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Abstract: In order to characterize the systems of second-order ODEs which admit a regular Lagrangian function, Noether symmetries
for the geodesic equations of the canonical linear connection on Lie groups of dimension three or less are obtained, so the character-
ization of these geodesic equations through their Noether’s symmetries Lie Algebras is investigated. The corresponding conservation
laws and the first integral for each geodesics are constructed.
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1. Introduction

Second order ordinary differential equations (ODEs) on
finite dimensional manifolds appear in a wide variety of
applications in mathematics, physics and engineering. In
classical mechanics they are Newtons equations of mo-
tion and the Euler-Lagrange equations of a mechanical La-
grangian. The inverse problem of Lagrangian dynamics
consists of finding necessary and sufficient conditions for
a system of second order ODEs to be the EulerLagrange
equations of a regular Lagrangian function and in case they
are, to describe all possible such Lagrangians.

The inverse problem of Lagrangian dynamics for the
geodesic spray associated to the canonical symmetric lin-
ear connection on a Lie group of dimension three or less
was solved in [1]. This connection was first introduced by
Cartan and J.A. Schouten [2] and its properties were stud-
ied in details in [3]. In [1], it was proved that the geodesic
equations of this connection are variational for all Lie groups
in dimensions two and three. Moreover, an explicit La-
grangians for each group in these dimensions were given.
For more details on the inverse problem and the canonical
connection we refer the reader to [4,5,1,3].

Our need to characterize those systems of second-order
ODEs which admit a regular Lagrangian function indicates
the importance of studying these geodesics that were con-
structed. In this paper, the characterization of these geodesics
through their Noether’s symmetries Lie Algebras is inves-
tigated. The corresponding conservation laws and the first
integral for each geodesics are obtained.

The outline of the paper is as follows. In Section 2,
we investigate the Noether symmetries and Noether theo-
rem. Lastly, in Sections 3 and 4, the Noether symmetries
for all the geodesic equations were derived with the in-
tegrals of motion. The classification of the Lie algebras
of the Noether symmetries is studied. Concluding and re-
marks are given in the last section.

2. Noether symmetries and Noether theorem

let us consider the k-th order system of partial differential

equations (PDEs) of n independent variables x = (x1, 2,

..., Z,) and m dependent variables u = (ul,u?, ..., u™)

Ea(m,w’lL(l),...,U(k)) =0,a=1,.. 2.1)

7m7
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where u(1y, u(2), .-, (k) denote the collections of all first,
second,..., k-order partial derivatives,

e, uf = Di(u®),ui; = D;jD;(u®),...respectively, with
the total differentiation operator with respect to z! given
by

D, = %4—@62& +ud e+ i=1,.0n, (22)

5] du;Y
in which the summation convention is used.

The following definitions are well-known (see, e.g. [7—
10)).

Definition 1(The conserved vector). The n-tuple vector
T=(TYHT?..,T"), TV € A, j =1,..,n,
is a conserved vector of (2.1) if T" satisfies

DiT" |(2.1)=0, (23)

where A is the space of differential functions.

Definition 2(The Lie-Bdcklund operator). The Lie-Bécklund

operator is

X:éﬁ@

D7t

+n52% Eon €A,

2.4)

where A is the space of differential functions.
The operator (2.4) is an abbreviated form of the infinite
formal sum

(2.5)

_¢i d d 9
X = £Z ozt + na ou™ + Z ’ﬁlzlg ous . 0
S 16z is
where the additional coefficients are determined uniquely
by the prolongation formulae

a_ D (W Ty
= DI L 0 4 s 2.6)
=D;,..D;, (W) +&u s> 1,

il...is jil...is7
in which W¢ is the Lie characteristic function

W =n* —&uf. 2.7)

Definition 3(The Euler-Lagrange operator). The Euler-
Lagrange operator for each «, is given by

5,% = aga + Z(—l)sDiynDisau%, a=1,..m.

a>1 i1ig...is

2.8)

Definition 4(Lagrangian and Euler-Lagrange equations).

If there exists a function L = L(x,u,u(y,...,uq)) €
A, I < k such that the system (2.1) can be written as
dL/éu™ = 0, then L is called a Lagrangian of the sys-
tem (2.1) and the differential equations of the form

SL o —0,a=1,..,m, (2.9)

are called Euler-Lagrange equations.

