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Abstract: Atallah et al. [10] and Al-Gashgari et al. [9] achieved a new technique for testing exponentiality basedon Laplace transform,
in this paper we introduce a new test for testing exponentiality versus ”exponential better than used in moment generating function
ordering class”(EBUmg f). By simulation, the critical values and the powers of the proposed test under various alternatives are calculated
to assess the performance of the test. It is shown that the proposed test enjoys good power and performs better than some previous tests
in terms of Pitman’s asymptotic efficiencies for several alternative. Finally sets of real data are used as examples to illustrate the use of
the proposed test in practical application.
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1 Introduction

Equally important in reliability theory is the concept of aging. No aging means the age of the component has no effect
on the distribution of its residual lifetime. Positive (negative) aging means that the age has, in some probabilistic sense,
an adverse (beneficial) effect on the residual lifetime. Such aging could be positive, whereby a component wears out
with time, or negative, whereby time has a beneficial effect on the residual lifetime. These notions of aging are captured
through the well known monotonic aging classes like increasing failure rate (IFR), increasing failure rate average (IFRA),
decreasing mean residual life (DMRL), new better than used (NBU), new better than used in expectation (NBUE) and
harmonic new better than used in expectation (HNBUE). For definitions and interrelationships of these classes, see Barlow
and Proschan [12] and Deshpande et al. [15].

The EBU class has been introduced by Elbatal [18]; he also discussed The closure properties under reliability
operation, moment inequality, and heritage under shock model.

Definition 1.1X is exponential better (worse) than used (denoted by X∈ EBU) If

F̄(x+ t)≤ F̄(t)e
−x
µ , ∀x, t ≥ 0.

Statisticians and reliability analysts studied exponential better than used classes of life distributions from various points
of view. Related paper dealing with EBU problems include Hendi et al. [23], Attia et al. [11], Abdul moniem [6], Hendi
and AL-Ghufily [21] and AL-Ghufily 7,8.

Given two non-negative random variablesX andY, with survival functionsF̄ and Ḡ, respectively,X is said to be
smaller thanY in the moment generating function ordering (denoted byX ≤mg f Y) if and only if,

∫ ∞

0
esxF̄(x)dx≤

∫ ∞

0
esyḠ(y)dy for all s> 0.

Definition 1.2We say that X is exponential better than used in the moment generating function order (denoted by X∈
EBUmg f) if Xt ≤mg f Y for all t > 0, where Y is an exponential random variable with the same meanas X.
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Equivalently, X∈ EBUmg f if and only if,

∫ ∞

0
esxF̄(x+ t)dx≤ µ

1− sµ
F̄(t), ∀ 0≤ s<

1
µ
, t ≥ 0. (1.1)

Note that, the definition 1.2 is motivated by comparing the moment generating function of the life timeXt of a component
of aget with the moment generating function of another new life timeY of a component which is distributed exponentially
with meanµ . EBUmg f class developed first by Abbas [1] and subsequently by Gadallah 19.
In the current investigation, we present a procedure to testX is exponential versus it isEBUmg f and not exponential
in Section 2. In Section 3, the Pitman asymptotic efficiencies are calculated for some commonly used distributions in
reliability. Monte Carlo null distribution critical points and the power estimates are simulated in Section 4. Finallyour test
is applied to two sets of real data in Section 5.

2 Testing Exponentiality

One of the oldest inference problems in reliability is testing exponentiality versus the most commonly known classes of
aging distributions.For testing exponentiality versus NBU class see Hollander and Proschan [24], Koul [27], Alam and
Basu [4], and Ahmad [2], among others. For testing NBUE we refer to Hollander and proschan [25], Koul and susarla
[28] and Borges et al. [13], while testing versus HNBUE are discussed by Basu and Ebrahim [14], Ahmed [3] and Hendi
et al. [22]. Testing versus NBUL are discussed by Diab et al. [17] and Diab [16]. Testing exponentiality versusNBUmg f
class was first taken up by Ahmad and Kayid [5]. This was followed by the works of Mahmoud and Gadallah [31].

