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In this paper a numerical method is proposed for solving optimal control problems gov-
erned by Fredholm integral equations (OCF). The method is based upon sinc wavelet
and parametrization method and transforms the problem to a nonlinear programming
problem. Control function:(¢) and state function are approximated by a finite combi-
nation of elements of a basis and by a finite combination of sinc wavelet respectively.
Numerical examples show the validity and applicability of the proposed method.
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1 Introduction

The optimal control problem governed by Fredholms integral equations is used in the
modeling of a wide variety of real process in science and technology. Existence and unique-
ness of the optimal control problem governed by Fredholm integral equations is presented
in [7]. Several numerical methods for approximating the solution of the (OCF) are ex-
isted in the literature. A method of successive approximations which introduced in [13] are
extended in [3, 14]. Recently by using a collective Gauss-Seidel scheme and a multigrid
scheme, an iterative method is proposed for (OCF) of second kind.

Nowadays, wavelet theory has attracted considerable attention due to the advantages
wavelets have over traditional Fourier transforms in accurately approximating functions
that have discontinuities and sharp peaks. Wavelets have become a popular tool for speech
processing, identification and the modeling and control of the dynamical behavior of sys-
tems.

Recently optimal control problems described by ODE is recently solved by a Haar wavelets
method in [4], but no attempts have been made to apply the wavelet to solve (OCF).

Since the sinc method is a highly efficient numerical method developed by Frank Stenger,
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we use an approximation of state function by a combination of sinc function with unknown
parametrization and control function by a combination of elements of basis [8] .

In this paper, we first introduce the sinc wavelets properties, then we assume that the state
variables in the (OCF) be expressed in the form of sinc function with unknown coefficients
and the control variables is approximated in a finite dimension space. This method is based
on reducing the (OCF) to an optimal problem governed by fredholm integral equations.
This paper develops in six section as follows: Section 2 defines the optimal control prob-
lem of ferdholm integration. Section 3 is the introduction of Sinc function properties. In
Section 4 we describe our approach. In Section 5 we introduce our algorithm. In Section 6
we report our numerical finding. Section 7 is conclusion.

2 Problem statement

Optimal control problem of nonlinear Fredholm integral equations is formulated as the
following:

Minimize J(z,u) = v f(t,z(t),u(t))dt, (2.1)
to
subject to:

#(t) = G(t) + / " Kt 2(6), u(€))d, (22)

where

o(t) = (z1(t), 22(t), -, :(t)",

G(t) = (g1(), g2(t). - (1)),
K(&t,u(€),2(8)) = (ka(&, 1, u(€), 2(€)), k2 (&t u(€), 2(€)), -+, k(& 1, u(€), 2(6)))"s
andu(t) = (u1 (), uz(t), -, um(t))t, andf € C([to, t;] x RL x R™).

3 Sinc function properties

The sinc function is defined on the whole real line by

sin(7t)
=22 t#£0
ne(t) = o ’ 31
sine(t) { 3 f—0. (3.1)

For h > 0, the translated sinc functions with evenly spaced nodes are given as

t—jh

S(j, h)(t) = sinc( ), j=0,+1,42, .. (3.2)
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If fis defined on the real line, then far> 0 the series

Nt . t—73h
C(fih) = 3 flih)sine(—2=),
Jj=—00
is called the Whittaker cardinal expansion pfwhenever this series converges. These
properties are derived in the infinite stiip; of the complex plane where far> 0

Dy={¢=&+in Il <d< 3}

In addition, we choose
wd
h=41/—, 0O0<a<l. 3.3
alN 4= (3.3)
To construct approximation on intervét, b), which are used in this paper, consider the
conformal map
t—a

o(t) = In(-—

The mapy carries the eye-shaped region

). (3.4)

. z—a s
DE:{z:x+zy:|arg(ﬁ)\ <d§§},

ontoD,. The basis functions ofu, b) are then given by

t) — jh
5. o o(t) = sine( X0,
Notice that these functions exhibit Kronecker delta behavior on the grid poima, b)

defined by
a + beih

ty= 0"t Gh) = T
The mesh size h represents the mesh sizeDjnfor the unform grids{jh}, j =
0,£1,£2,.... The sinc grid pointg; € (a,b) in Dg will be denoted byt; because
they are real, let us also defipay p(z) = ¢?(*), andT be defined by = {z € C': 2z =
#~1(t),t € R}, we need the following definitions and theorems in [2].

(3.5)

Theorem 3.1.If ¢F € L,(D) thenforallx € T

|F(z) = > F(z)S(k,h) o ¢(z)| < %efwd/h.

k=—o0

Moreover, if| F(z)| < Ce=l¢(2)l > € T, for some positive constan€s and a, and if the
selectionh = \/nd/aN < 2nd/In 2, then

N
[F(z) = > F(zk)S(k,h) o ¢(2)| < CoV/Ne VN z €T,
k=—N

whereC; depends only o, d anda.
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The above expressions show sinc interpolatiod QD) converges exponentially [10].