Definition 5(The Action Integral). The action integral of
a Lagrangian L is given by the following functional

J[u]:/ L(z,u, uey, -, ugry)de, (2.10)
Q

where L is defined on a domain (2 in the space
x = (21,2, ..., Tp)-

Definition 6.The functional (2.10) is said to be invariant
with respect to the group G, if for all transformations of
the group and all functions u = wu(z) the following equal-
ity is fulfilled irrespective of the choice of the domain of
integration

/L(x7u,u(1)7...7u(k))dm
o)

:/L(i‘,ﬂ,ﬂ(l),...,ﬂ(k))di', (2.11)

Q
where % and (2 are the images of u and {2, respectively,
under the group G,

Lemma 1.[10] The functional (2.10) is invariant with re-
spect to the group G, with the Lie-Bdcklund operator X of
the form (2.5) if and only if the following equalities hold

WeSL/6u® + D;(N'L) = XL + L D;¢" = D; B,

(2.12)
where
V=W
+ 2 Dil"'D%s(Wa)ﬁ,i =1,..,n.
s>1 ii1ig...ig
(2.13)

Theorem 1(Noether’s Theorem). [10] Let the functional
(2.10) be invariant with respect to the group G, with the
Lie-Bicklund operator X of the form (2.5). Then the Euler-
Lagrange equations (2.9) have r linearly independent con-
servation laws D, T"? = 0, where

Ti=Bi—NiLi=1,..n. (2.14)

3. The two-dimensional Lie algebra

In this section there are two Lie algebras to consider, namely,
the non-abelian, g2 non—abelian, and the abelian one. In
both cases the geodesic equations of the canonical con-
nection and their corresponding non-singular Lagrangians
are given. The Lie algebras of the Noether’s symmetries
for both cases are classified and the integrals of motions
are obtained. For simplicity we shall denote the deriva-
tives (&,9,2) of z,y and z w.r.t. the independent vari-
able t by (x1,y1,21). As a final remark, since the calcu-
lations are very lengthy, we will only do the non-abelian
2-dimensional case (3.1) in details and for the rest of the
cases we will list the Noether’s symmetries.
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3.1. le1, e5] = ey (The Lie algebra of the affine
group on the real line g2 yon—abetian )

In local coordinates (x, y), the geodesic equations are given
by
T =21y
=0 3.1
System (3.1) has a Lagrangian [1]

2 2
Il YL (3.2)

L=evil
¢ oy T2

for which the Noether symmetry

X =860, +md, + ngﬁy 3.3)

satisfies (2.12), viz.

nex1?ys + Smewi® — 2y H — 2212y 2

-2 961:912%771 + 8%7729312 + 2@13%3169

+2 & Biyr?e¥ — 2 Smayr eV — 23/14%77289

+y1t 2 Y + yf’%fley + 2212 By, %e

213 Zmy — 221 2 noyr®e¥ 4yt L e = 0.

3.4

Now comparing coefficients of the derivatives of x and y,
we obtain the following overdetermined linear system.

G =0, n2—24-m + £ =0,

%772 =0, 2%,’72 - %gl =0,
%772 =0, %m - %Bley =0,

(3.5)
%772 = 07 %7]2 - %Bl = 07
26 =0, 5B, =0,
%51 =0.
Solving this system gives rise to
512017ﬁ1=%03$+04ey+027 (3.6)

n2 =cs, Bi=c;x+cs5.

At this stage we construct the Noether symmetries corre-
sponding to each of the constant involved. These are total
of four generators given by

X1 = %, X3:$@+23@7
5 Y 4 3.7
X2 = Erg X4 = ey—.
The nonzero commutators for the Lie algebra arising from
the 4 Noether symmetries (3.7) are given by

[Xo, X3] = Xo, [X3,X4] = Xy (3.8)
One can see that under a change of basis, namely,
e1 = Xo, e2 = X3, e3 = Xy, (3.9)

the Lie algebra g of the Noether symmetries is decompos-

where (e1, es, e3) is the three-dimensional solvable Lie al-
gebra given by the non-zero brackets
le1, e2] = e1, [e2, e3] = es.

To find the conservation laws corresponding to the above
Noether symmetries, we use the formula given by (2.14).

1_,,. 2 2 _ e Yz
T_ylvT_ 17

1
T8 _ (z1y1z—31°4+2y1%e )e ¥

212 , Th = 4D

Yir—x1
Y1

3.2. le1, es] = 0 (Abelian Lie algebra)

In local coordinates (x, y), the geodesic equations are given
by

=0
=0 (3.12)
System (3.12) has a Lagrangian [1]
L =212+ y? (3.13)
for which the Noether symmetry
X = &0 + 1m0y + 120y (3.14)
satisfies (2.12), can be estimated easily as.
_ 9 _ _ 4,0
Xl - aaaX?) _8373/7 X58_ tFya
P o v P P (3.15)
Xo =g Xa=tg, Xe=yg; — 25,
Xg =125 +te s +ty.

with the gauge term By (t,z,y) = cs (2% + y*) +2¢; v+
2¢c5y + cg.

