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Abstract: In the present article, using a family opositive functiongn € N), the Erdelyi-Kober integral operator of fractional tyge i
employed to get generalization of certain classes of iatégequalities. As applications, certain special casescamsequent results
of the main inequalities obtained in this paper are alsoudised.
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1 Introduction, Motivation and Preliminaries

Fractional calculus, particularly in mathematical analyis playing a very important role to perform differenitat and
integration with the real number or complex number powershef differential or integral operators. Because of the
significant importance of fractional calculus operatoranmresearch papers have studied and investigated thg wérit
extensions and applications for these operators. It il/faiell-known that there are a number of different definigaf
fractional calculus operators and their applications He@efinition has its own advantages and suitable for apphicst

to different type of scientific or engineering problems. Ruwre details about verity of operators of fractional calsul
reders are refer to see the monographs of Baledal [1], Kiryakova [2], Miller and Ross 8] and Samkeet al. [4].

In current years, FDEs are one of the most important topiosathematics and have received consideration due to the
options of unfolding nonlinear systems, thus attractingimconsideration and growing curiosity due to its prospecti
physics and engineering applications, s&&,[6, 7]. Integral inequalities are taken up to be important asdfae useful
in the study of existence and uniqueness of different ctagkdifferential and integral equation8, 9]. Due to this fact,
this subject has earned the attention of many researchénmmathematicians during last few decad&d 11]. However,
there is a large number of the fractional calculus operadite literature, but due to theirimportant applicatiomsiany
fields, the Riemann-Liouville and Hadamard fractional gnée operators have been studied extensive®y13,14,15,16,
17,18,19,20]. Moreover, for the integral inequalities involving geakzed fractional operators, one can see the recent
papers21,22,23,24,25,26,27,28,29,30,31,32,33] and references therein.

We obtain a generalization of all the results daf7]. By taking Erdelyi-Kober fractional integral operatprse
investigate certain new classes of integral inequalittesaf family of n positive functions, which are defined on the
interval[a, b]. Interesting new inequalities can also be obtained asqodati cases of the main results.

Firstly, we introduced the necessary definition and mathieadanotations of fractional calculus operators which are
used in our analysi<].

For real valued continuous functidit), the fractional integral operators of Erdelyi-Kober tytieat islg’“ is defined
by

t—Bn+a)

RO =g [P e) )
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Bt—An+a)
- T (a)

wherea > 0 (order of integration)3 > 0 andn € R. We also give the following properties of the operators, tfer
convenience of investigating the main results:

. .
/ Tﬁ<n+1>—1(tﬁ _ rﬁ)“ 't (n)dr, @)
0

IFIRLE ) =155 {f ()} (120,0>0), )
and
1FOIR {f (0} =15 {f ()} (0>0,5>0). ©)

The aim of this paper is to establish certain new integrajuradities involving fractional integral operators of Eiyi-
Kober type, for a family oh positive functions, defined on the interyalb]. Our results generalize, improve and extend
the recent results ofl[7]. Special cases are also presented.

2 Fractional Integral Inequalities

In this segment, we will investigate certain classes ofgrakinequalities involving the fractional operatdy),(for a
family of n positive functions. The special cases of these resultdswe@duces in terms of certain known inequalities in
literature. Our main results of this paper are the followtimgorems:

Theorem 1.Consider n positive functions,ff,---, fs, which are continuous and decreasing on the inteffeab] and
a<t<b,a>0,0>0,{>yp,>0where pis fixed integer ifi1,2, ...,n}. Then the following inequality holds true

|;3m {nin;ép £ fg(t)} IE"’ {(t _a)él_lin;ép £ fg(t)}
I[;’"’ me o] I[;’"’ [(t—a)° L, £ (t)]

(4)

ProofSincefy, fa,- -+, fy are continuous and decreasimgositive functions on the intervéa, b], hence one can write
((p—a°—(x-a?) (5" (@) -5 ")) =0,
which implies that
(p— )15 (1) +(1-a)° " (p) > (1 -2 * (1) + (0 -2’ " (p). (5)

Form the conditions, we havg> y, > 0,0 >0, T, p € [a,t]; a<t <b, wherep € {1,...,n} is any fixed quantity.
Now, let us consider the functional

t=B+a) B(+1)-1(tB _ B9~ n
AR d r(a)( ”) Mo (6)

We observe thatr, 3 > 0 before, and hence each factor of the functioBaig positive in view of the valid conditions
mentioned with Theorerh, which implies that the functional defined above is posjtive .4, (t,7) > 0 for all T € (O,
t) (t>0).