Theorem 3.2. Let L, (D) be the set of all analytic functions, Ié} € L,(D),letN bea
positive integer and lef be selected by the formula

wd
alN

h=(T0t,

then there exist positive constant independent o, such that

F(Zk) _ 3
F(z)dz—h - < cpel~mdaN)2
froweon 35 Biies

Corollary 3.1. Let § € L,(D), and let h be selected by (3.3), then

F 1

| / F(2)S(k,h) o ¢(2)dz — h ,(Z’“) | < cgel=mdalN)> (3.6)
r o' (21)

Lemma 3.1. Let ¢ be the conformal one-to-one mapping of the simply connected domain

Dg onto Dg, given by (3.1). Then

L j=1

0, j#i. 3.7)

%?:w0mw¢muuh:{

4 Wavelet approach

In this section we construct continuous control functigh) by a finite combination of
elements of a basis [8]g;} which is dense it ([to, ¢;]) as follow

k
u(t) = ijQj7 4.2)
j=0
by using sinc collocation, we approximatét) as
N
2(t) = Y ¢;S(k,h)o¢(t). (4.2)
j=—N

Obviously by using (3.5), (3.7) in (4.2) we have
Z‘(tj):Cj, j:—N...N.

Replacing approximation defined in (4.1), (4.2), in cost function (2.1) we obtain

N

ty k
J(z,u) = / Ft, ) ¢Sk h) o b(t), Y wjg;)dt, (4.3)
j=0

to j=—N
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we rewrite the fredholm integration equation (2.2) as

N N k
S ¢80, h)o / Kt S S0k 066, Y wig)ds, (4.4)
j=—N to j=—N Jj=0
substitutingt = ¢;, i = —N ... N and by using theorem 3.1 in (4.4) we obtain
_ Ew —C). =
—h Z =G(t;), i=-N...N, (4.5)
j=—N

equation (4.5) consists 2N + 1 nonlinear algebraic equations with 2N + k + 2 unknown
{e; 3.y and {w;}5_,. The approximate control function and state function could be
obtained by solution of the following optimal problem

My - en,wo, - ,wk) Jk(chv s, CN,Wo, 7wk) =

S PNy €Sk ) o o(t), g wigy)dt,

—hYN 227;;) G(t_n) (4.6)
C-N+1— hZJ__ Ejr;(gN)ﬂ)C] =G(t-N1)

subject to:

N K i Cj
en = h Yoy GRS = Gltw).
AssumingJ;; as optimal value of (4.6) iith iteration, a stopping criteria may be consid-
ered as follows
|k — il <e (4.7)

small positive numbee could be chosen according to the accuracy desired. The above
results have been summarized in an algorithm.

5 Algorithm of the method

In this section, we propose an algorithm basis on the above discussions. This algorithm
is presented in two stages, initialization step and main step.
Initialization step: Choosees > 0 for the accuracy desired and get= 1, and go to the
main step.
Main step:
Step 1. Seti(¢) andx(t) by (4.1), (4.2) and go to Step 2.

Step 2. Compute; and¢; by (3.5) and go to Step 3.
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Step 3. Then compute nonlinear algebraic equations by (4.5).
Step 4. Finally compute optimization problem (4.6).

Step 5. Compute/; = infJ, in (4.6) if & = 1 go to step (7) otherwise go to step
6.

Step 6. If the stopping criteria (4.7) holds, stop; Otherwise, go to step 7.

Step 7.k = k + 1 and go step 1.

6 Convergency of the approach

In this section we are going to study the convergency of the proposed method in section
3.
Definition 6.1. Pair (x(¢), u(t)) is called an admissible, if it satisfies in (2.2). We defjne
as the set of admissible control functions ands the set of admissible pairs.
Definey’, andy" as follows:

N
on = {(@n (@), ur(t)) | ur(t chqj ), ur(t) €& an(t) = Y ¢;S(k,h)og(t)}
j=—N
"= {(x(t)7ur(t))7 ur(t) €, Z‘(t) = Z CjS(k7 h) © ¢(t)}

At first we express the following theorems.

Theorem 6.1. Assume that the exact solution of equation (2.2);,i&) with approxima-
tion u,-(¢) for control functionu(t), andx.. v (t) is the numerical solution of the equation
(2.2), then

sup o (t) — Y ¢;S(k, h) o §(€)] < C1v/Ne VrdelN

NeN Py

where( is a positive constant.
Proof:
Assume that the exact solutiomis(t), i.e

(1) = G(t) + / " K6t 2(€), up (6)dE,
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also assume that the numerical solutiorxisy (¢), then

0

ty N
rx(®) =GO+ [ Kt D S0nh) 0 6(6),ur (€)1
¢ eyt

sup [z (8) — @ (1)) < | / "Rt 2 (€)u () de

NeN
ty N
— | K&t Y ¢Sk h) o $(€), ur(€))de]
to J=—N
N
< VK ta(€), ur(9)|zn(t) = Y ¢;S(k, )0 $(€)],
j=—N

assumévV K is bounded
VK t,x(§),ur(§)) < M,

by using theorem (3.1), we have

N
() = 3 ¢;S(k,h) 0 $(€)] < Cov/Ne VN,
j=—N
then
N
sup |z, (t) — Z c;S(k,h)op(§)] < MCy/Ne~VrdaN,
NeN Pyt

LettingC, = M C, completes proof of the theorem.