The nonzero commutators for the Lie algebra arising from
the 8 Noether symmetries (3.15) are given by

(X1, X4] = X2,  [X1,X5] = X3, (X1, X7l =2 X,
(X1, Xg] = X7, [Xo,X6] = —X3, [Xo, X7] =X,
[Xo, Xg] = X4, [X3, X6] = Xo, (X3, X7] = X3,
(X3, Xg] = X5, [Xy, Xg] = X5, [Xg, X7] =Xy,
[XE)) XG] - X4, [XE); X?] = _X,S, [X7,X8} =2 Xg.
(3.16)

One can see that under a change of basis, namely,

e1 = Xo,e0 = X3,e3 = Xy,
es = Xs5,e5 = Xg,
es = X1,e7 = —Xg,es = —X7.

(3.17)

The Lie algebra g of the Noether symmetries is a semi-
direct sum of the form
g = (e1,e2,e3,e4,¢5) ® sl(2,R) (3.18)

where (e1, ea, €3, €4, €5) is the five-dimensional solvable

able as a direct sum of the form Lie algebra given by the non-zero brackets [eq, e5] = —es,
[e2, 5] = e1, [e3, e5) = —eu,[eq, e5] = e3.
g=(e1,e2,e3) OR (3.10)
© 2013 NSP

Natural Sciences Publishing Cor.



314 ~N S e

R. A. Ghanam, A. Y. Al-Dweik: Geodesic equations of the canonical connection on ...

And the conservation laws corresponding to the above
Noether symmetries are

Tl — I12 _|_y12’ TQ =1, T3 =y,

Tt =

x—xit, T° =y —yit, T® = 11y — 12,

T" = (212 + 1) t — 217 — Y1y,

T® = (1° +91°) 1* = 2 (1y + z12) t + 2° + 9>
(3.19)

4. The three-dimensional Lie algebra

In this section we consider the list of the three-dimensional
Lie algebras described in Jacobson’s classification [6]. Fol-
lowing the convention in [1], the brackets of the Lie alge-
bras (4.1-4.6) are given by

le1,e2] = 0,e1,e3] =aer +cea,[ez,e3] =ber +d e,
4.1)
and their corresponding geodesic equations take the form

(ax +by)2
(ct +dy)z
0

Tr =
y = 4.2)
For the algebra 4.7, it is a direct sum of the two-dimensional
non-abelian algebra with the reals, and so we only add
Z = 0 to the system of the geodesic equation for the two-
dimensional case, and for the algebras in 4.8, the connec-
tion is flat and we consider a quadratic Lagrangian. For all

cases, we only list the Noether symmetries, classify their
Lie algebras and obtain the integrals of motion.

4.1. leg, e3] = a ey, [eq, €3] = d es where
(a+d)#0, ad(a—d) #0

In local coordinates (x,y, z), the geodesic equations are
given by

with the gauge term By (t,2,y,2) =2c5 ax+2cs dy+
Cry.

The nonzero commutators for the Lie algebra arising from
the 6 Noether symmetries (4.6) are given by

(X2, X4] = a Xo, [X3, X4] = d X3, [X4, X5] = a X,
[X47X6] =d Xs.

4.7
One can see that under a change of basis, namely,
e1 = Xo, ea = X3,
ez = Xy, eq = X5,
€5 = X6, €g — Xl.
4.8)

the Lie algebra g of the Noether symmetries is decompos-
able as a direct sum of the form

g= <61,62,€3,€4,€5>@R (49)

where (e, ea, €3, €4, ¢5) is the five-dimensional solvable
Lie algebra given by the non-zero brackets [e;, e3] = aey,
[e2, €3] = dea, [e3, e4] = aey, [e3, e5] = d es.

