies from the preceding inequation that sequef@e(yx)} is complete in a Banach spaBg, thus it converges to
somey* € U (yo,S) (sinceU (p,s) is a closed ball). By considerirg— + in (2.1) we obtainF; (y*) = 0. From@.5 we
conclude thats; (y*) = y*. To prove the uniqueness part, 1t € U (yp,s) be a solution of; (y) = 0 andG; (y*) =
y**. From (L.5), we conclude that

Iy = G (v ) = |y — Ga (yi) + A Fa (i) — AR (v <

A IFL (™) = Fa () = Ak(Ga (y™) = Ga ()| <
B Buo (Y™ = Yll Y1 = Yol Ik = Yol ) G1 (y**) = Ga (|| <
o [G1 (y™*) =G (W)l < a§™ [ly™* —Yoll,
so lim yx = y**. We proved that limyx =y*, soy* = y**.
Kk— o0 k—+o0
Remark(1) Condition(my) can become part dinz) by taking into account the followings

(mg)’ There exists a continuous and nondecreasing funatior0, +0)3 — [0,+c0) in such a way that for each
X,y € Q

A 6y) HFLOO — Fa(y) — AL (6Y) (G109 — Ga ()] | <

¢ (IIx=YlI [Ix=xoll, [ly = Xo[) [|G1 (¥) = G1 ()| -

Notice that
¢ (uz,uz,uz) < P (ug,Up,U3)

for eachu; > 0, u, > 0 anduz > 0. Similarly, a functionp, can replacep, for the uniqueness of the solution part. These
changes are of Mysovskii-typ6]} [11], [15] and influence the weaking of the convergence criterigimig), error bounds
as well as the precision of

(2) Assume that there exit> 0, 31 > 0 andL € ¥ (B3, B>) with Lley (Bg,B1) in such a way that

It =p

[AL(X,Y) —L[| <P
and

B:=B 'p<1.

Thus, it follows from the Banach lemma on invertible opers{@1], and
LA y) — Ll < B Br=Br < 1

thatAq (x,y) ' € .Z(By,By). Let B = f_—;z As a result, under these replacements, conditiay) is implied, therefore it
can be dropped from the conditiofid).
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RemarkWe conclude that the results especially of Theotearan apply in abstragffractional calculus as givenin Section
3. We can use the results of say Theorkimthe examples described in Section 3 by specializing fanep. Particularly,
for (3.4), we choose fou; >0, u; > 0,u3 >0

A uin-&-l)a

Br (n+la)((n+1)a+1)’

Y (ug, U, u3) =

if |01 (X) — 01 (y)| < p1 for eachx,y € [a,b];

n+1)a

B Ay
(,U(u1,u2,u3) = B,— ((n+ 1)a) ((n+ 1)0{4—1)7
19100~ 1 () < &lpx—y] for each.y € [a.b] andpi, = &2 |b—al;

A uénJrl)a

Br (n+la)((n+1)a+1)’

Y (ug, U, u3) =

if |91 (x)| < &3 for eachx,y € [a,b] anduz = 2&3.

We recall that other choices of functighare also valid.

We conclude that with these choices of functiprand f; = F; andg; = G1, fundamental conditiofimg) is fulfilled,
which justifies our definition of method (5. Similar choices for the remaining examples of Sectionr8lmaprovided.

3 X-Valued Modified g-Fractional Calculus Applications

In this section we consider with Banach sp&e||-||) valued functionsf; of real domain[a,b]. Besides, all integrals
considered in this section are of Bochner-type, see [14]thedefinition of the derivatives df, see [17].

Let 0< a <1, m= [a] =1 (]-] ceiling of number),g; is strictly increasing andg; € C*([a,b]),
9; 1€ C([g1(a),01(b)]). Suppose that; € C* ([a,b],X). Below we used the notations from [5].

[) The expression of th¥-valued right generalizegiHfractional derivative off of ordera is written as:

AT p—— O (1) (frogyt) d 3.1
(B8-0.12) 0= gy [ (@10 - 000) (1) (f100) (@ (0, (3.1)

a<x<h.
fo<a<1, then(Dg’_;gl fl) € C([a,b],X)[4].
Besides, we introduce the following definitions

(Dh g, f1) ) == ((fog™) 001) (), (3.2)

(Dg,;g1 fl) (X) = f1(x), Vx€ [ab].