By multiplying 4, (t, T) (where_4; (t, T) is given by @)) to both sides of relatiorbj, making integration with respect
to 7 between the intervgD,t), and hence using the operatay,(we have

(p—a)°7" [ﬁ A58 ()
i#p

1o [(t—af 1 (t)] >

n.a
+|B

(o215 " (p)1}° [rl (0

(t—a)° ﬁ e (t)] : 7)
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Again, on multiplying.4; (t, p) to both the sides of7) and taking integrating along the varialgdrom p =0top =t,
and hence on using the operatty, (ve arrive at

i#p

I3e [(t _a)5ﬁ e (t)] 13 L|j f (t)] : (8)

This completes the proof of inequalitg)(
Remarlt is remarked that, if the functionfs, f»,-- -, fy are increasing ofa, bj, then the inequality4) will be reversed.

RemarkTakingn =0,a = 1,3 = 1,n=1 andt = b, we get Theorem 3 inl[7]. Therefore, this result extend and improve
Theorem 3 of 17].

Theorem 2.Suppose n positive functiong, fz,- - -, f, are continuous and decreasing on the interfab] and a< t <
b,a>0,6>0,{>y,>0,w>0, Then following inequality holds true

12 M B85 13 (€= a2 MLy 1 0] + 15 [ £ 15 (0] 137 [(€ - a)2 N £ )]
13 (6= )2 M 115 O 179 (ML 7 0] + 13 [t )2 1, 715 O 177 [N 7 )]

>1, (9)

where pe {1,2,...,n} is any fixed integer.
o ) pt—ﬁmw)pﬁ(nu)—l(tﬁ,pﬁ)‘H W o )
ProofMultiplying both sides of 7) by ) N, f" (p),w > 0, and making integration of the

improved inequality with respect {o between the intervgl0,t) (a <t < b), hence on using the Fubini’s theorem, we
arrive at

() 1T (P)A p(t,T)dTdp

t ot Bt-B(N+w) nB(N+1)-1(tB _ ,BY® 1 n
OS/ / Bt p (P - pP) N
0 JO

=17 [_n e (t)} g [(t—a)‘S 1 (t)l
P =
i ijflw fg (t)]lg" l(t—a)‘s : f.”(t)]

— 1@ — 5nf.”ff |na nf.M . 10
B [(t a) i|;|p. p(t)] B Lg.(t)l (10)

On further simplification, one can easily arrive at the iredigy of Theoren?.

RemarkBy letting a = w in Theorem?, we obtain Theorer.

RemarkAgain, by settingd =0,a = w =1, 3 =1,n= 1 andt = bin the Theoren2, we obtain the well known inequality
of Theorem 3in17].

To generalize the above theorems, we obtain the anotheral&stegral inequalities involving the fractional opemat
(1), as under:
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Theorem 3.Supposeff, f»,--- , f, and g be continuous functions, such thatf$, - - - | f,, are decreasing and g is increasing
on the close intervgl, b, fora<t <b, a >0, 8 >0, { > yp > 0. Then the following inequality holds true

a

17 Mo, 01 O] 12 [POn o)

- >1, (11)
A {95(0 Mip i 5 (t)} L3 [Ny £ ()]

n
B
s
where pe {1,2,...,n} is any fixed integer.

ProofFollowing the valid conditions stated with Theor&nwe have

() -) (57 @ -1 () 20, (12)

forallp=1,....,nja<t<b,a>0,6>0,{>y>0;1,p€[a,b]
Now, let's consider the quantity

Bt-Bn+a) pB(n+1)-1 (1B _ Tﬁ)“—l

Lp(t7r) = r (a)
7 (e -a°m)) (1 701" 0)). (19
Itis clear that
Lp(t,7) 20, (14)
therefore
0< tLp(t,r)dr =g°(p) 17" lﬁ A8 ()| + f5 " (p)11@ lg (t) ﬁfly' (t)]
i#p i=
-1pe [95 O] 5 0| - ()15 (o)1 [ﬁfi“ (t)] . (15
I#p i=
Consequently

13e lg“(t)_ﬁ £ 5 (t)} 13 l|‘| £ (t)} 7 (16)
=
which arrives at the result of Theoredn
RemarkOn puttingn =0,a0 =1, B8 =1,n=1andt = bin the Theoren3, we easily obtain the known result df7].
Now we provide another class of inequalities as follows:

Theorem 4.Consider {,fy,---, f, and g be continuous functions, such that f§,--- , f, are decreasing and g is
increasing on the close intervé, b]. Then the inequality

12 M 16 O] 13 162 O My B 0] + 13 [N 1715 O 17 [0° (0 e 7 (1)

n.a Y n,w Yt n.w Vi n.a rn " >1, a7)
17 00 M 865 O [0 070 17 [0 T 0495 (O] 1 [0 )]

holds foralla<t <b, w>0,a > 0,5 >0, { >y, > 0and for any fixed f {1,2,...,n}.
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ProofUsing relation {5), we can write

t gt BtBn+w) pB(+1)-1(th _ pBY?E n
0<// ¥ (p)Lp(t,T)drdp =
< F @) Q.(m p(t,T)drdp