And the conservation laws corresponding to the above
Noether symmetries are

7y,

T122127T2:e’w17T3: ,
z Z1

T4 — efz(“er)(Q zlgez%““)—&-yl(yzld—yl)e“z+;c1e‘lz(wz1a—$1))
= o2
5 _ xz10—T] 6 _ yzid—y1
T5 = zza—a 76 _ yzd—y

z1a dz1

(4.10)

4.2. le1,e3] =ae; —bey, [eg,e3) =bey + aeq
where a # 0,b# 0, a*> + b* =1

In local coordinates (x,y, z), the geodesic equations are
given by

= (ax + by)z
= (bt +ay)z (4.11)
z2=0

System (4.11) has a Lagrangian [1]

% = agz e 4”? 2 — 212) cos (bz) + 2 z1y; sin (bz
ij = dy 43 o mm?)cos(b) +2myisin(bz)
=0 22
(4.12)
System (4.3) has a Lagrangian [1] for which the Noether symmetry
ety 2 4 e—dzy,2 , X =810t +mOy + 120y + 130, (4.13)
L= 21 T “4) satisfies (2.12), can be estimated easily as.
for which the Noether symmetry X = 3%,
X2 = 9
X = &0 + MmOy + 120y + 130, 4.5) X, = 6@;’
_ 9 9 o
satisfies (2.12), can be estimated easily as. Xy=(az+by)g +(ay—b I)OT/ +25 (4.14)
X5 = (bcos(bz) —asin(bz))e?* L
X1 = %, X, = ax% + dya% +2Z, —(a cos(bz)+ l.)sin(b z))e“;(%,
XQZ@,X}, “Z@, (4.6) X6 = (a cos(bz)Jrbsm.(bz))e“"“'%a
Xs=g,, Xe =5, +(beos(bz) —asin(bz))e* .
© 2013 NSP
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with the gauge term By (¢t,2,y,2) = ¢csx + ¢5 y + ¢7.
The nonzero commutators for the Lie algebra arising from
the 6 Noether symmetries (4.14) are given by

[XQ,X4] = (IXQ - ng,
[X47X5] =a X5 — b Xs,

(X3, X4] = b X5+ a X3,
[X4,X6] = bX5 +a X@.

(4.15)
One can see that under a change of basis, namely,
e1 = Xo, e0 = X3, e3 = Xy, e4 = X5, e5 = Xg, e = X1,
(4.16)

the Lie algebra g of the Noether symmetries is decompos-
able as a direct sum of the form
g = (e1,e2,e3,e4,e5) R 4.17)

where (e, e, €3, €4, €5) is the five-dimensional solvable
Lie algebra given by the non-zero brackets
[e1, e3] = aey — bea, [ea, e3] = bey + aea,
[e3, ea] = aeq — bes, [e3, e5] = bes + aes.

And the conservation laws corresponding to the above
Noether symmetries are

Tl = Z137
T2 — (z1 cos(bz)—yi1sin(bz))e” **
T3 = (y1 cos(b z)+;11sin(b z))e **
zZ1 ’
T = ((_yly +zx1) az — 2 + y12) cos (b z) e"0%z 2
+ ((—21y — y12) azy +2x1y1)sin (bz)e @z 2
+(21y +y1x) beos (bz)e %%z 71 — 622
+ (=Y +xw1) bsin(bz)e %271,
T5 — yzi=bai—ays
21
6 _ +byi—
TS = zatbyi—am
(4.18)
4.3. [e1,e3] = e1,[ez,e3] = e1 + ey

In local coordinates (z,y, z), the geodesic equations are
given by

=(t+7y)2
iy =9z 4.19)
z2=0
System (4.19) has a Lagrangian [1]
efzy12 )
L=z (Iny; —Inz; —2)+ . +yz1+21° (4.20)
1
for which the Noether symmetry
X = &0 + 1m0y + 120y + 130, 4.21)
satisfies (2.12), can be estimated easily as.
_ 9
X, = o
X5 = bt 4.22)
XS = aiyv

with the gauge term By (¢, 2,y,2) = cs 2z + ¢4.
The commutators for the Lie algebra arising from the 3
Noether symmetries (4.22) are all zeros, so the Lie alge-
bra g of the Noether symmetries is the three-dimensional
abelian Lie algebra.

And the conservation laws corresponding to the above
Noether symmetries are

T'=22,T?=lny; —Inz — 2, T3 =2 — 2"“ —z,
4.23)
4.4. [eq, e3] = —ea, [eg, €3] = e1 (The Euclidean

Group on the plane E(2))

In local coordinates (z,y, z), the geodesic equations are
given by
&= yz
j=—
zZ= O

System (4.24) has a Lagrangian [1]

(4.24)

2 2
Y1°+ 2

L=zy; —yzr1 + + 2 4.25)

21

for which the Noether symmetry

X =80, +md, + 7728y + 130, 4.26)

satisfies (2.12), can be estimated easily as.

