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Abstract: Azam et al. (Numer Funct Anal Optim, 32(3):243—-253, 2011joduced a notion of complex valued metric space and
obtained common fixed point result for mappings in such spacethis paper, owing the concept of complex valued mepaces
introduced by Azam et alf], we obtain sufficient conditions for the existence of comrfiged point for a pairs of mappings satisfying
generalized contraction involving rational expressions.
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1 Introduction and Preliminaries pure and applied science such as biology, medicine,
physics and computer science (se€k5][ [26]). Some
Fixed point theory became one of the most interestinggeneralizations of the notion of a metric space have been
area of research in the last fifty years for instance researchroposed by some authors, such as, rectangular metric
about optimization problem, economics, game theoryspaces, semi metric spaces, pseudo metric spaces,
control theory, and etc. The study of fixed points of probabilistic metric spaces, fuzzy metric spaces, quasi
mappings satisfying certain contraction conditions hasmetric spaces, quasi semi metric spaces, D-metric spaces,
many applications and has been at the center of variouand cone metric spaces (sedl], [11], [12], [21], [22])]).
research activities. Fixed point results of mappingsBranciari P] introduced the notion of a generalized
satisfying certain contractive condition on the entire metric space replacing the triangle inequality by a
domain has been at the centre of rigorous researchectangular type inequality. He then extended Banach’s
activity and it has a wide range of applications in different contraction principle in such spaces.
areas such as nonlinear and adaptive control systems, |n 2011, Azam et al. §] introduced the notion of

parametrize estimation problems, fractal image decodinggomplex valued metric spaces and established some fixed
computing magneto static fields in a nonlinear medium,point results for mappings satisfying a rational ineqyalit
and convergence of recurrent networks. The fixed poinin a continuation of ¢] and [23], we prove a new
theorem, generally known as the Banach contractioncommon fixed point theorems for a pair of mappings
mapping principle, appeared in explicit form in Banach’s satisfying a more general contraction involving rational
thesis in 1922-[' Since its SlmpIICIty and usefulneSS, it expression in Comp|ex valued metric spaces.
became a very popular tool in solving many problems in Consistent with Azam et al.6] and [23], the following
mathematical analysis. Later, a number of articles in this efinitions and results will be needed in ’the sequel
field have been dedicated to the improvement andd '

Let C be the set of complex numbers andz, € C.

generalization of Banach’s contraction mapping principle , :
in several ways in many spaces (S2e[R7)). Define a partial orders onC as follows:

In the other hand, the study of metric spaces
expressed the most important role to many fields both inz; X z if and only if Re(z1) < Re(z), Im(z) < Im(2).
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It follows that
2 32,

if one of the following conditions is satisfied:
() Re(z1) = Re(z), Im(z1) < Im(z),

(i) Re(z1) < Re(z), Im(z1) =Im(z),
(i) Re(z1) < Re(z), Im(z) < Im(z),
(iv) Re(z1) = Re(z), Im(z1) = Im(2).

In particular, we will write z; 3 2 if z; # z and one
of (i), (i) and (iii) is satisfied and we will write; < z, if
only (iii) is satisfied. Note that

03an3z = |al<|z|,
) R, <73 = 71 <Z3.

2 Main Results

Let us prove our first main result.

Theorem 1Let (X,d) be a complete complex valued
metric space and let the mappingslS X — X satisfy:

§,S)).d(k,Tk) d(j,Tk).d(k,Sj)

d(Sj,TK) jald(i7k)+azd( (1.8 d(j.k)

ay[d(j,S))+d(k TK)]
forall j, ke X, where a,a,as, a4 are nonnegative reals

with a; +ax+az+2a4 < 1. Then ST have a unique
common fixed point.

ProofLet jo be an arbitrary point iiX and defing, =Sy

Definition 1.Let X be a nonempty set. Suppose that theandjz = T j1 such that

mapping d: X x X — C, satisfies:

1.0 d(j,k), for all j,k € X andd(j,k) = 0 if and only
if j=k;

2d(j,k) =d(k,j) forall j,ke X

3d(j,k) =2 d(j,l)+d(l,k), forall j,k,I € X.

