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Abstract: For square contingency tables with ordered categories, thepresent paper gives the theorem that the diagonals-parameter
symmetry model holds if and only if two models hold such that the diagonal common uniform association symmetry model and the
model of equality of concordance and discordance for two diagonals with the same distance from the main diagonal in the table. An
example is shown.
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1 Introduction

For anr× r square contingency table with the same ordinal row and column classifications, letpi j denote the probability
that an observation will fall in theith row and jth column of the table (i = 1, . . . ,r; j = 1, . . . ,r). Goodman (1979)
considered the diagonals-parameter symmetry (DPS) model defined by

pi j =

{

δ j−iψi j (i < j),
ψi j (i ≥ j),

whereψi j =ψ ji. Special cases of this model obtained by puttingδ1 = · · ·= δr−1 = 1 andδ1 = · · ·= δr−1 are the symmetry
model (Bowker, 1948; Bishop, Fienberg and Holland, 1975, p.282) and the conditional symmetry model (McCullagh,
1978), respectively.

Tomizawa (1991) considered the diagonal uniform association symmetry (DUS) model defined by

pi j =

{

δ j−iφ i−1
j−i ψi j (i < j),

ψi j (i ≥ j),

whereψi j = ψ ji. A special case of this model obtained by puttingφ1 = · · ·= φr−2 = 1 is the DPS model. Tomizawa (1991)
also considered the diagonal common uniform association symmetry (DCUS) model defined by

pi j =

{

δ j−iφ i−1ψi j (i < j),
ψi j (i ≥ j),

whereψi j = ψ ji. This model is a special case of the DUS model withφ1 = · · · = φr−2(= φ). Note that Tomizawa and
Miyamoto (2007) considered the DUS and DCUS models for the cumulative probabilities instead of the cell probabilities
{pi j}; although the details are omitted.
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Let Tk denote the 2× (r− k) table constructed using two diagonals that arek units from the main diagonal fork =
1, . . . ,r − 2. Thus, the first row ofTk is (p1,1+k, p2,2+k, . . . , pr−k,r) and the second row is(p1+k,1, p2+k,2, . . . , pr,r−k); see
Agresti (1984, p.202). ForTk table (k = 1, . . . ,r−2), consider the odds-ratioθi j as follows;

θi j =
pi j p j+1,i+1

p ji pi+1, j+1
,

where|i− j|= k. Using these odds-ratios, the DPS model may be expressed as

θi j = 1 (i = 1, . . . ,r−2; j = i+1, . . . ,r−1).

The DCUS model may be expressed as

θi j = φ−1 (i = 1, . . . ,r−2; j = i+1, . . . ,r−1).

Let X andY denote the row and column variables, respectively. Let fork = 1, . . . ,r−2,

Uk =

{

1 (whenX −Y =−k),
2 (whenX −Y = k),

and
Vk = X +Y (when|X −Y |= k).

Tahata and Tomizawa (2009) gave the following theorem:

The DPS model holds if and only if the DUS model holds and the covariance (or correlation) of Uk and Vk are zero for
all k = 1, . . . ,r−2.

Note that Tomizawa, Miyamoto and Sakurai (2008) and Tahata,Miyamoto and Tomizawa (2008) showed that for
two-way contingency tables the independence model holds ifand only if the uniform association model holds and the
Pearson’s correlation coefficientρ (Kendall’sτb or Spearman’sρs) equals zero; although the details are omitted.

The DPS model implies the DCUS model, however, the converse does not hold. Therefore we are now interested in
what structure of the probabilities is necessary for obtaining the DPS model when the DCUS model holds.

The present paper gives a decomposition of the DPS model using the DCUS model (in Section 2).

2 Decomposition of diagonals-parameter symmetry model

As described in Section 1, the DPS model implies the DCUS model, however, the converse does not hold. ForTk table,
we now consider the structure to obtain the DPS model when theDCUS model holds.

Let

C =
r−2

∑
s=1

r−1

∑
t=s+1

pst pt+1,s+1,

and

D =
r−2

∑
s=1

r−1

∑
t=s+1

pts ps+1,t+1.