Forg; =id, we have
Dg,;gl f1(X) =Dp_iq f1 (x) = Df_f1(x), (3.3)

the classicaK-valued right Caputo fractional derivative [3].
Let us denote
DpZ.q, i=Dp_.q,Dpb_g,--Db g, (ntimes),neN. (3.4)

The expression ok-valued right generalized fractional Riemann-Liouvilkeggral is written as

1 b -
('g—:glfl) () = m/x (02(1) — 91 (¥)* gy (1) fa(1)dT, a<x<b, (3.5)
We h
e % =1 1 I i 3.6
b—ig1 -7 "b—ig1'b—ig1 " 'b—in (ntimes) (3.6)

The followingX-valued modified);-right generalized Taylor’s formula will be used
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Theorem 2([5]) Let f; € C*([a,b],X), g1 € C*([a,b]), strictly increasing, fulfiling g* € C*([g1(a), g1 (b)]). Assume
that ;= D'gﬁ;gl f1, k=1,....n obey k € C!([a,b],X), and F,,1 € C([a,b],X), where0 < a < 1, n€ N. As a result we

have ; )
fl(x%fl(b)z-Z%( g f1) () + (3.7)
! ° n+la—-1 n+
ey ) @m0 1) (08 (.
vV x € [ab].

In this section we discuss a more general case.fLetC!([a,b],X). The definition ofX-valued right generalized
gi-fractional derivative is given by

-1 Yy B B
(0500 1) 00 = gy /. (@10 -0:00) “64(0) (o g7 (@u(m)r, (3:8)
alla<x<y;yelab],
(D}_g, 1) ) := = ((frogy?) o@1) (%), Vx€ [ab]. (3.9)
In the same manner we define:
-1 X B B
(DY g, f1) (¥) = m/y (91(1) —g1(y)) " di (1) (fro0; 1)/ (01 (1)) dt, (3.10)
alla<y<x;xe[ab],
(D}g,72) ) == — ((Frog7?) 001) ¥), Yy e[ab]. (3.11)
When 0< a < 1,D{ ., f1 andDY ., f; are continuous functions da, b], see [5]. We recall that by convention we have
(D§ g, f1) (x) =0, forx>y
and (3.12)
(Dg_.g, f1) (y) =0, fory>x
Denote by
FY =Dk f1, FX:=DK f1, Vxye[ah]. (3.13)
We suppose that
F/,FX e Cl([a,b],X), andF) ;,F¥; € C([a,b],X), (3.14)

k=1,..,nVxyelab;0<a<l
We also observe that @ a < 1) ([8])

(08 aut2) 0] < 7= /. (00~ 0:00) 64 (D) (fro 6 (@ (1) ar < (3.15)

A

r(l-a
H(flogfl) Ongm,[@b] (G1(b) — g (X))
r (1_ a) 1-a B

H (flogil)longm,[@b]
r2-a)

(01(b)— g1 (X)), Vxe[ab].

We have show that
(f
H(Db 0 ) H— H 10912 OS;H % (g1.(0) — g1 (x)*° (3.16)
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H (flogil)/ongm,[ap]

- r2—a) (Gu(b)— 01 (@))%, ¥xyeab].

Clearly here we have
( g_;glfl) (b)=0, O<a <1

As a particular case we have

(DX

X—301

f1) (X) = (D§_.g, f1) (¥) =0, Vxyelab; 0<a <l

By (3.7) we derive

n G

lzz |a _|_ 1 (D;/C;gl fl) (y) +
1 y
m/ (0:(1) ~ 92 (0) ™ gy (1) (D0 ) (1),
Vx<y;xye[ab];0<a <1, andalso it holds:

b o= 3 SEII o 1) 0+

i ia-+1
mg(gﬂ”‘gﬂyﬁ‘“)“19’1<r>( Sal ) (mdr,

Vy<x;xyelab;0<a<l
We define also the followini-valued linear operator

(Ac(f1)) (xy) ==
n _ ia—1 . (n+l)a (n+1)a—-1
i;% (DY g, 1) (v) = (Dy—;gl f1 (X)) Gl n+(1))¢)x+ 7 X<
n ia—1 . +1 (n+1)a-1
'Zz 7(91(",)_('%153'1); (DY .4 f1) (x) — (DQ‘_;gf" f1 (Y)) %7 X>Y,

f_i (x), whenx=y,

Vxyelab;0<a<l
We may suppose that (see [12], p. 3)