Thend is called a complex valued metric of, and
(X,d) is called a complex valued metric space. A point
j € X'is called interior point of a se&& C X whenever there
exists 0< r € C such that

B(j,r) ={yeX:d(j,y) <r} CA

A point j € X is called a limit point ofA whenever for
every O<r € C,

B(j.1) N (AN X) # 0.

A is called open whenever each elementfofs an
interior point of A. A subsetB C X is called closed
whenever each limit point d belongs taB. The family

F={B(j,r):jeX,0<r},

is a sub-basis for a Hausdorff topologyn X.

Let j, be a sequence iX and j € X. If for every
c € C, with 0 < ¢ there isng € N such that for all
n>ng, d(jn,j) < ¢, then{jn} is said to be convergent,
{jn} converges tg and j is the limit point of {j,}. We
denote this by limj, = j, or j, — j, asn — . If for
everyc € C with 0 < c there isng € N such that for all
n > ng, d(jn, jn+m) < C, then {jn} is called a Cauchy
sequence in(X,d). If every Cauchy sequence Iis
convergent in(X,d), then (X,d) is called a complete
complex valued metric space.

Lemma llet (X,d) be a complex valued metric space
and let{jn} be a sequence in X. Théi,} converges to j
if and only if |d(jn, J)| — 0as n— co.

Lemma 2Let (X,d) be a complex valued metric space
and let{jn} be a sequence in X. Then,} is a Cauchy
sequence if and only jl(jn, jnim)| — 0as n— oo.

d(j1,j2) =d (S, T ja).
Then
d(jo,Sh)-d(j1,Tij1)
d(jo, j1)
d(jo.Tj1)-d(j1,Sh)
d(jo, i1)
as[d(jo,Sh) +d(j1, T jr)],
d(jos j1) -d (i, j2)
d(jo, j1)
as[d(jo, j1) +d(j1,]2)],
=< ad(jo, j1) +a2d(jo, j1) +aa[d (jo, j1) +d(j1,]2)],

j( Bt )d(jo.,m,

l-ay—ay
):)\.

= Ad(jo.j1)-
d(j2, j3) =d(T j1.Shk).

d(ju,j2) = ad(jo.j1) +a 1)

+ ag

d(jo,J2)-d(j1, 1)

= ad(jo,j1) +a d(jo.j1)

+ag

2
Where( lﬁgf“m

Similarly,

d(j2,Sp).d(j1,Tj1)
d(j1,J2)
ay[d(j2,Sk) +d(j1. T 1)l
d(j2,js)-d(j1 j2)
d(j1,J2)
ag[d(jz, j3) +d(j1.j2)],
=< a1d(j1, j2) +ad(j2, j3) +as[d(j2, j3) +d(j1,j2)]
< (£ )d),
= A%d(jo,j2). using @).

5,902, Ti1) d(j1.Sk)

= ad(ju, j2) + a2 d(j1,2)

da.J2) d(jsda)

= ad(ju, j2) + a2 d(j1,2)

+ &

Consequently, we get

d(j2nt1, jani2) < A2 (o, j1)

Hence for anym > n,

d(jmvjn) j d(jmajm—l)
+d(jm-1,Jm-2) + - +d(jns1, n)
<A™ EA™ 24 AN d (o, 1)
n
= 75400, 1)
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So

o Al o
|d(Jn3Jm)| < 1_)\ |d(JOaJ1)|7
— 0, asm,n — oo.

This implies that{j,} is a Cauchy sequence. Sine
is complete, there existe X such that,, — u. It fallows
thatu = Su otherwised (u, Su) = z> 0 and we would then
have

z j d (U, j2n+2) + d (j2n+27 SU) )
= d(U,jons2) +d(T jont1,SU),

= d (U, jant2) +aid (U, jons1)
azd(U,SU).d(j?n+1,Tj2n+1)
d(u, jans1)
d (U, T jan+1) -d(jon+1,SU)
d(u, jans1)
aq[d(u,SU+d(jons1, T jonsa)],
=d (U, jons2) +ard(u, joni1)
a d(U,SU)-d(.jzn+1,J'2n+2)
d (U, jon+1)
d (U, joni2) .d(joni1,SU)
- +
d (U, jon+1)
ag[d (u,SU +d (jant1, jont2)] -
This implies that
1zl < |d (U, jons2)| +aa[d (U, j2nta)|
1Z|.1d (jont1, Joni2)|

+ az

+ az

+ a -
2 ld (U jzng0)]
1d (U, j2n+2)] - |d (j2ns1,SU)|
+ ag -
[d (U, jznt )]

+ a4[|Z| +1d (jant1, j2n+2)” .
Lettingn — o , it fallows that

(@ +ay)|Z < (g +ap+az+2a4) |2 < |7

a contradiction, hendg| = 0, thatis,u = Su It fallows
similarly thatu=Tu.

