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1 Motivation

Let (X, ||-||) be a Banach spach,e N. Letg € C([0,1]) and the classic Bernstein polynomials

(é'Ng) (t):kig <£) <E)tk(1—t)Nk, Vtelo,1]. (1)

Letalsof € C([0,1],X) and define the vector valued ¥1Bernstein linear operators

(BNf)(t):k'if (g) (E)tk(l—t)'\‘_k, Vtel0,1]. )

Thatis(Bnf) (t) € X.
Here we concludéf| € C([0,1]).
We notice that

N
Bn f
[I(Bn )(t)llék;)

()] (%) #a-o= @am) o. @

Vtel0,]].
The property

1B ) < (Bu(If)) @), vteo.1], (4)

is shared by almost all summation/integration similar apans and motivates our work here.
If f(x)=ce X the constant function, then
(BneC) =c. (5)

If g€ C([0,1]) andc € X, thencg e C([0,1],X) and

(Bn (cg)) = cBn (9). (6)

Again (5), (6) are fulfilled by many summation/integration operators.
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In fact here 6) implies ), wheng = 1.

The above can be generalized fr¢dnl] to any intervala,b] C R. All this discussion motivates us to investigate the
following situation.

Let Ly : C([a,b],X) — C([a,b],X), (X,]|-]]) a Banach spacéy is a linear operatoiy N € N, xp € [a,b]. Let also
Ln : C([a,b]) — C([a,h]), a sequence of positive linear operatat$| € N.

We assume that _
I () 0ol < (En D) (%), 7)

VNeN,Vx e X,V feC([abl],X).
Wheng € C([a,b]), c € X, we suppose that

(L (cg) = cLn(g)- (8)
The special case of B
Ln(1) =1, 9)
implies
Ln(c)=c, YceX. (10)

We callLy the companion operator tf.

Based on the above fundamental properties we study pver ] the trigonometric fractional approximation
properties of the sequence of linear operatfir§ }y.y, 1.€. their trigonometric fractional convergence to thetun
operator. No kind of positivity property diLn } . is assumed. Other important motivation comes fram([R], [3], [4].

2 Background

All vector integrals here are of Bochner tyg#. [
We need

Definition 1.([7]) Let [a,b] C R, X be a Banach space,>0; m= [a] € N, ([-] is the ceiling of the number),:fla, b] —
X. We assume that™® € L ([a,b],X). We call the Caputo-Bochner left fractional derivative ader a:
1

(D%, f) (x) := m[(x-t)”‘*“*ﬂw (t)dt, Vxe[a,b]. (11)

If aS)N, we set 9, f := f(™ the ordinary X -valued derivative (defined similar to nurnatione, seef], p. 83), and also
set D), f :=f.

By [7], (D%, f) (x) exists almost everywhere ke [a,b] andD%f € L1 ([a,b],X).
If H f£(m) < w, then by 7], D%, f € C([a,b],X), hencel|D%,f|| € C([a,b]).

Lo ([a,0],X)
We mention

Lemma 1([3]) Leta >0, a ¢ N, m= [a], f € C™1([a,b],X) and ™ € L ([a,b],X). Then ¥, f (a) = 0.
We mention

Definition 2.([8]) Let [a,b] € R, X be a Banach space; > 0, m:= [a]. We assume that® < L; ([a,b],X), where
f : [a,b] = X. We call the Caputo-Bochner right fractional derivativieooder a':

(B5-1) = Fm—ay / "2 x™ M ()dz Wxe ab] (12)

We observe thaDf' ) (x) = (—1)™ (M (x), for me N, and (DY_f) (x) = f (x).

By [8], (DJ_f) (x) exists almost everywhere d¢a b] and (DZ_f) € L1 ([a,b],X).

