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Abstract: For square contingency tables with ordered categoriesprigent paper gives the theorem that the diagonals-paamet
symmetry model holds if and only if two models hold such tle diagonal common uniform association symmetry model hed t
model of equality of concordance and discordance for twgatials with the same distance from the main diagonal in thie tén
example is shown.
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1 Introduction

For anr x r square contingency table with the same ordinal row and colclassifications, lep;; denote the probability

that an observation will fall in théth row and jth column of the tablei(=1,...,r;j = 1,...,r). Goodman (1979)
considered the diagonals-parameter symmetry (DPS) medieked by
o — { Sj—inj (i <),
! Wi (i>]),

wherey;j = Jji. Special cases of this model obtained by putdpg- --- = &_1 =1 andd = --- = §_1 are the symmetry

model (Bowker, 1948; Bishop, Fienberg and Holland, 19788p) and the conditional symmetry model (McCullagh,
1978), respectively.
Tomizawa (1991) considered the diagonal uniform assatiaymmetry (DUS) model defined by

b = { Sty (i< ),
. W (i>]),

wherey;; = (Jji. A special case of this model obtained by puttifig=- - - = @¢_» = 1 is the DPS model. Tomizawa (1991)
also considered the diagonal common uniform associatiomsstry (DCUS) model defined by

Yij (i>1]),

wherey;; = ;. This model is a special case of the DUS model with= --- = @ _»(= ¢). Note that Tomizawa and
Miyamoto (2007) considered the DUS and DCUS models for timeutative probabilities instead of the cell probabilities
{pij}; although the details are omitted.
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Let Tx denote the X (r — k) table constructed using two diagonals that latenits from the main diagonal fdc=
1,...,r—2. Thus, the first row ofl is (P1,1+k, P2.24k;-- - Pr—kr) @nd the second row i1k 1, P2+k2,-- -, Prr—k); See
Agresti (1984, p.202). FoF, table k= 1,...,r — 2), consider the odds-rati; as follows;

6 — PijPj+1i+1
=

PjiPi+1,j+1
whereli — j| = k. Using these odds-ratios, the DPS model may be expressed as

=1 (i=1,...,r=2;j=i+1,...,r=1).
The DCUS model may be expressed as
Bi=¢ ' (i=1..r—2j=i+1..r-1).
Let X andY denote the row and column variables, respectively. Lekferd, ..., r — 2,

Us — 1 (whenX —Y = —k),
K=12 (whenX —Y =k),

and
Vk=X+Y (whenX-Y|=Kk).

Tahata and Tomizawa (2009) gave the following theorem:

The DPSmodel holdsif and only if the DUS model holds and the covariance (or correlation) of Uy and Vi are zero for
alk=1....,r—2.

Note that Tomizawa, Miyamoto and Sakurai (2008) and Tahdigamoto and Tomizawa (2008) showed that for
two-way contingency tables the independence model holdsdfonly if the uniform association model holds and the
Pearson’s correlation coefficiept(Kendall's 1, or Spearman’es) equals zero; although the details are omitted.

The DPS model implies the DCUS model, however, the converes dot hold. Therefore we are now interested in
what structure of the probabilities is necessary for olgjithe DPS model when the DCUS model holds.

The present paper gives a decomposition of the DPS mode tlrenDCUS model (in Section 2).

2 Decomposition of diagonals-parameter symmetry model

As described in Section 1, the DPS model implies the DCUS mbdevever, the converse does not hold. Fptable,
we now consider the structure to obtain the DPS model wheb @IS model holds.

Let
r—2 r—1
C= Z > PsaPriisia,
s=1t=s+1
and

r-2 r-1

D= .
S;t:;l PtsPs+1t+1

For a randomly selected pair of observations, (b} @& 1511 Witht—s=k (k= 1,...,r — 2), is the probability of
concordance in tabl§ such that the member that ranks in the second row Yi.e.X = —k (< 0)) rather than in the first
row (i.e.,Y — X =k (> 0)) in tableT ranks in columrs+t + 2 (i.e.,X+Y = s+t + 2) rather than in columa+t (i.e.,
X+Y =s+t)in Ty, and (2) PrsPsr1t+1 Witht —s=k (k=1,...,r —2), is the probability of discordance such that the
member that ranks in the second row rather than in the firstmaable Ty ranks in columrs+t rather than in column
s+t+ 2 in Tx. ThereforeC andD indicate the probability of concordance and that of disaoa# for all tableg Ty},
k=1,....,r—2.

We shall consider the model of equality of concordance ascoddance for all tablefly}, by

C=D.

We shall denote this model by ECD. Then we obtain the follgieorem.
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Theorem 1. The DPSmodel holdsif and only if both the DCUS model and the ECD model hold.

Proof. Assume that the DPS model holds. Then the DCUS model holds. Al
r-2 r-1

C= Pst Pr+1,5+1
r-2 r-1

= Z z A-—sPtsPti1st1
s=1t=s+1
and

r—2 r—1
D= s
S;tzélpt Pst1t+1
r—2 r—1
= ; Z PtsOt—sPt+1s+1-
s=1t=s+1
Therefore the ECD model holds. Assuming that both the DCU8ehand the ECD model hold, then we shall show that
the DPS model holds. Since the DCUS model holds, we see

r-2 r—1
C= Z Z 5t—s<PS_1ptsF)t+l,s+1
s=1t=s+1
and
r—2 r—1
D=0¢Y 5 & s¢" 'PsPriisi:
s=1t=s+1

Since the ECD model holds, we obtain= 1. Thus the DPS model holds. The proof is completed.

Letx;; denote the observed frequencyinthg) celli=1,...,r;j=1,...,r). Assume that a multinomial distribution
applies to the x r table. LetG? denote the likelihood ratio chi-squared statistic foritegtjoodness-of-fit of model defined

by
G?=2 r ix. Iog(xij>
= i] =)
izij=1 M
whereni; is the maximum likelihood estimate of expected frequemgyunder the model. The numbers of degrees of

freedom (df) for testing the DPS, DCUS, and ECD modelgare2)(r —1)/2,r(r —3)/2, and 1, respectively. Note that
the df for the DPS model equals to the sum of df for the DCUS rhax@ that for the ECD model.

3 An example

Table 1 is the data, taken from Mullins and Sites (1984), Whétate mother’s education to father’s education for a $amp
of eminent black Americans (also see Tomizawa and Miyanfi67).

Table 1. Cross-classification of mother’s and father’s educatianaf@ample of eminent black Americans: from Mullins and Sites
(1984).

Mother’s Father’s education

education (1) (20 (3) (4) Total
(1) 81 3 9 11 104
2 14 8 9 6 37
3) 43 7 43 18 111
4 21 6 24 87 138

Total 159 24 85 122 390

The DPS model fits these data very poorly yielding the likadith ratio chi-squared valu® = 10.96 with 3 df. Also
the DCUS model does not fit these data so well yieldiig= 6.00 with 2 df, which gives almost p-value 0.05. However,
the ECD model fits these data well yieldi@g = 2.75 with 1 df. From Theorem 1, we can see that the poor fit of th& DP
model is caused by the influence of the lack of structure oDX8&JS model rather than the ECD model.
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4 Concluding remarks

We have given a theorem (Theorem 1) that the DPS model holaisdfonly if both the DCUS model and the ECD
model hold. For a given data, when the DPS model fits poorlgofém 1 would be useful for seeing the reason why the
DPS model fits the data poorly; namely, which of the lack aficire of the DCUS model and that of the ECD model
influences strongly.
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