We now show thaS and T have a unique common
fixed point. For this, assume thatin X is a second
common fixed point o8andT. Then

d(u,v)=d(SuTv)

< a;d(u,v)

a d(u,Su.d(v,Tv)

2 d(u)

a d(u,Tv).d(v,Su

T d(uv)
ay[d(u,Suy+d(v,Tv)],
(a1+az+2a4)d(u,v),
0.

+

=
(1-a—a3—2a4)d(u,v) <

Hence,d (u,v) = 0, because(a;+2a4) < 1. This
implies thatu = v, completing the proof of the theorem.

Corollary 1.Let (X,d) be a complete complex valued
metric space and let the mappingsIS X — X satisfy:
d(S),Tk) Z a1 d(j,k)
d(j,Sj).d(k, TK)
d(j,k)
+ ag[d(j,S))+d (kK TK)],
forall j,k € X, where a,ay, a4 are nonnegative reals with

a1 +ap+2a4 < 1. Then ST have a unique common fixed
point.

+ az

Proof: By usingaz = 0 in theorem {), we get the required
result.

Corollary 2.Let (X,d) be a complete complex valued
metric space and let the mappingslS X — X satisfy:
d(S),Tk) Z a1 d(j,k)
a d(j,Tk) .d(k,Sj)
d(j,k)
+ ag[d(j,S))+d(k TK)],
forall j,k € X, where a,ag, a4 are nonnegative reals with

a;+asz+ 2a4 < 1. Then ST have a unique common fixed
point.

Proof: By usinga, = 0 in theorem {), we get the result.

Theorem 2Let (X,d) be a complete complex valued
metric space and let the mappingsIS X — X satisfy:
d(S),Tk) Z a1 d(j,k)
d(j,Sj).d(k, Tk

d(j,k)
d(j, Tk +d(k,Sj)

d(j,k)

+ a4 [d(j,TK) +d(kSj],

for all x,y € X, where a,ay,as, a4 are nonnegative reals

with a1 + a» + ag + 2a4 < 1. Then ST have a unique
common fixed point.

+ az

+ a3

Proof: The proofis same as Theoref).(
Now we prove similar type of results for a different
rational expression studied in Imdad and Kha4] [

Theorem 3Let (X,d) be a complete complex valued
metric space and let the mappingslS X — X satisfy:
d(Sj,Tk) S ad(j,k)
bd(j,Sj) d(kTk)
d(j,k)
d?(j,Tk) +d?(k,Sj)
d(j,Tk+d(kSj) ’
for all j,k € X, where ab,c, are nonnegative reals with
a+b+c< 1. Then ST have a unique common fixed point.
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Proof: Let jo be an arbitrary pointiX and defing; =Sy

andj, =T ji such that

d(j1,j2) =d(Sh,Tj1)

Then

d(j1,J2) = ad(jo,j1)
d(jo,Sh)-d(j1,Ti1)
d(jo, j1)
d?(jo, T j1) +d%(j1,Sh)
d(jo,Tj1)+d(j1,Sh)
= ad(jo, 1)
d(jo, j1)-d (i1, J2)
d(jo,J1)
d? (jo, j2) +d?(j1, j1)
d(jo,j2) +d(j1,j1)
= ad(jo, j1)
d(jo,J1)-d(j1,]J2)
d(jo, j1)
+ cd(jo, j2)
= ad(jo, j1)
+ bd(j1,j2) +c[d (jo, j1) +d(j1, j2)],

<1 P b)dJoJl

=< Ad(jo,J1)-
Where(1255)

d(j2,j3) =

+b

+b

= A. Similarly,

d(j2,Sh).d(j1,Tj2)
d(j1,]2)
d?(j1, Tj2) +d(j1,Sh)
d(j1,Tj2)+d(j1,Sh) ’
d(j2,js).d(j1,]2)
+b —
2) d(j1,i2)
Cdz(j1,13)+d2(117j1)
d(j1,js) +d(j1,j1)
d(j2,J3)-d(j1,J2)
ad(j1,j2)+b —
(s, 12 d(jv, j2)

< ad(jy,j2)+b

+C

< ad(j1,]

+Cd(j17 j3)7

| )\

PN

a+c i)
1-c—b d(j1,j2),

d(j1,j2),

=A
< A%d(jo,j1). using @).

