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Abstract: We propose an approach to achieve quantum computation teithias qubits in a cavity QED. We encode a single qubit
on a pair of atoms. The qubit is typically encoded by two teweels atoms with one is in the ground state while the othdrearekcited
state. We propose an universal set of gates including tvadioois X and Z on the Bloch sphere of each single qubit and arQsd
NOT gate of each two-qubit.
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1 Introduction: ler)) and (go), |&)) respectively, the qubit is typically
encoded by two two-levels atoms with one is in the level

Usually the quantum information processing in a cavity |g) while the other in the levek). The idea of encoding a

QED uses either the atoms or photons as qubits. Thaingle qubit on a pair of atoms is similar to dual-rail qubit

problem of storing and manipulating entangled atomicrepresentationd4,35] which is encoded by the presence

and photon states has recently received much attention inf a single photon in one or the other of two optical cavity

the context of recent proposals for implementing quantummodes. The concept of using the représentatme,)

logic gates, such as photons in the polarization degree odnd|e;g,) is not new B6,37,38], but existing methods for

freedom (DOF) 1,2,3] and those in both the polarization quantum logic do not, to our knowledge, use the all

and the spatial-mode DOFs (the hyper-parallel photonicadvantageous of this representation.

quantum computingy,5,6], nuclear magnetic resonance

[7,8,9,10], quantum dots 11,12,1314,15], diamond

nitrogenvacancy centet$,17,18], superconduting qubits

[19,20], superconducting resonators (microwave photons)2 Universal Set of Logic Gates:

[21,22], and hybrid quantum system&3,24]. Atomic

systems are excellent quantum memories and are more

suitable for large scale quantum computation. Whereadf we let two atoms 1 and 2 simultaneously interacting

photons are robust against decoherence and can be easijth a single mode in a cavity QED and if we assume the

transmitted over long distances. We will discuss the setuptoms are intially in the statefyie;) or |eigp) (see

where atoms are the qubits and photons are used tfgurel). Then the statgne,) encode the qubit state-)

manipulate the atoms. A single two-level atom coupled toand|eigz) encode the qubit state-) (see table.1):

a single cavity mode is one of the simplest quantum For a universal set of gates, we need a

systems. Each qubit can be represented as a lineanulti-qubit-entangling gate and two rotations on the

combination of the two atom states (i.e the ground stateBloch sphere of each single qubRY. We choose the

|g) and the excited statge)). In this work we adapt a rotations about x and z axes for a single qubit and a

different approach by encoding a single qubit on a pair of CNOT gate for an entangling multi-qubit gate to achieve

atoms. If we consider two atoms 1 and 2 with leveds X, the universal set of gates.
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Table 1: The qubit is encoded by two atoms with one is in the When Q > 8,9 and > g, we can obtain the
level|g) and the other in the leves) . evolution operator of the system in the interaction picture

atoms states qubit [26,27] _ .
&)  — [ Uy (t) = e HotgTHet ®)
lege)  —  |+) .
with N
Ho=02Y (5/+5)) ()
=1
and
II'-‘.\\ t' ‘\\ r .‘\ P o N
A A
(i el | | |l i) He= [ 5 (Je) (eil 191} (a1
[P Ty | P—, | [g) e 1 )/ 1=
(4 \ (4 \ 04 \ 7
'\“ —" \.\‘-_" \\-_—" \\‘-.“’ N
Pl atom2 atom1 atom2 + Z (SJ" $ + SJ" SK_ +H .C) (5)
jk=Lji#]
Qubit |-} Qubit |+) whereA = . Then, the time evolution of the initial

statedgie) anczﬁelgz> (N = 2), can be given a2f[:
Fig. 1: The alternative representation of qubit which is encoded i i i
as a two atoms with one is in the leve) and the other in the |91€2) — € {13 lgr) —id2]er)) (O1]er) —102]g2))]
level|e) (|g1€2) =|—) and|eigz) =|[+)). —inz[(d1]er) —182(01)) (&1|92) —i62]€2))]}

le12) — e {n1[(81|er) ~ % |01)) (81 ]2) — i2e2))]
~ina[(31/91) —i%e1)) (31]e2) —i%2(g2))]} (6)

with &; = cogQt), & = sin(Qt), n1 = cogAt) and
N2 = sin(At).