If Hf““) b0 % anda ¢ N, by [8], DZ_f € C([a,b],X), hence||DZ_f|| € C([a,h]).
o ([&,0],

We need
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Lemma 2([3]) Let f € C™ 2 ([a,b],X), f™ € Ls ([a,b],X), m=[a],a >0, a ¢ N. Then [§_f (b) =0.
We mention the left fractional Taylor formula

Theorem 1([7]) Letmc N and fe C™1([a,b],X), where[a,b] C R and X is a Banach space, and et- 0: m= [a].
Set .
m1(x—t)

Fx(t)::i; g fO ), vVtelax, (13)

where xe [a,b].
Assume that (7 exists outside & -null Borel set B C [a,x] (A is the Lebesgue measure) such that

(hy is the Hausdorff measure of ordérsee P]). We also assume that™ € L; ([a,b],X). Then

m-1 (X— a)i

f=3 0@ r(la) [ x=2 0% 1) (2 dz (15)

vV xe€ [a,b].
We also mention the right fractional Taylor formula

Theorem 2([8]) Let [a,b] C R, X be a Banach space, > 0, m= [a], f € C™([a,b],X). Set

Fe(t) = rlng (XHU' £ (1), Vte[xb, (16)

where xe [a,b].
Assume that " exists outside & -null Borel set B C [x,b], such that

hy (Fe(By)) =0, ¥ x € [a,b]. (17)

We also assume that™ € Ly ([a,b],X). Then

m-1/, Ry b
=3 SO i [ @0 08 1) @z (18)
vV xe [a,b].
We define the following classes of functions:
Definition 3.([3]) We call ( € [a,b] C R)—
Hio' ([a,b]) = {f € C™* ([a,b].X) : [a,b] € R.(X, || (19)

is a Banach spacey > 0:m= [a]; fM € La ([a,b],X); R (t) := z{i])l@f(” (t) is definedv t € [x,Xo],with
x € [a,%0] and f( exists outside & -null Borel set B C [x,xo], such that (FX(1> (B&l))) =0, VX€ [ax)]; F2(t) =

st 0t) ) (t) is defined t € [xo,X],with X € [xo,b] and ™ exists outside a -null Borel set B C [xo,X], such that

hy (FX(2> (B@)) =0, VXx€ [X,b]},
H® ([a,b]) ;= {f € C™([a,b],X) : [a,b] C R, (20)
X is a Banach spacey > 0:m= [a]}.

Notice that
H® ((a,b]) c HY ([a,b]), VX0 € [a,b]. (21)
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Convention 1We assume that

D, f () =0, for x < xo,
and (22)
Dy, f (x) =0, for x> xo,
forall X,xp € [a,b].

We need

Definition 4.([3]) Let f € C([a,b],X), [a,b] C R, (X,]|-||) @ Banach space. We define the first modulus of continuity of f
as
w (f,0):= sup [f(x)—f(yll, 0<d<b-a (23)
x,ye(a,bl:
Ix—y|<8

If 6> b—a,thenw (f,0) =wi (f,b—a).
Noticecwy (f,0) is increasing ind > 0.

Clearly f is uniformly continuous andy (f,d) < . For f € B([a,b],X) (bounded functionsjx (f,d) is defined the
same way.

Lemma 3([3]) We havew, (f,d) — 0asd | 0iff f € C([a,b],X).
We mention
Proposition 2([3]) Let f € C"([a,b],X), n=[v], v > 0. Then D, f (x) is continuous in > [a,b].
Proposition 3([3]) Let f € C™([a,b],X), m= [a], a > 0. Then [¥_f (x) is continuous in x [a, b].
We also mention
Proposition 4([3]) Let f € C™ % ([a,b],X), fM € L ([a,b],X), m= [a], a > 0and

1

a0 e (24)

DS f(x) =
o X0

for all X,xg € [a,b] : X > Xo.
Then Oy f (x) is continuous in .

Proposition 5([3]) Let f € C™ % ([a,b],X), {™ € Ly, ([a,b],X), m=[a], a > 0and

Df, 100 = Fm gy [ (@)™ M (@) (25)

forall x,xo € [a,b] : X0 > X.
Then I _f (x) is continuous in

Corollary 1.([3]) Let f € C™([a,b],X), m= [a], a > 0, x,x € [a,b]. Then O, f (x), DE _f (x) are jointly continuous
functions in(x, xo) from [a,b]? into X, X is a Banach space.