1(A2 (1)) (%,%) = (Ac (F2)) ()l = [ f1.00 = T ()]

=|[(fieg") (@ (0) = (flegy?) (a1 (V)] < g1 (¥) — a1 ()]

vV x,y € [a,b]; with @ > 0.
We estimate and conclude that

i) casex<y:
[[f2.(x) = f1(y) = (A (f2)) (x Y) (91(X) — 2 (V)| =

| rirma [ @ ® @) (0 (B4 ) (-
(n+1)a (g1 (y) — g1 (x) "
(0" 400) i a

(by [1], p. 426, Theorem 11.43)
1

- I'((n+1)or)'

Xy (02.(1) — 92 (0) ™V gy (1) (D5, f2) (1) = (DY) 1) () )

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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(by [8])
1

STt Da)

[ (010~ 0100) "7 g (1) (047917 1) (1) (B30 1) 00 (3.24)
We suppose that
| (B3 ) (0 = (D557 1) 00| < Aalon (1) ~ 02 (0] (3.25)

Vi, x,yeabl:y>t>x A1 >0)

< Fimar L @0 -8 g (1) (01 (1) - a1 (9) T - 3.26)

A1
r({(n+1)a)

M (guly) —gi(x) et
r{n+a) (n+1)a+1) ’

[ (00 -010)" 7 g; (r)dr -

(3.27)

We have proved that
[[f2(x) = f1.(y) = (A (f2)) (x.y) (91(%) — g2 ()| <

Mo (o <¥> — gy (x)MH (3.28)

1
r{n+a) (n+1)a+1) ’
foranyx,y€[abl:x<y;0<a < 1.

i) casex>y:
[[f2(%) = f1.(y) = (A (f1)) (x.y) (91(X) — 92 (Y)) | =

[f2(y) — f1.(X) = (Ac(f1)) (X, ¥) (91(Y) =91 (X)) || = (3.29)

e | @@ - m )™ e (1) (007 ) (Dar-

n+1)a

i (0100 — g1 ()
(D1 f1) ) 7‘((n+i)a+1)

1
rF((n+1)a)

[ @0 =g 2 (1) (D3 1) (1) = (B 1) )

(3.30)

<

m /yx (G1(t) — g1 (y) ™ g (1)

We suppose that

p(ntla f1(t) p(ntla f; (y)H dt

X—;01 T X0

X—01 X0

Dy g0 (1) = D{gl fr ()| < Aeln (1)~ a (V) (3.31)
Vty,xelabl:x>t>y; Ay >0)

< ﬁ / (0(1) — 01 (9) "V (1) (01 (1) — ga () ot = (332)

ﬁ/y (91(t) — 91 (¥) ™ gy (1)dT =
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A (g(¥) —gu(y) et
r{(n+21)a) (n+1)a+1)

We show that
[[f1(x) = fL(y) = (A (1)) (%, Y) (91(X) — g2 (¥)) || <

Ao (@00 -gu(y) "V (3.33)
r{n+1)a) (n+l)a+1) ’ '
vVxyeab : x>y, 0<a<1l
Conclusion 1SetA = max(A1,A2). We have proved that
[[f2.(¢) = f1.(y) = (A (f1)) (X y) (91 (%) — g1 (V)| <
A e -ay ™ (3.34)
r{(n+1)a) (n+l)a+1) ’ '
vVxyelab;0<a<lneN.
(3.39 becomes trivially true wher=y)).
One may suppose that
A

Now using 8.22 and (3.34), we can apply our numerical methods presented in thislaricto find the solutions of
f(x)=0.

To have(n+1)a +1> 2, we need to take + a > 737, wheren € N.

Below we provide some forms of:

01(x) =€, xe[ab]CR,

01 (x) = sinx,
g1 (x) = tanx, (3.36)
wherexe [-F+¢, 7 —¢], € > 0small.