The global phase factoe ! is omitted in the
following equations. By using the definition of qubits
(lo1e2) = |—) and|e1g2) = |+)) and by settingQt = T,
one finds that:

2.1 Rotation about the x-axis

To construct a rotation about the x-axis, we consider two
identical two-level atoms numbered 1 and 2
simultaneously interacting with a single-mode cavity field
with frequencyw, and driven by a classical field with
frequencyw. The two atoms are initially in the states
|o1e2) or |e1gp). We will see that the photon-number
dependent parts in the effective Hamiltonian are canceled

with the assistant of a strong classical driving field. |—) — cogAt) |—) —isin(At) |+)
' The genera! Hamiltonia# for' the.system, with th'e |+) — cogAt) [+) —isin(At)|—) (7)
dipdle and rotating wave approximations, can be written
as h=1)[26,27,28]: so that, finally the x-rotation operation becomes:
N N R(t) = cogAt)l —isin(At)ox
H= - ata a"S +4as” . . . . .
o JZlSZ’J twdtat & {g (a ) a5 ) Oy is the pauli-X gate antlis the identity gate.
—icot j ot
+Q(sj+e' +5¢ )} 1)

2.2 Rotations about the z-axis
whereN is the number of atoms (hei = 2). & and
a" is the boson operators for the cavity modeis the  we adopt the following scheme to achieve the rotation
atom-field coupling constang is the Rabi frequency of about z-axis [see figure2]. If we take two different
the classical field,ap is the frequency for atomic two-levels atoms passing through a cavity QED and
transiion and S;; = 3(|ej){(g|—|0j)(gj|),  simultaneously interacting with a single-mode cavity. We
Sj+ = lej) (gj, S = l9;) (gj]. assume that the systefmtoml+atom2+cavity modeis
initially in one of the statesggi, ez, 1) or |e;,g2,1). We
consider a very high detuning between the first atom and
the cavity mode, and a large detuning between the second
N atom and the cavity mode.
H=Y [g (e*i&gﬁgj 4 ei5tasj+) L0 (sj+ 4 57)} We know that for a large detuning, a system with a two
= level atom interacting with a single mode cavity, remains
(2) in its initial state and a phase shift can be produce@8s [

Assumingwy = wandd = wpy — wa, We have following
Hamiltonian in the interaction pictur@§,27,28]
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les) 2.3 Entangling Multi-Qubits Gate

4,
lez) In addition to the one qubit x-rotation and z-rotation

A, gates, we also need to an entangling multi-qubit gate to

is the most obvious condidate for a multi-qubit entangling

W gate, can be implemented by using the definition of such

logical qubits.

seesssssslonannnannnannnanss * llllllllIllllllllllllllllll Complete a unlversal Set Of gates The CNOT gate' Wthh
|
|
|
|
[ lga) We consider four identical two-level atoms

lgs}

2 \ > an : .
Wi - single mode cavity field with frequenay, and driven by

a classical field with frequency. The four atoms are
Fig. 2: Representation of two two-levels atoms with a very high initially in the states|gie,gses), |01€2€304), |€10203€4),

numbered 1, 2, 3 and 4 simultaneously interacting with a

detuningA; for the first atom and a large detunidy for the or |e1g2€e304). We have the same scheme as that of section

second atom. 2.1, but with four atoms instead of two. We use the
equations (1) to (5) wittN = 4 to develop the evolution
operator of eq.(3). We defing = 337, (STJrSJ_)
Then the egs. (4) and (5) reduce ky = 2QS; and

» He = 2A £ respectively and the eq. (3) becomes:
jg,n) — €™ [g,n)

—i®o(n+1) . )
len)— e le,n) (8) Ul (t) = e 122152t} (13)

with @(n) can be expressed &29:

A G 92)\? whereA :%.
®(n) = 2_Vo/dz 1+n (A—/2> -1 ©) By considering the matrix representation $¢

we develop the evolution operatdf(t) in the space
wherevis the velocity of the atom passing through the SPanned Dy the basis statg$01929s94), |019203€4),
cavity, L is the cavity lengthn is the number of photons in |01926304),10192€3€4),101€20504),|91€205€4),101€2€304),
cavity andg(z) is the coupling constant which in our case |0162€3€4),/€1020304)|€10203€4) [ €102€304), | €102€3€4),

is independent of z. |€1€20304),|€1€203€4),|€1€2€304),|€1€2€3€4) } AS:
Whereas for a very high detuning the system remains
in its initial state. From these considerations, we can say U(t) = an+BI Fyd+ USc+ VSI< (14)

that the first atom state remains unchnaged while for the
evolution of the second atom, we will introduce a phase