We need
Theorem 3([3]) Let f : [a, b]2 — X be jointly continuous, X is a Banach space. Consider
G(X):a)l(f('7x)767 [Xab])a (26)

0>0,xe[ab.
Then G is continuous ofa, b] .
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Theorem 4([3]) Let f : [a, b]2 — X be jointly continuous, X is a Banach space. Then
H(x) = w(f(-,x),0,[aX), (27)
€ [a,b], is continuous in x [a,b], d > 0.
We mention and need

Remark([3]) Let f € C"([a,b]), f € Lw ([a,b]),n=[v],v>0,v ¢N. Then

o
w([a,b], —
Dkl (] < " 50 (- vxefab, (28)
and it follows that H
@1 (Daf.8) < Lb-a)" (29)

(n— v+1)
Similarly, letf € C™1([a,b]), f(M € L ([a,b]), m=[a], a > 0,a ¢ N, then

i W

So forf € C™ 1 ([a,b]), f™ € L, ([a,b]), m=[a],a >0, a ¢ N, we find

sup wy (DY, .0 <—— =B (h—a , 31

up (D% 1:0) o e a+1) L(b—a)™ (31)
and H

sup w (Dg,_f,0 < b—a)™?. (32)

xoclab) ( )[ Xo] (m— a+1) ( )

Lemma 4([1], p. 208, Lemma 7.1.1) Let ¢ B([a,b], X), (X,]|-]|) is a Banach space. Then

1709~ 100l < wn (1.0 | P20 ] <ty (14220, (@9)

V X% € [a,b], h> 0.
We make

Remark_et u be a finite positive measure on Borelalgebra of —, 1].
Leta > 0, then by Holder’s inequality we obtairg(e [—T1, 11]),

[ =x"du( <
[~1TX0]

. o=\ )@ o
2 </HO]( = du(x)) (1)) @9 <

(2m)® </[me] <sin ( (X"; X))>a+ldu (x)> o p([-m Xo])ﬁ ; (34)

by [t| < nsin(%),te [~ 71,71
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Similarly we obtain
[ %) du(x) <
(%0,

? </<x0 1 ((X _ZXO) ) o (X)> (0 ) 7 <

(2m)® < /( o (sin ( (X;"O)»Hdu (x)) o (%o, n])w—«lw : (35)

Letnowm=[a],a € N,a >0,k=1,...,m—1. Then again by Holder's inequality we obtain

[ gl 00 <

X — X0 a+1 (a—ﬁl) .
2k</[n,n](T) d“(x)> (U ([~ m)) @D <

(2m) (/[_m <sin ( |X_4X°|>)a+ldu (x)> - u([—m,m) @ (36)

Terminology 1Let C([—m,m]) denotes all the real valued continuous functions op-m, . Let

Ln :C([-m,m) — C([-mm), N € N, be a sequence of positive linear operators. By Riesz reptation theorem (see
[10], p. 304) we have

Du(fxo) = [ F(O)due (0. (37)

[77-[37-[]
V Xo € [—T11, 11, wherelny, is a unique positive finite measure orBorel algebra of — 1z, 71). Call

Ln (1,X0) = Hnxy ([T, 71]) = Mg - (38)
We make

Remark.et Ly : C([—m, 1) — C([-m, 1), N € N, be a sequence of positive linear operators. Us8¥ 4nd 36), we
obtainke [-mm,k=1,...m—1, m=[al],a ¢N,a>0)fork=1,..,m—1that
o (- =] <
L a+1
(2m)* ( Ln <<sin (%)) ,x)

Notice that for any € [— 1, 1] we have

0

k
(a+1) _ a+1-k
) HLNl S (39)

[ee]

C=m ) 3 |- =X X nx () |- =X €C ([~ 7).