[I) The expression oK-valued left generalizegd; -fractional derivative off; of ordera is [5]:
1 X _ 1 /
( g+;gl fl) (x) = m/ﬁ (91(x) —91(1)) ag/l(T) (flogl ) (01(1))drt, (3.37)
vV xe€ [a,b].
If0 < a <1, then(Dg, 4 f1) € C([a,b],X) (see [5]).
Also, we define
N/
Daiig 1 (X) = ((fl ogrt) o 91) (x), (3.38)
D3 g f1(X) = f1(X), VXx€ [ab].
Wheng; = id, then
Dng;g! fl = Dg+;id fl = Dfaflv
the classicaK-valued left Caputo fractional derivative [4].
Let
Dil.q, := Dat:q,Dasg,--Darg, (ntimes),neN. (3.39)
The expression of th¥-valued left generalized fractional Riemann-Liouvilléggral (see [5]) is written below
1 x _
(80,0 00 = gy [ @000 (1) (0 fi(1)dr, a<x<b (3.40)

Also denote by .

185.g, = largylargy - larg, (Ntimes) (3.41)

The followingX-valued modified);-left generalized Taylor’s formula will be used.
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Theorem 3([5]) Let 0 < a < 1, ne N, f; € Cl([ab],X), g € C'([ab]), strictly increasing, fulfilling
0,1 €CL([01(a),01(b))). Let Fe:= DX o f1, k=1,...,n, that fulfill i € C* ([a, b],X), and F..1 € C([a,b],X). Then

f1 (%)~ f1(a) = i (G 530(;& (f)l)_) (DI g, 1) (@) + (3.42)

Wll)a) /a (000 - 02 (1) ™V gl (1) (Dl ) (1)dr,

vV xe€ [a,bl.

Let f; € C*([a,b],X). The expression ok-valued left generalizeg-fractional derivative is written as

(DE gy 11) (0 = = [ (00— 01 (1)) " g4 (1) (1o (01 (1) dt, (3.43)
ril-a)ly

foranyy <x<h;xye [ab],

(DL g, ) (0 = (1007 (a1 (x), ¥V x€ [ab]. (3.44)
In a similar manner, we define

DXy F=1) (¥) = ﬁ/xy(gl(y)—gl(r))" ¢ (1) (frogr?) (au (1)) dr, (3.45)

foranyx <y <h;xye[ab],
(Dksgs f1) ) = (f1og— 17 (@ (), Vye[ab]. (3.46)

When O< a < 1, D)‘iﬁr g 1 zalndD)‘2’+;gl f1 are continuous functions dg, b], see [5]. We recall that

(DY, .q, f1) (X) =0, whenx <y,
and (3.47)
(Dg, .4, f1) (y) =0, wheny <x.

Let consider
Gl =Dyl f1, Gi:=DKl f1, VX y€e[ab]. (3.48)

We suppose that
Gl. Gy e Ct([a,b],X), andG), ;,Gf,1 € C([a,b],X), (3.49)

k=1,..,nVxyelab;0<a<l
We also report that (& a < 1) (by [8])

(0% 0,) 0911 < g [ (@00~ ga(0) " 4.0 (12087 (@ 1)t <

(frogr®)'s .
I ?_1(1_3;“”6‘“ | (0 -0:(0) " g (ndr =

oa-1) o —a
H(fl i(l)_j;Hoo,[a,b] (91 (%) Iflléa))l - (3.50)
(fhog;?)'s
H 1 il(z_:;“m,[a,b (9100 — g (@)

We concluded that H , H
(flogfl) o0

w,[ab -

H( atgy 'l ) || — /_(2—(1) = (gl(x)_gl(a))l ’
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[seyesl]_y,
- r2-a)

(gl (b) —01 (a))l_a 5 vXxe [av b] .
We report that
(Dg;q, f1) (@) =0, 0<a <1,

and
(DY, g, f1) (¥) = (D1 g, f1) () =0, Yxye[ab; 0<a <l

From @3.42 we conclude

)=ty - 3 SNBI (o 1) )+

1 X
m/y (g1 (x) — g (1)) "D 19’1()( yrjjg}l) fl)( )dr,
foranyx>y:xye [a,b]; 0< a <1, we have

ho) -t = 3 SPEI (0l 1) 09+

1
r{n+1)a) Jx

foranyy > x:xye€[ab;0<a <1
Below we give the definition of the followin¥-valued linear operator