shift as: with
%, .
g1.€2.1) — e % |g1.€,1) . (e7®cogaQt) — 1)
1%y B 4 ’
|e17 02, 1> — elAz |e17 02, 1> (10) (4e—i2/\t COiZQt) _ e—i8/\t COS(4Qt) + 5)
that we can write agdie) = |—) and|ei1g2) = |+)): B= _ 8 ’
2 _ (—4e"Mcoq20t) + e #cog4Qt) + 3)
=) e e - 8 |
. i) . _i8\ .
42—942% is_ggt b i (2e7sin(2Qt) +e*sin(4Qt))
|[+)—e Z2eZ2 |4) (11) 4 )
So, the z-rotation operation can be constructed as (the |, _ | (—2e'Psin(2Qt) + e sin(4Qt))
3 - 4
global phase faccg ' 22" is omitted):
395 s I is the matrix Identitdl =1; @1, ®13® 146t = 0} 1 ®
R(t) = cog ==2t)l —isin(==t)o:; 12 1ei2ieis&ia x1
() i2A2 ) (242 )0z (12) Ox,2 @ Ox 3 & Ox 4.
0z is the pauli-Z gate. The matrix representation & andS, are defined as:
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1
|g1€2€304) — > [0 101020304) + V |010203€4) + U |9102€304)
+0|0102€3€4) + 1 |01€20304) + O |g1€203€4)

0210100000000 00]
100£002000100000 +V|]€1020304) + 2y|€10293€4) + O |€102€304)
0iloo000i000i0000 1V |€102€3€4) + O [€1620304) + V |€1€203€4)
1ooo00ilo0000i000 +H |e1€2€304) + O [€182€384)] (16)
o%oo%oo%ooooo%oo
0030500500000030 1
s _ |00 0401100000000} |€19203€4) — 5 [(101929304) + H919203€4) + V9192€394)
— |1 110l )
300000000; 305000 +0|g192€3€4) + V[01€20304) + O |1€203€4)
0200000030030200 >
2 7 222 +2y|01626304) + V |01€2€3€4) + U |€1020304)
ooioooo00io0fo0io0
1 11 1 +2(a + B) |e10203€4) + O [€102€304)
0oo0io00000il00001
00 00% 0 00% 000 0% %o +HU |€102€3€4) + O |€1620304) + U |€16203€4)
00 ooo%ooo%oo%oo% +V|e1828304) + O |€1€58384)] 17
0000003000305003
0000000000303 30 1
- - |€102€394) — 5 [(101929304) + V[919293€4) + H[9192€394)
+0|9102€63€4) + V[01€20304) + 2|91€203€4)
) . o +0[0162€304) + V |g1€2€3€4) + [ |€1020304)
0000000;00050550 +ae1920zes) +2(a + B) [€1028304)
0000005000505007 + 1| €102€34) + 1 [€1€20504) + V |e1€203€4)
000003000500300; +H |e1€26304) + O [€182€384)] (18)
0000500020000%30 g
oooloooo0o0iiooo00i If we choose:
003000002002 001%0 _n
2 2 2 2 At = (29)
0500000050050200 4
- $00000000} 303000 and
~|00030ii00000000} B m
0030300300000030 Qt=(2&+D3 (20)
100fp00! 1 _ _
2688688688385088 we cangetr =0,8 =1, y=11 /=0,v=0and the
(2) % % 0 O%) 6% 00 O% C2)0 00 time evolution of the initial states of the system becomes:
1 1 1 1
20020050005;00000 |1€203€a) — B|01€203€a) + V| €102€50s)
2 (13 (l)é ?? 00 ?? 000000 |91€2€304) — B |01€2€304) + Y |€10203€4) 21)
[0530500030000000] |€10203€4) — V|01€2€304) + B |e10203€s)
|€1026304) — V|016203€4) + B [€102€304)

We use the logical qubits (ifg1e2) = |—1), |€102) =
|+1), |g3€4) = |—2) and|esgs) = |+2)), then we would be
interested in the time evolution of the initial states
|91€203€4), |01€2€304), |€10203€4) and|e102€304)

We represent; (t) in the subspace spanned by the
basis states of the  previous  wavevector
{l=1=2), [=1+2), [+1—2), [+1+2)}, one finds:

Flolo %
/ o [ |H5] o
. Uit =& %y (22)
|918203€4) — 5 [0[01920304) + H[9192054) + V [0102€304) L 5 1
+0 |g192€3€4) + U [91€20304) (15)
+2(a + B) |g1620364) + O | 9162304 This matrix is equivalent to CNOT up to one-bit

operations (see figure.3).