(x is the characteristic function)

therefore L
o) s (s “Hm N (L)) ceonm. (40)

Consequently, by positivity dfy we obtain
_ a+1l
Ln <(5m<%>) ,x)

L . a+l
0 ((Sm(| x|x£_n,x] ( ))) 7X>
(© 2017 NSP
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Similarly, for anyx € [—, 71} we have

Cl=mm) > | =X Xpm () <[ =X € C([=m,7)),

C([-mm)> (Sin(%))wl < (sin(";’q))Hec([—n,ﬂ]). (42)

o (o= ) <[ ()

So if the right side of each ofi(), (43) goes to zero, so do their left hand sides.
In fact we notice that

<Sin|.zx|>a+1: (Sin(w)>a+l+ (Sin(%>)a+l’ (44)

for everyx € [—m, 11].
Hence it holds

thus

Hence

<

[ee]

(43)

[ee]

()| e (=) )]
+ ||y ((sin(%))ﬁl,x)
Consequently, if both m
() (4o)
Ln ((sin(%))ﬁlﬂﬁ 70
asN — +oo, then oo
oo fan(54)) ) o

Here we work orja, b] = [—, 1] interval.

3 Main Results

It follows our first main result

Theorem5Let Ne N and Ly : C([-m, 1, X) — C([-m, 71, X), where(X, ||-||) is a Banach space and\Lis a linear
operator. Let the positive linear operatatg : C (|-, 11]) < C([—1m, 1), such that

I (1) 00l < (En (11D (). (48)

vV N e N, where fe C([-m,m],X),and % € [, 7.
Furthermore assume that B
Ln(cg) =cln(9), YgeC([-mm),Vce X. (49)

Here we consider & H)%) ([-m,m); ri,r2 >0, 0 < a ¢ N. Furthermore the unique positive finite measpgg is as in

(37).
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Then
m-1 (k) ~
() 60) -~ 5 T (T (-0 o) <
(2m)” w 2m
m{ (kv ([7m20]) ¢ )+(a+1)r1}
()

</[—n,xo] (Sin (XOZ X))Md“mo (X))
o (s () o))

[77-[*,)(0]

1 2
(ko (00, ) 20+ (a +7I) rz} 50)
(af1)

</(X07 | <sin(x_4xo)>a+lduN>@ (X))
w1 (Dfxof,rz </(><o, ] (sin(x_élxo)>a+lduwo (X)) mil)) } .
0,7

ProofFor a fixedxg € [T, 1] we have

(Ln (1) () —"i 00 (5 ((--x)4)) (XO)H _

A(x) =

AN
m-1 ¢ (k)
<LN <f (1) — k; f kEXo) (-—Xo)k>> (xo)|| < (52)
- m-1 ¢ (k)
(LN< T kEXO) o)k >>(XO)(3:7)
K= .
m-1 ¢ (K
/[*77-,“1 f (X) - K=0 kEXO) (X_Xo)k dIJNXO (X) =
m-1 ¢ (k)
/[—W ‘f(x)_kzof kEXO) (x=0)"| b () + (52)
m-1 ¢ (k)
/ F(x) f kEXO) (x—x0)"|| A () ™ @2 @)
(%0, VAN

r (10' ) /[— .x0]

/(xO,} /X;((X—Z)afl (D*axof)(z)dZHduN)@(x)] < (53)

(above the integrands are continuous functions mso
D%, f,D%, f € La([—m, ], X))

/X° (z—x)**(DZ _f) (z)dz” g+

X

1
r(a)

/HXO] ( / * (2|05, ) @ - (D5 1) (o) dz) STTNS (54)
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<

/(Xo, | </Xo (X_Z)ailH(Dg"Of) (2) = (D3 f) (XO)HdZ> dhing (x)

(lethy,hy > 0, by 33)