Consequently, we get

d(jani1, joni2) < A2 (o, j1)

ad(j1, j2) +bd(jz, j3) +cl[d(j1,j2) +d (]2, j3)],

Hence for anym > n,

d(jm,Jn) 2 d(jm, jm-1)
+ d(jmflajm72)+"'+d(jn+1ajn)a
= ()\mil+)\m72+"'+/\n)d(j07j1)a

n

A -
= 75400, j1).

So

n

oo A o
|d (jn, jm)| < 1A d (jo, j1)|

— 0, asm,n — oo,

This implies that{j,} is a Cauchy sequence. Sinke
is complete, there existe X such thatj, — u. It fallows
thatu = Su otherwised (u, Su) = z> 0 and we would then
have

d(jons2,SU),
d (T j2n+1, SU) .

=d(u,jani2) +

j d (U, j2n+2) +

d (u7 Su) d (j2n+1a T j2n+l)
d (U, j2n+1)

=d(U,joni2) +ad(u, joni1) +b

) n cd2 (U, T jons1) +d% (jons1, SU
d(u,Tjons1) +d(j2n1,SY
d(u,Su) .d (jznt1; jon+2)
d (U, jant1)

=d(U,joni2) +ad(u, jons1) +b

d2 (U, jons2) + d? (jons1,SU)

+C - - .
d(u, joni2) +d(jant1,SU)

This implies that

|zl < |d(u,]jzns2)[+ald(u, joni1)l
1Z.1d (j2n+1, j2ni2)|

|d (U, jont)]
|d? (U, jont2)| + |02 (jons1,SU)|
|d (U, jan+2)| +1d (Jan+1,SU)|

+b

+C

Lettingn — oo, it fallows that
(@+co)lZ <(a+b+c)lz <7,

a contradiction and sia| =
similarly thatu = Tu.

We now show thaS and T have a unique common
fixed point. For this, assume thatin X is a second
common fixed point o8andT. Then

0, thatis,u= Su It fallows

d(u,v)=d(SuTv)

(@© 2017 NSP
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d(u,Su.d(v,Tv)

<ad(uv)+b duv) As (owing to triangular inequality),

o (U, TV) + 02 (v, Su; d(j1, J2)| < ald(jo,j1)|+az[d(j1,]j2)]
+c : d (jo, j1) d (i1, J2)|

d(u,Tv)+d(v,Su + &y

P2 |d (Jo, J2)| +d (jo, Ju) |
< aduy) + d?(u,v) +d?(v,u) Where
- d(uv)+d(v,u) ’
< ad(u,v) +cd(u,v), |d(j1,J2)| <d(j1,]o) +d(jo,j2)-
d(u,v) < ad(u,v)+cd(u,v). Hence
. ai + .
(1-a-cd(uy) =0 dlivial < (22 o)
(l—a—c)#0. 2

< Ald(jo, ja)I-
Where A = a1+a4 Similarly, by repeating the same
process for

This implies thatu = v, completing the proof of the
theorem.

Now we prove a common fixed point theorem for a
pair of mappings satisfying a more general contraction
involving rational expression. we get

d (j27 J3) = d (SJLT j2)7

d(j2,ja)| < A2|d (jo, j1)|-
Theorem 4Let (X,d) be a complete complex valued d (2. Ja)1 [d o Ju)l

metric space and let the mappingslS X — X satisfy: Consequently, we get
. . d(j,Sj) d(k TK |d (jons1, Jons2)| < A |d(j?n, J'2n+.1)|,
d(SjTk) S a d(Jvk)‘FaZW (4) < |)\2d(12n—17]2n) ;
d(j,Tk-d(kSj) <22 Hd (jo, ju)]
W“L Hence for anym > n,
d(j,Sjd(k,Tk) (5) d (n, Jm)| < |d(!naJn+.l)|+|d(Jn+laln+2)|+"'
d(j,TK+d(j.k) +d(kSj)’ + 1d (jm-1,Jm)|,