I”"[Df”f 1|”“’lg (t)ﬁfi”(t)l
i#p i=

n.w
+Iﬁ

ks (t)] e [95 (® rl £ (t)]

i#p

oy ge|feo)
l IDprff ] Lﬂflw(t)]. (18)

On some simplification, the above inequality yields to Tleeo4 .
RemarkSettinga = w for Theorem4, we get Theoren3.
RemarkAgain, on lettingn =0,a =w =1, B =1,n=1andt = b, TheorenB reduces to the Theorem 4 df{].

Theorem 5.Suppose the continuous functionsf$, - - -, f, and g be defined on the close interfalb]. Also assume that
for any fixed pe {1,2,....n}, (8(1)g%(p) ~ 13(p)e (1)) (1§ (1)~ 1§ ™(p)) 20,6 >0, a > 0,{ >y > 0;
1,p,€ [at],t € (a,b] then we have
: 5
3 M 0] B PO o]
|g’a {ga(t)ﬂ#pfiwfp t)}' SNt o]

(19)

Prooflt follows from the proof of Theorem 3, if we replace the quantity (95(p)—g5(r)) by
(f2 (1)g% (p) — £9(p)g° (1)) , one can easily prove the result).

Theorem 6.Suppose if f»,---,fn and g be continuous functions on the close intervalb]. Then for
(1) (p)— 12(p)AP (T >)(fZ (1)~ 15 "(p)) 206> 0 a >0 ¢ >y >0 1,0l te (ab] the
following inequality holds true:
1 M £ 1572017 [0° O s £0) 12 M £ 152 0 11 [0° 0 My (1)
119 | O M 1 15201 (R M 1 0] +17 [0 O M 7 15 0] 139 [N 1 )]

>1,  (20)

provided pe {1,2,...,n}, be any fixed number.

ProofFollowing the similar procedure of Theorem, provided the quantity(g‘s(p)—g‘s(r)) replaced by
(f9(1)9° (p) — £9(P)8° (T)) , we easily prove the Theorefn

RemarkOn substitutingr = w, we observe that the Theoredmeduces to Theore®

RemarkAgain, Theorenéforn =0,a =w=1, B =1 n=1 andt = b, yields to the Theorem 5 ofl[7].
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3 Special Cases

Following Kiryakova P], the operator g"’ includes a number of generalized integration and difféation operators as
its special cases, used by various researchers. Some anpparticular cases of the integral operaﬁ)‘? lare as follows:

1.Forn =0, B = 1, the operator]) yields to the fractional integral operator of Riemann+ivdle type, by means of
the following relationship:

1 t
a _ a0 _ _ a-1
RO{F (1)} =119 {f(t)}—r(a)/o (t—1)7 1 f (1)dr. 1)
2.If we taken =0, a = ne N andf = 1, then the operatod] leads the following ordinarg-fold integrations:
I"{f(t)} = t”lo*”{f t)}= 1 /t (t—1)" (1)dr (22)
! (n—1)! Jo '

3.Again if 8 = 1, then the operatod] leads to the fractional integral operator, which originabnsidered by Kober
[34] and the Erdelyi 85].

t—a=n

ImeLf ) =11{f ()} = W/0t ™t —1)" 1 (1)dT (0 >0,n €R). (23)

4.1f n =0, a =1 andp = 1,then the operatofj reduces to the Hardy-Littlewood (Cesaro) integrationrafue:

Lol f O} =194 O} =1 [ f(ar. 24)

5.Further, forB = 2 the operator) leads the fractional integral operator of Erdelyi-Kolygwe (.o, introduced by
Sneddon 36)):
2t—2(a+n)
pr— n7a pr—
IW,OI—Iz {f(t)}_ ,— (a)

Now, by substituting the particular values of the parangetera and 3, the results presented in this article may
generate some more known and possibly new inequalitiedvimgpthe various types of operators, by taking the relation
(21) to (25) into account.

/Ot T2 (2 - rz)a_lf (1)dr. (25)

4 Conclusion

Using a family ofn positive continous functions, here we have obtained aeraiv classes of integral inequalities,
associated with the Erdelyi-Kober fractional integraéogtors. These results provides an important insight abeutise

of fractional integral operators to generate the well knantegral inequalities. Further, in the generalized ayiall
symmetric potential theory and other related physical j@mols, the operatdrg*" has number of applications, therefore,
the results derived here are expected to find certain apiplitain this theory and for studying the uniqueness of
solutions in FDE’s. Additionally, certain new integral ouelities involving the various types of integral operataran

be easily found as special cases of our main results.
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