T (10,) { /Pw ( / (2wt (1+ X°h: Z) dz> diins (x) | @ (D f.he) (55)
(o2 (145 ) d) e (00] 0 (D5 ), 1 |-
l.e. it holds .
400 = )
{ [ S ( [ @=xe (1+ o Z) dz) e (xﬂ @ (D% f.h),
+ [/(Xc» ] (/X:(x_z)al <1+ ZEZXO) dz) dnx, (X)} w1 (Dngfth)[xmm} = (56)
L (Bl 2 ([ 027 He-x° )  duwe (0
n (Do F:h0) )+
@1 (D% F.he) o | = (57)
[ (2 2 o] ot 1)
[/(XO’ ] <(X—aXo)°’ +h_12();_(;(0_:;l> duNX(X)] (‘)l(D*aXof’hZ)[x@n]}'
Therefore it holds L
Al = F gy
{ %/[HXo] (00.=)% Ao (09 + a(i+1) /[ano] Co=™ dia (X)] (58)
n 0, 1)
é/(xO, ! (x—X0)* dHinxy (X) + m /(xo,rr] (x—x0)" " dpn (X)}
@ (D% o) 5o |
Momentarily we assume positive choices of
et (22 i) o
hy=r, < /( o <sin (X _4"0) ) a+1dIJN>© (x)) o > 0. (60)
(@© 2017 NSP
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Consequently, by34), (35) and £8), we obtain

Ax0) < (?J)rl)
{ivo -mxe) = af; | () a0, )+
(Moo (%0, 7)) o (a+1) rz} ( > @ ( DaXOf’hz)[XoJﬂ}’ (61)

proving (60).
Next we examine the special cases. If

/W] (sin (X;X°> ) "t 00 =0, (62)

then sin(*72) = 0, a.e. on(xo, 71}, that isx = Xp a.e. on(Xo, 71, more preciselyiny, {X € (o, 1 X# Xo} = 0, hence

Hnix, (X0, TT] = 0. Thereforeuny, concentrates ofx-T11,Xg]. In that caseR0) is written and holds as
(2m)® 1 2m
A < -7 . e+ o ——

</[n’xo} <sin (Xo; X))Hlduwo (X)) -
Wy (Df{o f,ry (/[mxo] <sin<X°; X))Hlduwo (x)) (a—il)) (63)

[—T(,XQ]
Since(rm, 1l = 0 andy (0) = 0, in the case o%g = U, we get againg3) written for xg = 1. So inequality 63) is a valid

inequality when
- Xo — X a+1l
S (sm( y )) i () # 0, (64)

[ (s (257)) b 0-0, (65)

then sin(*¢>) =0, a.e. onf—11,Xg], that isx = X a.e. on[—17,Xo], which meanginx, {X € [~ 7T,X0] : X # Xo} = 0. Hence
Unix, = M, Whered,, is the unit Dirac measure amd = Liny, ([— 1T, 7)) > 0.

In the last case we obtain L.H.83)=R.H.S.63)= 0, that is 63) is valid trivially.

At last we go the other way around. Let us assume that

/[—mxo] (Sin<xoz:x)>a+ldﬂwo (x) =0, (66)

then reasoning similarly as before, we get thiaf, over[—11,Xg] concentrates ab. That iSpiny, = Ox, Unx, ([—7T.X%0]), On
[— 71T, Xo] -
In the last cased() is written and holds as

If additionally we assume that

(@© 2017 NSP
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_ a+1l (0711)
W (Dfxosz </(Xo’ } (sin(x 4XO>) dinx, (X)> ) : (67)
(%o, 7

If Xo = —11, then §7) can be redone and rewritten, just repléxg 11 by [— 1T, 71] all over. So inequality&7) is valid when

/%7 ] (sin (X;XO) ) " oo (00 20 (68)

/%7 ] (sin (X;XO) ) " oo 00 =0 (69)

then as beforey, (Xo, 1 = 0. Hence 67) is trivially true, in fact L.H.S.67)= R.H.S.67)= 0. The proof of 0) now is
completed in all possible cases.