< ()\n+)\n+1+...+)\mfl)|d(j0aj1)|7

for all j,k € X, where a,ay,asz,a4 are nonnegative reals N

with a1 +a» + as+ a4 < 1. Then ST have a unique

common fixed point. A d (io: Ju)l-
And
Proqf Let jQ be an arbitra}ry .point i and dgfinejl =Sh d (jin, jm) (jos i),
andj, =T jisuchthatd (j1,j2) =d(Sh, T j1).
Then — 0, asm,n — oo.
d(j1, j2) < ad (jo, j1) _ This implies that{.jn} is a Cauchy sequence. Sinke
11,12) = @A o, J1) o is complete, there existe X such thatj, — u. It fallows
n azd (i0.Sh).d (i1, Ti1) thatu = Su otherwised (u, Su) = z> 0 and we would then
d(jo, j1) have
n agd(joale_)-Q(h,Sb) d(u,SY < d(U,jans2) +ard(u, joni1)
d(jo, j1) n azd(U,SU)-d(J'zn+1,TJ'2n+1)
+ag d(jo,Sh)d(j1,Tj1) d(u,jznt1)
d(jo, Tj1) +d(jo,j1) +d(j1,Sh)’ L d (U, T jont1) .d(jons1,SY
=< aud (jo, j2) ° d (U, Jant1)
d(jo,J1)-d(j1,]J2) d(u,SUd (jons1, T jonsa)
T d (o) U T fr2) + A (U izne) A (jznr2, S0
n asd(io, j2)-d (i1, 1) = d (U, j2nt2) +a1d (U, joni1)
d(jo, j1) La d(u,Su.d (jn+1, j2n+2)
o .d(j07j1.)d.(j17j2) - ’ d (U, jan+1)
d(jo, j2) +d(jo, j1) +d(j1,J1)’ _F%dULhmade%+LS@
=< a1d(jo, j1) +ad(j1, j2) d(u, jans1)
d(jo,Jj1)d(j1,]2) g d(u,Sud (jan+1, joni2)
d(jo,j2) +d(jo, j1) d (U, jany2) +d (U, joni1) +d(jons1,SU
(@© 2017 NSP
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This implies that

|zl < |d (U, jons2)| +asld (U, joni)]
|Z].|d (jons1, jons2)|

+ & -
2] (U, o)
|d (U, jans2)|-|d (Jons1, SU)
=+ a: .
° 1d (U, jans1)]
4oy 1Z]1d (j2n+1s j2n+2)]

|d (U, j2n+2)| + |d (U, j2n+l)| + |d (j2n+17 SU)| ’

which on makingn — o, gives rise|d (u,Su| =0 a
contradiction so that = Su Similarly, one can

show thatu = Tu. As in Theorem ) and @), the
uniqueness of common fixed point can be proved.

As an application of Theoremd); (3) and @), we
prove the following theorem for two finite families of
mappings.

Theorem 5If {T}1" and {S(}] are two finite pair wise

commuting finite families of self mappings defined on

complete complex valued metric spag€ d) such that
the mappings T and S satisfy the conditions of theorem
1, 3 and 4, then the component maps of the two families
{T}' and{S}] have a unique common fixed point.

Proofin view of theoremd, 3 and4, one can infer that
andShave a unique common fixed poipt.e. Tq= Sgq=
g. Now we are required to show thgtis common fixed
point of all the components maps of both the families. In
view of pairwise commutativity of families of T, }" and
{&}], (for every 1< i <m) we can write

Tiq="TiSq=STgandTiq="TiTq=TTgq

which shows thafliq (for everyi ) is also a common
fixed point of T and S. By using the uniqueness of
common fixed point, we can writ§q = q (for everyi )
which shows thatg is the common fixed point of the
family {Ti}!". Using the foregoing arguments, one can
also shows that (for every4i <n) Sq=aq.

This completes the proof of the theorem.

By setting{S}} = and{Ti}]'= Q in theoremd, 3and
4, we derive the following common fixed point theorems
involving iterates of mappings.