Our goal in this section is to present a test statistic based on Laplace transform for testingH0 : δ (s,β ) = 0 versus
H1 : δ (s,β )> 0. Using (1.1) the measure of departure can be defined as

δ (s,β ) = µ
∫ ∞

0
e−β t F̄(t)dt− (1− sµ)

∫ ∞

0

∫ ∞

0
esx−β t F̄(x+ t)dxdt.

The following lemma is essential for the development of our test statistic.

Lemma 2.1If φ(β ) =
∫ ∞

0 e−β xdF(x) then

δ (s,β ) = s(β µ +1)(1−φ(β ))−β (sµ−1)(1−φ(−s)).

Proof.Note that

δ (s,β ) = µ
∫ ∞

0
e−β tF̄(t)dt− (1− sµ)

∫ ∞

0

∫ ∞

0
esx−β t F̄(x+ t)dxdt

= µ I1− (1− sµ)I2.

One can show that

I1 =
∫ ∞

0
e−β t F̄(t)dt =

1
β
(1−φ(β )),

and

I2 =
∫ ∞

0

∫ ∞

0
esx−β t F̄(x+ t)dxdt=

∫ ∞

0

∫ ∞

t
e−β tes(u−t)F̄(u)dudt

=
−1

βs(β + s)
[β (1−φ(−s))+ s(1−φ(β ))].

Thus the result follows.

To make the test scale invariant, we letδ1(s,β ) = δ (s,β )
µ2 .

Note that underH0 : δ1(s,β ) = 0, while underH1 : δ1(s,β )> 0.
To estimateδ1(s,β ), let X1,X2 ,X3 , · · · ,Xn be a random sample from F, so the empirical form ofδ1(s,β ) is

δ̂1n(s,β ) =
1

n2X̄2

n

∑
i=1

n

∑
j=1

[s(βXi +1)(1−e−β Xj)−β (sXi −1)(1−esXj)]. (2.1)
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By defining
φ(X1,X2) = s(1+βX1)(1−e−β X2)−β (sX1−1)(1−esX2),

and define the symmetric kernel

ψ(X1 ,X2) =
1
2
[ φ(X1 ,X2)+φ(X2 ,X1)]

This leads toδ̂1n(s,β ) is equivalent to U- statistic

Un =
1

(

n
2

) ∑
R

φ(Xi ,Xj).

The next result summarizes the asymptotic normality ofδ̂1n(s,β ).

Theorem 2.1As n→ ∞ ,
√

n(δ̂1n(s,β )−δ1(s,β )) is asymptotically normal with mean 0 and variance isσ2 given in(2.5).
Under H0 , the variance is reduced to(2.6).

Proof.Let

η1(X1) = E[φ(X1 ,X2) |X1 ]

=
sβ

1+β
(1+βX1)+

sβ
1− s

(sX1−1),
(2.2)

and

η2(X2) = E[φ(X1 ,X2) |X2 ]

= s(β +1)(1−e−β X2)−β (s−1)(1−esX2).
(2.3)

Consideringη(X) = η1(X1)+η2(X2), gives

η(X) =

{

sβ (β + s)
(1+β )(1− s)

X− s(1+β )e−β X−β (1− s)esX− sβ (β + s)
(1+β )(1− s)

+β + s

}

. (2.4)

In view of (2.4), the variance is

σ2 =Var

{

sβ (β + s)
(1+β )(1− s)

X− s(1+β )e−β X −β (1− s)esX

}

. (2.5)

UnderH0 it is easy to prove thatµ0 = E[η(X)] = 0 and the varianceσ2
0 reduces to

σ2
0 =

s2β 2(β + s)2(2s2β 2+β − s+1)
(1+β )2(1− s)2(1+2β )(1−2s)(1+β− s)

. (2.6)

3 The Pitman Asymptotic Efficiencies (PAEs)

To judge on the quality of this procedures, we evaluate its Pitman asymptotic efficiencies (PAEs) for some commonly
used distributions in reliability, these are:

1.Linear failure rate family (LFR):̄Fθ (x) = exp(−x− θ
2 x2) ,x> 0 ,θ ≥ 0.

2.Makeham family:̄Fθ (x) = exp(−x+θ (x+e−x−1)) ,x> 0 ,θ ≥ 0.
3.Weibull family: F̄θ (x) = exp(−xθ ) ,x> 0 ,θ > 0.