If additionally we assume that

We continue in a special case.
In the Theorend, whenr =ry =r, > 0, and by callingV = Unx, ([—7T, 1) > Unyx, ([—TT,X0]) , kx, (X0, 7T]), we get

Corollary 2.1t holds
< (70)

() 00— 5 0 (T (- -x9)) 0

k=0

’_((20'77?5{1)' [M(a—il) * (ainl)r}

[(f[mx(ﬂ <sin(xodjx>)a+lduw@ (X)) -
w (Dfo_ f.r </[—n,xo] (sin (XOAT X))HlduNxo (X)) <“i1>) +
</[><o, ] (sin(xzxo)>a+lduw@ (X))

Wy (Dfxof,r </[X07 ] (sin(x_élxo)>a+lduwo (X)> Wi”)

[xo, 71
Based on Theoret, Corollary2, and @7), we obtain
Theorem 6All as in Theorend, r =r, =r, > 0. Then
m-1 f(k) (XO) - K
(Ln () (%) — Ln ((=%0)") ) (X0)|| <
> (n(-x)))
(2m)* v @ 21
r(a+1) (LN (1’X°)) + (a+1)r

|:<EN <<sin<|X—Xo|X£[1_n,xo] (x))>or+17x0>> (:2)
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|x ol 9 - ))H)
wl(DXO fr( ( sin i) )) X0 [_nyxo]jL
(=

sm(|>< xO|xxOn( )))"*1’)(0))((;11) "
oo (o))
X0, 7

Corollary 3.(to Theoren®). It holds

1
(a+1)
) (72)
[0,

We need
Definition 5.([3]) We call ( € [a,b] C R)
Fio ([a.b]) == {f € C([a,b],X) : [a,b] € R, (X, || (73)
is a Banach space) < a < 1; f’ € Lo ([a,b],X); f’ exists outside a\-null Borel set BY [X,%0], such that
()

hy (f (B§<1>)) =0, VXx€[ax]; f’ exists outside a-null Borel set 32 C [xo,X], such that Im(f By ) =0, V

X € [xo,bl}.
Notice that G ([a,b],X)  H% ([a,b]), ¥ %o € [a,b.

The last Definitiorb simplifies a lot DefinitiorB whenm = 1.

Becauseh; is an outer measure on the power sé{X) we can further simplify Definitiorb, based onf (0) = 0,
h1 (0) = 0, andA C Bimplieshy (A) < h; (B), as follows:

We make

Remark([3]) Let xp € [a,b] € R. We have that
Hio ([ab]) := {f € C([a,b],X) : (X, I} (74)

is a Banach space,Qa < 1; f' € L ([a,b],X); f’ exists outside & -null Borel setB, C [a,Xg], such thah; (f (Ba)) =0;
f’ exists outside a -null Borel setBy, C [Xo, b], such thah; (f (By)) = 0}.

RemarkiNotice that N
I (F,%0) = (%0} | < L (F,%0) =  (x0) En (2,%0) | +

Xo)|| ‘EN(]-’XO)_]- : (75)
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By Theoren6 we obtain

Theorem 7Let Ne N and Ly : C([-7,1],X) — C([-m,m],X), where(X, ||-||) is a Banach space andhLis a linear
operator. Let the positive linear operatdrg : C([—71, 11]) < C([—T1, 1)), such that

I () G}l < (En (1)) (o), (76)
VNeN,VfeC([-mm],X),andx € [—-m,].