For a randomly selected pair of observations, (1) 2pst pt+1,s+1 with t − s = k (k = 1, . . . ,r − 2), is the probability of
concordance in tableTk such that the member that ranks in the second row (i.e.,Y −X =−k (< 0)) rather than in the first
row (i.e.,Y −X = k (> 0)) in tableTk ranks in columns+ t +2 (i.e.,X +Y = s+ t +2) rather than in columns+ t (i.e.,
X +Y = s+ t) in Tk, and (2) 2pts ps+1,t+1 with t − s = k (k = 1, . . . ,r−2), is the probability of discordance such that the
member that ranks in the second row rather than in the first rowin tableTk ranks in columns+ t rather than in column
s+ t +2 in Tk. Therefore,C andD indicate the probability of concordance and that of discordance for all tables{Tk},
k = 1, . . . ,r−2.

We shall consider the model of equality of concordance and discordance for all tables{Tk}, by

C = D.

We shall denote this model by ECD. Then we obtain the following theorem.
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Theorem 1. The DPS model holds if and only if both the DCUS model and the ECD model hold.

Proof. Assume that the DPS model holds. Then the DCUS model holds. Also

C =
r−2

∑
s=1

r−1

∑
t=s+1

pst pt+1,s+1

=
r−2

∑
s=1

r−1

∑
t=s+1

δt−s pts pt+1,s+1

and

D =
r−2

∑
s=1

r−1

∑
t=s+1

pts ps+1,t+1

=
r−2

∑
s=1

r−1

∑
t=s+1

ptsδt−s pt+1,s+1.

Therefore the ECD model holds. Assuming that both the DCUS model and the ECD model hold, then we shall show that
the DPS model holds. Since the DCUS model holds, we see

C =
r−2

∑
s=1

r−1

∑
t=s+1

δt−sφ s−1pts pt+1,s+1

and

D = φ
r−2

∑
s=1

r−1

∑
t=s+1

δt−sφ s−1pts pt+1,s+1.

Since the ECD model holds, we obtainφ = 1. Thus the DPS model holds. The proof is completed.

Let xi j denote the observed frequency in the(i, j) cell (i= 1, . . . ,r; j = 1, . . . ,r). Assume that a multinomial distribution
applies to ther×r table. LetG2 denote the likelihood ratio chi-squared statistic for testing goodness-of-fit of model defined
by

G2 = 2
r

∑
i=1

r

∑
j=1

xi j log

(

xi j

m̂i j

)

,

wherem̂i j is the maximum likelihood estimate of expected frequencymi j under the model. The numbers of degrees of
freedom (df) for testing the DPS, DCUS, and ECD models are(r−2)(r−1)/2, r(r−3)/2, and 1, respectively. Note that
the df for the DPS model equals to the sum of df for the DCUS model and that for the ECD model.

3 An example

Table 1 is the data, taken from Mullins and Sites (1984), which relate mother’s education to father’s education for a sample
of eminent black Americans (also see Tomizawa and Miyamoto,2007).

Table 1: Cross-classification of mother’s and father’s education for a sample of eminent black Americans: from Mullins and Sites
(1984).

Mother’s Father’s education
education (1) (2) (3) (4) Total

(1) 81 3 9 11 104
(2) 14 8 9 6 37
(3) 43 7 43 18 111
(4) 21 6 24 87 138

Total 159 24 85 122 390

The DPS model fits these data very poorly yielding the likelihood ratio chi-squared valueG2 = 10.96 with 3 df. Also
the DCUS model does not fit these data so well yieldingG2 = 6.00 with 2 df, which gives almost p-value 0.05. However,
the ECD model fits these data well yieldingG2 = 2.75 with 1 df. From Theorem 1, we can see that the poor fit of the DPS
model is caused by the influence of the lack of structure of theDCUS model rather than the ECD model.
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4 Concluding remarks

We have given a theorem (Theorem 1) that the DPS model holds ifand only if both the DCUS model and the ECD
model hold. For a given data, when the DPS model fits poorly, Theorem 1 would be useful for seeing the reason why the
DPS model fits the data poorly; namely, which of the lack of structure of the DCUS model and that of the ECD model
influences strongly.
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