The PAE is defined by

PAE(δ (s,β )) =
1

σ0

∣

∣

∣

∣

dδθ (s,β )
dθ

∣

∣

∣

∣

θ→θ0

,
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Table 1: Pitman asymptotic efficiencies for various values ofs andβ
δ (s,β ) Un δ3 δ (2)

Fn

s β = 0.3 β = 0.4 β = 0.6 β = 0.8
0.02 0.97862 0.96574 0.93787 0.90982
0.12 0.99753 0.99315 0.98106 0.96734

LFR 0.22 0.99113 0.99381 0.99431 0.99145 0.433 0.408 0.217
0.32 0.93223 0.93966 0.94809 0.95152
0.42 0.74232 0.75062 0.76055 0.76515
0.02 0.27296 0.27772 0.28397 0.28720
0.12 0.25933 0.264968 0.273106 0.278336

Makeham 0.22 0.23788 0.24376 0.25250 0.25839 0.144 0.039 0.144
0.32 0.20393 0.20928 0.21714 0.22236
0.42 0.14540 0.14918 0.15452 0.15786
0.02 1.0975 1.12052 1.15531 1.11797
0.12 1.04136 1.06662 1.10625 1.13569

Weibull 0.22 0.956637 0.981852 1.02153 1.05103 0.132 0.170 0.05
0.32 0.82440 0.84672 0.88104 0.90566
0.42 0.59395 0.60951 0.63236 0.64763

where
δθ (s,β ) = s(β µθ +1)(1−φθ(β ))−β (sµθ −1)(1−φθ(−s)).

ThePAE(δ (s,β )) can be written as,

PAE(δ (s,β ),F) =
1

σ0

∣

∣sβ µ ′
θ (φθ (−s)−φθ (β ))− s(β µθ +1)φ ′

θ (β )+β (sµθ −1)φ ′
θ (−s)

∣

∣ ,

whereφ ′
θ (β ) =

∫ ∞
0 e−β xdF′

θ (x) andµ ′
θ =

∫ ∞
0 F̄ ′

θ (x)dx.
After some mathematical calculations we get

PAE(δ (s,β ),LFR) =
1

σ0

∣

∣

∣

∣

βs(βs+1)(β + s)
(1+β )2(1− s)2

∣

∣

∣

∣

θ→0
,

PAE(δ (s,β ),Makeham) =
1

σ0

∣

∣

∣

∣

βs(βs+2)(β + s)
2(1+β )(2+β )(1− s)(2−s)

∣

∣

∣

∣

θ→0

and

PAE(δ (s,β ),Weibull) =
1

σ0

∣

∣

∣

∣

∣

∣

∣

∣

s(β +1)
∫ ∞

0
(x−1)e−(1+β )xlnxdx+β (1− s)

∫ ∞

0
(x−1)e−(1−s)xlnxdx

− sβ (s+β )
(1− s)(1+β )

∫ ∞

0
xe−xlnxdx− (s+β )

∣

∣

∣

∣

∣

∣

∣

∣

θ→1

.

Table 1 gives the efficiencies of our proposed testδ (s,β ) for various values ofs,β comparing with the tests given by

Kango [26](Un), Mugdadi and Ahmad [32] (δ3) and Mahmoud and Abdul Alim [30] (δ (2)
Fn

).
One can note that our test is more efficient for all used alternatives.