(A2(F)) (xy) =
n ia—1 (n+1)a (n+1)a-1
3, ST (Dl 1) )+ (D))" ) 00 b
n ia—1 (n+1l)a-1
(91(Y)—091(%)) (m+L)a (91(y ) 1(X)
ézl’_('T (D'x‘i o f ) () + (Dx+;gl fl) ()4 ((n+1)a+
f1 (x), whenx=y,

Vxyelab;0<a<l
We suppose that (see [12], p. 3)

1(A2 (1)) (x.X) = (A2 (T2) (v.y)ll = [|T1 (0 = T2 (V)|

<@g (X)—91(y)|, Vxye[ab];

with @* > 0.
We conclude
i) case ofx > y:
[[f1(x) = f1(y) = (A2(f1)) (X,Y) (91(X) — 92 (V))[| =
1
H r(n+1a)ly

(n+1)a (02 (x) — g1 ()™
(B4l 1) 0 = (n+DLa+1)

(using[l], p. 426) L
T T ((n+1a)

[ 00— g™ ) (04778 1) (1 (P4 ) () a

[ (@)~ g (0) ™ g, (1) (D57 12 (ny

» X>Ys

» Y>> X

o [ (@0 =0 )" (1) (D115 1) (ryar-

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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(by [8]) L
ST+ Da)

/y “(1 (%) — g (1)) "V, () || (Dre)" f1) (1) — (Dyig 1) 00 ar
(we suppose here that
| (D57 12) (0 = (B3 12) 00| < palgs (1)~ g (0 (3.60)
Vix,yeabl:x>t>y,; p1>0)

: ﬁ/}/x(gl(x)_gl( 1) Mgy (1) (91 (%) — g (1)) dT =

ﬁ /yx (01(¥) —au(1)) ™D gy (1) dT =

pr (g(x) —gu(y) e
Fh+Da)  ((n+Da+1) (3.61)
We show that
11 (x) = f1(y) — (A2 (F2)) (%Y) (91.(X) — 91 (¥))I| <
pr (g(x) —gu(y) e
FiDa)  ((niDatl) (362)
Vxyeab: x>y, 0<a<1l
i) case ofy > x:
12(X) — f1(y) — (A2 (1)) (xY) (91 () — 91 (¥))I| = (3.63)
wmw f1(%) — (A2 (f1)) (x.Y) (9L (y) — 91 (X))[| =
Jrtom [ @0 -0 e () wor-
oD ) 1 (y) — g1 (x) "9
Drlio r((n+1)a+1)
_ 1
T ((n+ 1)a)'
(@) - 0 0) "2 (1) (B9 1) (1) - (D 1) () ar
ot
“r((n+1)a)
/Xy (G () — (T n+1 Ja—1 g, H( XT_Q:J]; ) (D>(<r41r+§:]l-1 ) Hd_[ (3.64)
We suppose here that
| (D6 6) (0= (B 1) )| < p2lon (D =@ )] (3.65)
Vty,xelabl:y>t>x p2>0)
e [0~ 00(0) " (1) (01 () — 0 (1) dlr =
“r((n+1)a) Jx
P2 (gu(y) —gu(x) Mt
F(n+Da)  (ntla+1) (3.66)
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We proved that
[[f2.(x) = f1.(y) = (A2(f1)) (x.y) (91 (%) — 2 (V)| <

P2 (gu(y) —gi(x) "Dt
r({(n+1)a) (n+l)a+1) ’

Vxyelab:y>x0<a<l

Conclusion Setp = max(ps, p2). Thus,

12 (%) = f1(y) = (A2 (1)) (% y) (G2 (¥) =91 (V)| <

P g (x) —gu(y) et

3.67
r({(n+a) (n+l)a+1) ’ ( )
vVxyelabh;0<a<l
(Whenx =y we notice that3.67) becomes trivially true. )
One may suppose that
p
FlnDa) <1l (3.68)

Taking into account3.57 and @.67), we can use the developed numerical methods shown in tticdeato find the
solution of f1 (x) = 0.
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