Furthermore assume that B
Ln(cg) =cln(9), YgeC([-mm),Vce X, (77)

Here we consider £ ﬂ%) ([-mm),0<a<1r>0.Then

I (Ln (1)) (%0) = £ ()| < 1 (40)1l|En (2,%0) = 2+

((Zi {(LN(l X))' @ 21 }

(a+1r

|:<EN ((sm('x XO|X4 il ))>a+l,Xo>>(%I) (78)

We make

Remark.et f € H® ([—r, ). We observe that

e i
R.H.S.(1 < Flat+l) [HLN (1) w T (a+1)r

- . a+1
1
~ =X ¥ . a+1 @D
sup a | DY f,rilLy (sm(M)) X N
xe[—m,] 4
[~
- . a+1
tN((sm(M» )
1
T X IV 4 {@+1)
sup ay | D& f.r|Ln (sm(%)) X .
Xe[—,71] 4
(x
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So that i
m— f ~
z::‘ LN(f,xo)—k;) k!(XO)LN((._x)k,x) m’[imge. (80)
We further observe that N
I (£.20 = £ 00l < Z+ 1 (91| En (2,0 2|+
Sl )
| f0
|f(x)|\EN(l,x)—1\+zM‘tN((-_x)",x)‘Jre. (81)

We have proved the main result, a Shisha-Mond typ#&ftrigonometric inequality at the fractional level.

Theorem 8Let Ne N and Ly : C([—m, 11, X) — C([-1,],X), where(X, [-||) is a Banach space andLis a linear
operator. Let the positive linear operatdrg : C([—7, 1) < C([—T1, 1), such that

I () 0 < (EnITID) 09, (82)

VNeN,VfeC([-mm,X),Vxe|[-mm.
Furthermore assume that B
Ln(cg)=cln(g), VgeC([-mm]),Vce X. (83)

Here fe H@ ([-m,m),r >0,0< a ¢ N. Then

1w f = F e < 11T HLNl 1” +Z HHf HH HL ( )Hm
ity el ]

(a%1)

|

Ln <<sin (M) ) a+l,x>

—X or+1)
sup wy | DS f.r <sm<| |X i +
XE[—m,7]
X a+1 %I
((sm(' |XX"1 )) ,x) (84)
a+1 (711)
_ a+
sup M(Df’xf,r < sin | |XX"())) ,x) )
XE[—T, 1] o
xm
Above it is||-[|o, = [|/]co, ;7,7
Next we derive the following trigonometric Korovkin typ#7]) convergence result at fractional level.
. ~ u . ~ [=x| a+1
Theorem 9Let all here as in TheorerB. Assume_n1 — 1, uniformly, and||Ly (sm( )) ,X — 0, then

Lnf = f, uniformly,y f e H® (-, 71), 0 < o ¢ N.
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ProofSinceH[Nl— 1H —~0we getH[Nl— 1H <K, for someK > 0. We writeLy1 = Ly1— 1+ 1, hence

HEN1H < H'ENl— 1H 41, <K+1, YNEN,

- ~ +1
That isHLN1H is bounded. So we are using inequali®). By assumption aIsHLN ((sin(%))a ,x) — 0, as
N — o and @9) we getH[N (|- —x|k,x) H —0fork=1,...,m—1. Also by @1) and @3) we obtain that
=Xy . a+1
" <<Sm<| X n,xm)) 7X> |
4
and
X . a+1
Ln <<sin (7| DA(f[X’"] ( )>) ,x) — 0, (85)
asN — oo.
Additionally by (31) and 32) we get that
2],
sup w, (DY f,- , sup wi(DZf,- <——* _2mn)mY?, 86
X€[77E7-[] ( X )[77'[’)(] Xg[frgr[] ( X )[X,T[] I— (m_a+1) ( ) ( )
so they are bounded.
Thus based on the above, froB¥, we derive thaf|||Ln f — f]|||, — O, proving the claim.
We give
Corollary 4.(to Theoren8) Case o0 < a < 1, r > 0. Here fe C([~m, 71, X). Then
HEnf =l < DI o [ En2 =]+
@m" (|- g @D, 2’
r(a+1) HLN(l) o @t
[ . <( L <->>>"+1 ) ()
N sin| ———————— , X
4
. B TN
sup w [ DY f,r|[Ly ((sin(¢>) ,x)
XE[—m,7] 4 0
[—TLX]
_ X . a+1 (%I)
e ((S‘”(WD ) @)

XE[—T11,71]