4 Monte Carlo Null Distribution Critical Points

In practice, simulated percentiles are commonly used by applied statisticians and reliability analyst. Next, we simulate
the Monte Carlo null distribution critical points for̂δ1n(s,β ) in (2.1) based on 10000 simulated sample 3(1)50 from the
standard exponential distributions. Table 2 gives these percentile points of the statisticŝδ1n(s,β ) ats= 0.12 andβ = 0.8.
In view of Table 2, it is noticed that the critical values are increasing as the confidence level increasing and is almost
decreasing as the sample size increasing.
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Table 2: Critical values of statistiĉδ1n(s,β ) at s= 0.12 andβ = 0.8
n 0.01 0.05 0.10 0.90 0.95 0.99 n 0.01 0.05 0.10 0.90 0.95 0.99
3 -0.029 -0.017 -0.008 0.028 0.031 0.036 27 -0.020 -0.012 -0.008 0.010 0.012 0.015
4 -0.034 -0.016 -0.009 0.024 0.027 0.032 28 -0.017 -0.012 -0.008 0.009 0.011 0.015
5 -0.032 -0.016 -0.009 0.022 0.024 0.028 29 -0.021 -0.012 -0.008 0.010 0.012 0.015
6 -0.038 -0.017 -0.010 0.019 0.022 0.025 30 -0.019 -0.011 -0.008 0.009 0.011 0.014
7 -0.038 -0.017 -0.010 0.019 0.021 0.025 31 -0.016 -0.011 -0.008 0.009 0.011 0.014
8 -0.032 -0.017 -0.010 0.018 0.021 0.025 32 -0.017 -0.011 -0.008 0.009 0.011 0.015
9 -0.032 -0.016 -0.009 0.017 0.020 0.025 33 -0.016 -0.012 -0.008 0.009 0.011 0.014
10 -0.028 -0.015 -0.009 0.016 0.019 0.023 34 -0.016 -0.011 -0.007 0.009 0.011 0.014
11 -0.026 -0.016 -0.010 0.015 0.018 0.023 35 -0.017 -0.011 -0.007 0.009 0.010 0.013
12 -0.025 -0.013 -0.008 0.015 0.016 0.021 36 -0.015 -0.010 -0.007 0.009 0.010 0.013
13 -0.028 -0.015 -0.009 0.014 0.016 0.021 37 -0.015 -0.010 -0.007 0.008 0.010 0.013
14 -0.024 -0.013 -0.009 0.014 0.016 0.020 38 -0.015 -0.010 -0.007 0.009 0.010 0.013
15 -0.024 -0.015 -0.009 0.013 0.015 0.019 39 -0.016 -0.010 -0.007 0.008 0.010 0.013
16 -0.024 -0.014 -0.010 0.013 0.015 0.019 40 -0.016 -0.009 -0.007 0.008 0.010 0.013
17 -0.026 -0.013 -0.009 0.012 0.015 0.018 41 -0.015 -0.010 -0.007 0.008 0.010 0.013
18 -0.022 -0.013 -0.008 0.012 0.014 0.017 42 -0.015 -0.010 -0.006 0.008 0.010 0.012
19 -0.021 -0.013 -0.009 0.012 0.014 0.017 43 -0.015 -0.010 -0.007 0.008 0.010 0.012
20 -0.021 -0.013 -0.008 0.012 0.013 0.017 44 -0.016 -0.009 -0.007 0.008 0.009 0.012
21 -0.020 -0.012 -0.008 0.011 0.013 0.017 45 -0.014 -0.009 -0.007 0.008 0.009 0.012
22 -0.019 -0.012 -0.009 0.011 0.013 0.017 46 -0.016 -0.009 -0.006 0.008 0.009 0.012
23 -0.021 -0.012 -0.008 0.011 0.013 0.016 47 -0.014 -0.008 -0.006 0.008 0.009 0.012
24 -0.019 -0.012 -0.009 0.010 0.013 0.016 48 -0.016 -0.009 -0.006 0.008 0.009 0.013
25 -0.018 -0.012 -0.008 0.010 0.012 0.015 49 -0.014 -0.009 -0.006 0.007 0.009 0.011
26 -0.018 -0.012 -0.008 0.010 0.012 0.015 50 -0.014 -0.009 -0.007 0.007 0.009 0.012

4.1 The Power Estimates

The powers estimate of the test statisticδ̂1n(s,β ) are shown in Tables 3 and 4 at the significant levelsα = 0.05 and
α = 0.01 respectively. These powers estimated for LFR, Makeham and Weibull distributions based on 10000 simulated
samples for sizesn= 10,20 and 30.