Xl -
X2 =
X3 =
X4 =
with the gauge term By (¢, z,y,2) = (rcg — ycr) cos (2)+
(—xcy —ycg)sin(z) —xesg + coy + cs.
The nonzero commutators for the Lie algebra arising from
the 7 Noether symmetries (4.27) are given by

(9
; X5 = Z/ 8y7

smzag —|—cosz%y
= COS 25, —slnzay,

(4.27)

(X2, X5] = — X3,  [X3,X5] = Xo, (X4, Xo| = X7,
(X4, X7] = X6, [ X5, X] = X7, [X5,X7] = Xe.
(4.28)
One can see that under a change of basis, namely,
e1 = Xo, e2 = X3, e3 = Xy + X5, eg = Xy, e5 = Xg,
€ = X7,€7 = Xl.
(4.29)

The Lie algebra of the Noether symmetries is decompos-
able as a direct sum of two copies of the Euclidean algebra
and the reals (E(2) & E(2) ® R).

And the conservation laws corresponding to the above
Noether symmetries are

T =22, T? =y — T3—£E-|-y1
T4:%+212 2z1,T5—y +a’ 2 —2¥n
T6 — sin(z)z1+cos(z)y1 T — cos(z)z1—sin(z )y1
zZ1 ’ zZ1 :
(4.30)

© 2013 NSP
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4.5. [617 63] = €1, [627 63] = €2

In local coordinates (x,y, z), the geodesic equations are
given by

T=2az
Uy =9z 4.3
z2=0
System (4.31) has a Lagrangian [1]
2 —Zz
L= 010 2 (4.32)
Z1
for which the Noether symmetry
X =§0: + 771895 + 172(3'y + 173(9z (4.33)
satisfies (2.12), can be estimated easily as.
X1:%7X4:y%+%7 XG_ezav
XQZ%,X5:$B$_ZJ%7X7:€Z%7 (4.34)
X, =2
3 = Ay’

with the gauge term By (t,z,y, 2) = 2c6x + 2¢7y + cs.
The nonzero commutators for the Lie algebra arising from
the 7 Noether symmetries (4.34) are given by

(X, X5] = Xo, [X3,X4] =X3, [X3,X5]=—Xs3,
(X4, X7] = X7, [X5,X6] =X, [X5,X7]=—-X7.
(4.35)

One can see that under a change of basis, namely,

e1 =X, e2 = Xy + X5, e3 = X, ea = X3, e5 = Xy,
es = X7, e7 = Xy,
(4.36)
the Lie algebra g of the Noether symmetries is decompos-
able as a direct sum of the form

g= <€1,€2,€3> D <€4,€5,66> @R (437)
where (eq4, €5, e6) is a copy of (e1, ez, e3) given by the
non-zero brackets [e, e3] = ey, [e2, €3] = —ea.

And the conservation laws corresponding to the above
Noether symmetries are

Tl :2512 T2 — y71e7z T3 — ﬂefz
) Z1 ’ z1 ’

T4 =z + wl(zly—yl)e—z T5 — ylfbfﬂﬁlye—z

12 ) 1 ’

(4.38)

6 _ z1T—T 7T __ Z1Y—Y1
T° = S , T = S
4.6. [617 63] = €1, [62a 63] = —€2

In local coordinates (z,y, z), the geodesic equations are
given by

r=axz
y=-yz (4.39)
z2=0
System (4.39) has a Lagrangian [1]
—z 2 Z,, 2
e e 7 P (4.40)
21

for which the Noether symmetry

X = Elat + 771(3»5 + leay + 7]382 “4.41)
satisfies (2.12), can be estimated easily as.
X = a%’ X4 fezdax, X6 fye 2 756672(%7
Xo=2, X5 = —zaaw X, _gg% —yay +24,
f)
dy

(4.42)
with the gauge term B (t,x,y,2) = (2¢c6y +2¢;) z —
2¢c5 Yy + cs.

The nonzero commutators for the Lie algebra arising from
the 7 Noether symmetries (4.42) are given by

[(Xo, X6] = — X5, [ X2, X7] = Xo, (X3, X6] = X4,
(X3, X7] = —X3, [ X4, Xg] = X3, [Xy, X7 =Xy,
[X57X6} = XQ’ [X57X7] = X5'

(4.43)

One can see that under a change of basis, namely,

X3 —1 X4, ez = 7()(7—“ Xe)

2
X3+ZX4, €g — 7(}(7 22 XG),

€1 :XQ—iX5, € =

€4 :X2+iX5, €5 =
€7 = Xla

(4.44)

the Lie algebra g of the Noether symmetries is decompos-

able over the complex numbers as a direct sum of the form

g = (e1,e,e3)  (eq, e5,¢6) DR (4.45)

where (eq4, €5, e6) is a copy of (e, ez, e3) given by the
non-zero brackets [e, e3] = ey, [e2, €3] = —ea.