Corollary 3.I1f ' andQ are two commuting self mappings
defined on a complete complex valued metric sgXcd)
satisfying the condition :
d(j,r™j).d(k Q")

d(j,k)
d(j,Q"k) .d(k,r™j)

d(j,k)

+a[d(j,r™)) +d(k,Q"K)]

forall j, k € X, where a,ay,as, a4 are nonnegative reals

with & + a» +az + 2a4 < 1. Thenl", Q have a unique
common fixed point.

d(l—mLan) j aQ d(Jvk)+a2

+ ag

Corollary 4.1f I and Q are two commuting self mappings
defined on a complete complex valued metric sgXcd)
satisfying the condition :
d(j,r™j).d(k, Q%)
d(j,k)
d?(j,Q"k) +d*(k,r™j)
d(j,Q"k)+d(krmj) ’
for all j,k € X, where ab,c, are nonnegative reals with

a+b+c< 1 Thenl,Q have a uniqgue common fixed
point.

d(rmj,Q"k) 3 ad(j,k)+b

Corollary 5.1f I and Q are two commuting self mappings
defined on a complete complex valued metric sgXcd)
satisfying the condition :
d(j,r™mj).d(k Q%)

d(j.k)
d(j, Q").d (k™))

d(j,k)

d(j,r™j)dk Q")

d(j, Q") +d(j, k) +d(kImj)’
for all j,k € X, where a,ay,as,a4 are nonnegative reals

with & +ax+as+ a4 < 1. Thenl,Q have a unique
common fixed point.

d(l—mLan) j aQ d(Jvk)+a2

S

We conclude this paper with an illustrative example which
one demonstrates theore#).(

Example IConsideiX; = {z€ C: Re(z) > 0,Im(z) =0},
Xo={ze C: Im(z) > 0,Re(z) = 0},

and writeX = X; UXy. Define a mappingl : X x X — C
as:

max{ j1, j2} +imax{ja, j2}, if 21,2 € Xy
max{kl,kz} +imax{k1,k2}, if 21,2 € X
(jit+k) +i(jit+ke), if z21€X,2€ X
(lo+k) +i(ja+ke), if zn€Xo, € X

d(z,2) =

wherez; = j1+ iK1, 2 = j2 + ike. By simple calculation,
one can easily verify thatX,d) is complete complex
valued metric space.

SetT = S and define a self mapping on X (with
z=(j,k)) as

Tz= { (‘l"o) 2e%

(0,5 zeX.

Now, we show thaS= T satisfies the conditiorbj.
We distinguish the following cases. Before discussing
different cases, one needs to notice that
0=d(Sz,T2),d(z1,2)
d(z1,52).d(z,T2)

d(z1,2)
d(z1,T2).d(2,52)

d (21,22)

d(z1,52).d (2, T2)
d(z1,T2)+d(z1,2) +d(2,52)

)

3
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Case |. ifzy, 2 € Xq, then we have
-9((%0)-(52))

= max{%,jzz}ﬁmax{jzl,%},
= max{%,jzz}(lﬁ),

1 Lo .
= ZmaX{Jl,Jz}(lﬂL'),

d(sz,T2

~

1
Zd (71,22).

Case Il. Ifz1, 2 € Xy, then we have

(%) ()

PN

d(Sz,T2)

Il
3
Q
X
—
»2
[
——
T
3
Q
X
—
»|2
13
——

Il
3
)
<
—
A2
INFIENF
—
—
'—\
+
=

1 .
7 max{ka e} (1+1),

1
Zd (71,22).

PN

Case lll. Ifzy € X1, 2o € Xy, we have

a1 -0((20),(0))
= [Jﬁu% (1+1),
— Ytk @),

1
= Zd (Zl, Zz) .

Case V. Ifz, € Xq, z1 € Xo, we have

sisate) - a((0).(2.0)).

= [%Hﬂ (1+1),

= %[k1+jz](1+i),

1
< = .
= 4d(21,22)
Thus, the condition) is satisfied witha; = %1 and

0<ap,ag,as < %1 and, in all, conditions of theoren#)
are satisfied. Notice that the pointcOX remains fixed

3 Conclusions

In this article, we extend the study of complex valued
metric spaces to xed point theory for new generalized
rational contractions. We discuss properties of complex
valued metric spaces and apply these properties in the
framework for more general contraction involving
rational expressions. Theorems established in this articl
will be helpful for researchers to work on rational
contractions and derived some more common fixed point.
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