Table 3: Powers estimates atα = 0.05 Table 4: Powers estimates atα = 0.01
n θ = 2 θ = 3 θ = 4 n θ = 2 θ = 3 θ = 4

LFR 10 0.255 0.510 0.591 LFR 10 0.180 0.273 0.339
20 0.412 0.754 0.824 20 0.410 0.567 0.663
30 0.586 0.902 0.933 30 0.613 0.766 0.845

Makeham 10 0.910 0.900 0.915 Makeham 10 0.808 0.820 0.826
20 0.992 0.992 0.989 20 0.981 0.977 0.970
30 1.000 1.000 1.000 30 0.997 1.000 0.997

Weibull 10 0.755 0.993 1.000 Weibull 10 0.352 0.915 0.993
20 0.980 1.000 1.000 20 0.917 1.000 1.000
30 0.999 1.000 1.000 30 0.991 1.000 1.000

It is clear from Tables 3 and 4 that our test has good powers forMakeham and weibull distributions and acceptance
powers for LFR distributions. The powers estimate increaseas the the sample size increases. The powers are getting as
greater as the class departs the exponential distribution.

5 Numerical Examples

Example 5.1Consider the data given in Attia et al. [11], these data represent 39 liver cancers patients taken fromElminia
cancer center Ministry of Health - Egypt.
It is easily to show that̂δ1n(s,β ) = 0.0167and this value exceeds the tabulated critical value in Table2. It is evident that
at the significant level 0.05 this data set has EBUmg f property.

Example 5.2Consider the data, which represent the remission times for the placebo of 21 patients (Lawless [29], p.5):
It was found that̂δ1n(s,β ) = 0.0131which is greater than the tabulated critical value in Table 2. Then we reject H0 which
states that the data set has exponential property.
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6 Discussion

Testing exponentiality is becoming increasingly popular in lifetime analysis and reliability studies, in this paper we
introduced a new test for testing exponentiality versus ”exponential Better than Used in moment generating function
ordering class” based on Laplace transform. The Pitman asymptotic efficiency of this test is calculated for some
alternative distributions and compared with other tests for exponentiality. The critical values and the powers of the
proposed test are calculated. Finally, the proposed test isapplied to some real data.

Acknowledgments

The author is deeply grateful to the editor-in-chief and anonymous referee for their careful detailed remarks which helped
improve both content and presentation of the paper.

References

[1] Abbas, A., A New Class of Life time Distribution Based on Moment Generating Function Ordering with Hypothesis Testing,
International Journal of Innovative Science, Engineering& Technology,1(7), 390-397 (2014).

[2] Ahmad, I.A., Classes of statistics useful in testing increasing failure rate average and new better than used life distributions,
Journal of Statistcal Planning and Inference,41, 141-149 (1994).

[3] Ahmad, I.A., Nonparametric testing of classes of life distributions derived from a convex ordering,Parisankhyan Samikha,2,
13-18, (1995).

[4] Alam, M.S. and Basu, A.P., A repeated significance test for new better than used,Sequential Analysis,9, 317-325 (1990).
[5] Ahmad, I.A. and Kayid, M., Some results aboutNBUmg f class of life distribution,International Journal of Reliaility Application,

5, 155-162 (2004).
[6] Abdul-Moniem, I., A new class of aging distributions,Journal of Egyptian Statistcal Socity,23, 1-24 (2007).
[7] AL-Ghufily, N.M., Testing EBUCA of life distribution using U-test,Journal of Egyptian Statists,52, 1-8 (2008).
[8] AL-Ghufily, N.M., ”Moment Inequality for Exponential Better than Used in Convex Average Class of Life Distributionswith

Hypothesis Testing Application.”Life Science Journal,12(2), 80-85 (2015).
[9] Al-Gashgari, F.H., Shawky, A.I. and Mahmoud, M.A.W., A nonparametric test for testing against NBUCA class of life

distributions based on Laplace transform,Quality and Reliability Engineering International, on line (2014).
[10] Atallah, M.A, Mahmoud, M.A.W. and Alzahrani, B.M., ”A new test for exponentiality versusNBUmg f life distribution based on

Laplace transform.”Quality and Reliability Engineering International,30(8), 1353-1359 (2014).
[11] Attia, A.F., Mahmoud, M.A.W. and Tiab, I.B., On testingexponential better than used in average based on the total time on test

transform,The7th Annual Conference on Statistics and Modeling in Human and Social Science,76-83 (2005).
[12] Barlow, R.E. and Proschan, F.,Statistical Theory of Reliability and Life Testing,To begin with Silver Springs, MD, (1981).
[13] Borges, W.D., Proschan, F. and Rodgrigues, J.,A simpletest for new better than used in expectation,Communication in Statistics-