Ly ((sm(%»lx)

sup wy (Dfxf,r

1
(a+1) )
° (x.7g

Above itis|-[lo = |/l 727 -
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4 Application

Consider the Bernstein operators fr@f[—, 11}, X) into itself, where(X, ||-||) is a Banach space:

(BN(f))(x):ki<E>f<—n+2W”k> <%T)k(%(>Nk o

VNeN,Vxe[-mmn,VfeC(-mm,X).
Consider also the Bernstein polynomials fre@f]{—r, ) into itself:

)= 3 (o (- 2 (5 ()"
VNeN,Vxe[-mmn],VheC([-mm)).

Lethere 0< a < 1,r >0, andf € Ct([—m, ], X).
Settingg(t) = h(2rt — 1), t € [0,1], we haveg(0) = h(—m), g(1) = h(m), and

(Bug) (1) = ki(t‘) g (g) “(@-t"* = (Buh) (9, xe [~ (90)

Herex= ¢ (t) = 2mt — mtis an 1—- 1 and onto map fron0, 1] onto[—1t, 71] .
Clearlyg € C*([0,1]) whenh € C*([0,1]).

Notice also that 5
(Bu (%)) 00 = [(Bn (7)) 0] 2 = Bt a )

_ (2{7\?2 (x;.nn) (712—7TX> _ 1(x+ 0 (- %) < %’ (91)

Vxe[-mm.
l.e.

(Bu((--%)) ) <

In particular(@Nl) (x)=1, Vxe[-mm].
Applying Corollary4 we get

, Vxe[-mmn. (92)

Corollary 5.1t holds

(2m)* 21
BNt~ e < gy [H ]

[ 5 (om0 0)) ™
Xe[sﬂfmwl (D)‘(’f,r Bn <(sin (M))Ml’x <a11>> y
|

N(EETREIEN )H ,

[oe]

N——

N (93)

sup w (Df’xf,r

XE[—m,7]

VNeN.
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Next leta = 3, andr = z3, that isr = .Noticel‘(%):@.
Corollary 6.(to Corollary 5) It holds
BN — fllll < 2v2(271+1)
XX OV 2
6 [ (sn(L2201m0)) )
4
s 5
~ =X X . 2
sup o D{f,g Bn <sin<—| X "’X]()>) X
XE[—T11,71] 3 4
® [77-[!)(]
1
. = HXeem OV )
Bn (sm( b )) , (94)
4
2
12| =X OV 2 )
sup wy | D4 f, =By (sm(¢>) X
Xe[—,T1] 3 4
*/ [xm
VNeN.
By |sinx| < |x|, V¥ x € R — {0}, in particular sinx < x, for x > 0, we get
-~ A
. — —X 3
— —|.—x|2
(sn(" >) () e
Hence
=X 1) 3
s (3n(55)) )| <38 -x ) )
We observe that
N 3 x+m\ </ m—x\NK
B (1 x):%xjtn (k)(_m) (_ZH)
(by discrete Holder’s inequality)
N 2k 2 (N [/ x+m\ K/ m—x VK]
< - [ _— =
<3, (e T () (5 (%)
3o
Bu((-—x2%,x))" <=, ¥xe[-mn] 96
(Bu((—07x))" = S5 vxel-mn (96)
Consequently it holds
~ 3 v
—X)2 < —
Jou (x| < o)
and ,
=X 2 2
B sin , <—=, VNeN (98)
4 3
Therefore we get
.—X . 2
BN((sm<| |x[n,x}<>)> 7X) |
4
(@© 2017 NSP
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0

3 3
— 2 2
< BN<<sin<u)> ,x) < yNeN. (99)
4 . BN
Finally we give
Corollary 7.1t holds
2+ 1)V2m
Ilent — 1], < 2T D V2R
VN
sup wl(D% f L) + sup M(D%f L) (100)
xelmn \ 6N/ g xeinmm N 6VN |

So as N-» o we derive that Rf — f, uniformly, with rates.
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