+H0182854) + v [€102030a) + O [€1020364) Hence, we can achieve the CNOT gate. We take the
+2y|€1926304) + V [€102€3€4) + O [€1€20304)  interaction time t such thatt = 7 and next we can choose
U |e1ex0ses) + V|ereresga) + O |e162e3€4)]  the Rabi frequency2 appropriately to satisfy eq (20).
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where the interaction HamiltoniatiH; (t) is given by:

=R (/4] fe H et —{ H = AH(t) = UT(tH)AH(1)U (t). We can treatU(t) as a
U(t) = CNOT constant during the integration becauskH(t) is
; = oscillating much faster than the propagator. Then we get:
-1 Ry(“) m Rx(“fz:' 1 ™ R\‘.[-K} B Zg . 4 " .
Ui(t) = 1—|53|n(Qt)JZlU HOSU(t)
: . 2 4
Fig. 3: Representation of CNOT gate whei¢ represents 9 . + i
the Hadamard transformation anB(6), Ry(6) and R,(6)) Q2 Z (1-cog2Qt))U (t)sg'S;U () +
represent respectively a rotation of anglaround axis (x, y and e
2). (26)
Near the timet = 2"—952 and for the initial state
|016203€4), |01€2€304), |€10203€4) OF |e10p€304), We
To investigate the experimental feasibility of this -~ _Zi
proposal, let us consider Rydberg atoms which interact Fe1 Q2 (1-cod20Q1)) 27)
with a high Q cavity. The photon decay time is about o ] ]
T. = 103 [32] and the coupling constant is Next, we show the plot ofﬂdehWasafuncUon%fm

g=>50x 2nKHz [32]. Thus, the interaction time is about figure.4. We find that high fidelity is obtained f%{ > 10,
T=7 = 292 Settingd = 10g, we havet ~ 5.10™°s,  which is in good agreement with the approximation made
which is much smaler than the photon decay time. by neglecting the terms oscillating fag® > 9, g)

-Fidelity: In the derivation of effective Hamiltonian in
eg. (5) and by assumin@ > &, g, we have neglected the
terms oscillating fast{7:

4 1 1 Fidelity ' ]
Z [ —|5t ( 0+e|Qt EUJ_ —|Qt) +H C] 0.99 T
=1 0.98 T
(23) 0.97 T
In this equation, we use the atomic basis:
[+i) = 25 (l9i) +ey)) and|—j) = 75 (|gj) — |ej)) to "
defineo/and 0;: 0" = [+j)(—j| and|—j)(+j| (Do "
not confuse with the notation of the logical qubit that we =
have discussed in this proposal). 093 T
These terms induce Stark shifts on the St$@$ and 092+
\ej> and could reduce the fidelity of the gate. Here we i1 1
calculate the dependence of fidelity considering these )00
errors. We can also writdH (t) as: T
4 ) o
=>ig [sin(Qt) S} —cos(Qt) S| ag® +H.C
=1 Fig. 4: Fidelity as a function of% for the implementation of
i j 10 _ _ _ (24) CNOT gatéc‘i_: 10g). Here we consider the errors introduced by
Wlth S = z(e)(el- ‘91_> (9i]) and  the Stark Shifts.

S = 3 (lej) (gi| —|gj) (&])- For theS; terms, we can
use the spin-echo technique to eliminate the errors. Then
we will only study the effect of théS, terms on the gate
operation. For these terms, we use the method describ
in Ref.[33 to study their effect.

Changing to the interaction picture, we may find the .
propagatotJ; (t) from the Dyson series: 3 Conclusion

It should be noted that the estimation of Fidelity is
egptained in the interaction picture.

U(t) =1—i t dt/AH, (') In summary, we have shown that the quantum gates
in cavity can be realized when the qubits are encoded by

o , " two circular Rydberg atoms with one is in the ground
_./o A dt'dt”AH, (1) AH, (t7) + ... (25)  state and the other in the excited state. We have also seen
(@© 2017 NSP
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that this logical representation of qubits can realize a[14]26 Pica, G., Lovett, B., Bhatt, R., Schenkel, T. &
universal set of logic gates. In this regard we have  Lyon, S. Surface code architecture for donors and
implemented two rotations X and Z on the Bloch sphere  dots in silicon with imprecise and non-uniform qubit
of each single qubit and a Controlled NOT gate of each  couplings.arXiv:1506.04913 (2015).

two qubit. The system seem promissing for scalability [15] 27 Trifunovic, L., Pedrocchi, F. L. & Loss, D. Long-déstce
and through all these methods, we believe that more entanglement of spin qubits via ferromagnet. Phys. Rev. X
complex gates could be built up. However, the 3041023 (2013).

atom-cavity interaction appear to be in the range ofl16]28 O'Gorman, J., Nickerson, N. H., Ross, P., Morton,.J. J
practicality and other applications such as the creation of ~ & Benjamin, S. C. A silicon-based surface code quantum
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