Theory and Methods,13, 1216-1235 (1984).
[14] Basu, S.K.and Ebrahimi, N.,Testing whether survival functions is harmonic new better than used in expectation,Annals of Institute

of Statistical Mathematics,37, 347-359 (1985).
[15] Deshpande, J.V., Kochar, S.C. and Singh, H., Aspects ofpositive aging,Journal of Applied Probability,288, 773-779 (1986).
[16] Diab, L.S., ”Testing for NBUL using goodness of fit approach with application.”Statistical papers,51, 27-40 (2010).
[17] Diab, L.S., Kayid, M., Mahmoud, M.A.W., Moments inequalities for NBUL distributions with hypotheses testing applications,

Contemporary Engineering Sciences,2(7), 319-332 (2009).
[18] Elbatal, I.I., The EBU and EWU classes of life distribution, Journal of Egyptian Statistcal Socity, 18, 59-80 (2002).
[19] Gadallah, A.M.,TestingEBUmg f class of life distributionbased on goodness of fit approach,Journal of Statistical Theory and

Applications,15(2), 161-168 (2016).
[20] Grubbs, F.E., Fiducial bounds on reliability for the two parameter negative exponential distribution,Technometrics,13, 873-876

(1971).
[21] Hendi, M.I. and AL-Ghufily, N.M.,Testing exponential better than used in convex class of life distribution derivedfrom convex

ordering using U-test,Journal of King Saud University,21, 25-31 (2009).
[22] Hendi, M.I., Al-Nachawati, H., Montasser, M. and Al-Wasel, I.A., An exact for HNBUE class of life distributions,Journal of

Satistical Computation and simulation,60, 261-275 (1998).
[23] Hendi, M.I., Sultan, K.S. and AL-Ghufily, N.M., Testingexponential better than used class of life distributions based on kernel

methods,Journal of Statistical Theory and Applications,1, 63-76 (2005).
[24] Hollander, M. and Proschan, F.,Testing whether new is better than used,The Annals of Mathematical Statistics,43, 1136-1146

(1972).
[25] Hollander, M. and Proschan, F., Tests for mean residuallife, Biometrika,62, 585-592 (1975).
[26] Kango, A.I., Testing for new is better than used,Communications in Statistics-Theory and Methods,12, 311-321 (1993).

c© 2017 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro.6, No. 3, 471-477 (2017) /www.naturalspublishing.com/Journals.asp 477

[27] Koul, H.L., A test for new better than used,Communications in Statistics-Theory and Methods,6, 563-574 (1977).
[28] Koul, H.L. and Susarla, V., Testing for new better than used in expectation with incomplete data,Journal of the American

Statistical Association,75, 952-956 (1980).
[29] Lawless, J.F.,Statistical Models and Methods for Lifetime Data,Wiley Intersciennce, A Joohn Wiley and Sons, INC., Hoboken,

New Jersey, Second Edition, (2003).
[30] Mahmoud, M.A.W. and Abdul Alim, A.N., A goodness of fit approach to for Testing NBUFR (NWUFR) and NBAFR (NWAFR)

properties,International Journal of Reliaility Application,9, 125-140 (2008).
[31] Mahmoud, M.A.W. and Gadallah, A.M., Moment inequalites of NBUmg f with testing hypotheses application,International

Journal of Reliaility Application,13(2), 57-69 (2012).
[32] Mugdadi, A.R. and Ahmad, I.A.,Moment inequalities derived from comparing life with its equlibrium form,Journal of Statistical

Planning and Inference,134, 303-317 (2005).

Alaa M. Gadallah is an assistant professor of Mathematics at Department
of Basic Sciences, Thebes Higher Institute for Engineering, Thebes Academy, Cairo, Egypt.
He received his PhD in Mathematical statistics from Mathematics Department, Faculty
of Science, AL-Azhar University, Cairo, Egypt in 2013. His research interests include:
Theory of reliability, Classes of life distributions, Censored data, Statistical inference

c© 2017 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	 Introduction
	 Testing Exponentiality 
	The Pitman Asymptotic Efficiencies (PAEs) 
	Monte Carlo Null Distribution Critical Points
	 Numerical Examples
	 Discussion