If we definea’y, = inf ¢} J and also assumiaf ¢"J is finite, unique and equal ",
then we will have

Theorem 6.2. Show the following relation is hold:

a'>a?>..>a">--->a= inf J(z,u).
(z,u)€p™

Proof: By definitiony,

(plg(fc...g(prg...c(p.

Theorem 6.3. Showlim, .o, o = ainwhicha” = inf, ,)c,r J(2,u).

Proof: It can be concluded thafa"} is convergent, because it is a non-increasing and
bounded sequence. By the continuitypand density of polynomials ifi(7), the theorem
holds.
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Theorem 6.4. ([11]). Suppose thaK andY be metric spaceanfl C X, f: E — Y,
andp is limit point £
limg—p f(z) = q,
if and only if relation follow
limy,—oo f(Pn) = ¢
for all sequencdp, } in E that

Pn 7é b, limnﬂoopn =D

Theorem 6.5. Now we provelimi_o limp—oc@y = «, in which a =
an(m,u)ew‘](Xv U) = J(X*7 U*)
Proof: By above theorems the theorem holds.

7 Numerical examples

In this section we three (OCF) problems will be tested by using the method discussed
in section 4. In both examples we consider the monomial funct{ehs as dense basis
of C([to,t]) and we choose. = 1/2 andd = /2 which lead toh = 7/v/N. All
computations were carried out by MAPLE programming. In examples, the maximum
absolute error at sinc grid points is taken as

H b, ||: maxX_N<i<N |xexactsolutior{ti) — Zour methoz{ti) |

Example 1 Consider the following optimal control problem which is minimization
of the functional
2
J= / (z(t) — cosh(2t — 3) + cosh(1))? + (u(t) — %)th7 (7.1)
1

subject to:
t t 2
x(t) = cosh(2t — 3) + (5 —1)cosh(1) — 3 sinh(1) —|—/ tu(€)x(§)de,
1

With the optimal control functionu(t) =
cosh(2t — 3) — cosh(1).

By applying the proposed method the computed results have been shown in Table 1. We
report the absolute value of the errors of our method¥o 10 and N = 20 in Tables 2.

L and exact state function:(t) =

Table.1. Numerical results in Example 1.
I
k N=10 - N=20
0 0.56587 0.56575

1 0.45932 2.74037 x 10717
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Table.2. Absolute errors for:(¢) andu(¢) in Example 1 ¢ = 1).
N E, E,
10 0.700531 0.73925
20 5.22537 x 1079 6.77317 x 107°

Example 2. Consider the following optimal control of fredholm equation problem

™

Minimize J = /(i(x(t) — sin(t))? + (u(t) — cos(t))?dt,

subject to:

2

2(t) = sin(t) — % + /j u(€)2w()dE.

0

The exact optimal trajectory and control functions afe = sin(¢) andu(t) = cos(t), re-
spectively. Results of applying the given algorithm are presented in Table 3. Also, reported
the absolute value of the errors of our methodfor= 10 and N = 20 in Tables 4.

Table.3. Numerical results in Example 2.
T;

k N=10 N=20
4 7.3341 x 1079 6.8388 x 1077
5 5.2484 x 10~10 2.9656 x 10~ 11

Table.4. Absolute errors for:(¢) andu(t) in Example 2 g = 5).
N E, E,
10 2.0653 x 1075  2.6408 x 10~°
20 5.1497 x 107® 1.6535 x 107°
30 1.4172x 1078 1.6536 x 10~°

Example 3. Consider the following (OCF) problem
1
Minimize J = / (z1(t) — 2 + 1)* + (w2(t) — 1+ 3)2 + (u(t) — sin(t))* dt,
-1
subject to:

=14 / Bu(€) (1 (€) + 22(6)) de,

—1

pr =124 [ (€= u(©)mr() +22() de.

-1
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The exact control function and exact state functions of this problem@e= sin(t),

x1(t) = t? — 1 andz(t) = 1 — 2, respectively. Results of applying the given algorithm
are presented in Table 5. Also, reported the absolute value of the errors of our method for
N =10andN = 20 in Tables 6.

Table.5. Numerical results in Example 3.

k Ik

N=10 N=20
4 1.88493383 x 10~ 1.88493381 x 10~
5 6.88 x 10712 6.88 x 10712

Table.6. Absolute errors for:(¢) andu(t) in Example 3 g = 5).
N E, E,., E,
20 3.0945 x 107 5.1672x 1077 7.1 x107°

8 Conclusion

In this article, the sinc functions and parametrization approach are used to solve the op-
timal control problem governed by Fredholms integral equations. Numerical results given
in tables show high accuracy of the proposed method, with increasing the N, errors are
decreased more rapidly. We can get much better results with increasing the N.
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