And the conservation laws corresponding to the above

Noether symmetries are

Tl—Zl,T2 r1e7z T3_1/1e’
T=2— T5—y+ Tﬁ—xy et
T7 — yl(ziﬁrw)e + a:1($112z193) —2z,.

(4.46)

4.7. [61, 62] = €1 ( 92, non—abelian oR )

In local coordinates (x,y, z), the geodesic equations are
given by
=1y
j=0
Z2=0

(4.47)
System (4.47) has a Lagrangian [1]
(4.48)

for which the Noether symmetry

X =80 +m0; + T]2(9y + 130, (4.49)

© 2013 NSP
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satisfies (2.12), can be estimated easily as. satisfies (2.12), can be estimated easily as.
Xi=2 X4=€y8%7 X1:%7 X6 = %,
X2: %T _t 5 (450) XQZ@’ X7: %7 5
staZ,XG_l"aI*'?@y, X3=@, XS:yc‘Tg_chg’
with the gauge term By (t,z,y) = ¢,  + ¢5 2 + ¢7. Xy = 9z Xy = dzy xaa’ (4.58)
The nonzero commutators for the Lie algebra arising from X5 = %7 Xi0 =2 dy y%*

the 6 Noether symmetries (4.50) are given by X =2t2 o1 + T QL + Y5, ay +z 882’

Xio =122 +ta +tyd +tz2,
(X1, X5] = Xa, [Xo, Xe] = Xo.  [X4, X¢] = —Xa. e gy g
4.51) with the gauge term By (¢, 2,y) = ¢12 (x2 +y2 4+ z2) +
One can see that under a change of basis, namely, 2c5 x4+ 2c6y+2¢c7 2+ c13.
The nonzero commutators for the Lie algebra arising from
e1 = Xo, e0 = Xg, e3 = X4, 4 = X1, e5 = X3, ¢ = X5, the 12 Noether symmetries (4.58) are given by
4.52)

the Lie algebra g of the Noether symmetries is decompos- glv §5] }_ X;}( gl’ §6] }_ X;? {il’ §7} - X;
able as a direct sum of the form L A1) = 241, e Hosl T T A%
[X2, Xo] — X4, [X2, X11] = Xo, [X2, X12] = X,
o X3, Xs] = Xo, (X3, X10] = — X4, [X3,X11] = X3,
= (e1,eq,e3) © H 4.53 [Xs5, X5 2 3,110 ?

8 = (er,e2,¢3) & Hy (4.53) (X3, X12] = X6, [X4, Xo] = X2, (X4, X10] = X3,
where (e1, ez, e3) is the three-dimensional solvable Lie al- [§4’ §“}: )gé’ [§4’ ?12} - X; [§5’ §8] ~ ;(X"’
gebra given by the non-zero brackets . ' % XZ’ X?l]_:_* ){7—7 % XZ, Xﬂ ; : XZ’ { Xi’ Xz} : Xi’
[?1,62] = e, [627653} = e3 and Hj is the three dimen- [X7’X10} — X, ’ [X77X11} _ —X7’ [Xg’Xg] _ Xu’)
sional Heisenberg Lle.algebra. . [Xs, X10] = —Xo,  [Xo, X10] = X, [X11, X12] = 2 X1o

And the conservation laws corresponding to the above (4.59)
Noether symmetries are One can see that under a change of basis, namely,
Tl = y12 + 2127 T2 = %e_y T3 = z1, = Xo, e2 = X3, e3 = X4, e4 = X5, e5 = X, €6 = X7,
Td =g — 2 TS — 5 of TO = £1(w5112—$1)e—y 12y, €= X1, es = X11, eg = Xi2, e10 = Xg, e11 = Xo, 64126(; X0,
(4.54) (4.60)

the Lie algebra g of the Noether symmetries is a semi-direct sum
of the six-dimensional abelian solvable Lie algebra {e1, €2, €3, €4, €5, €6)
and a six-dimensional semi-simple Lie algebra (e7, es, eg, €10, €11, €12),

4.8. [61, 62] =0, [61, 63] =0, [62, 63] =0 where the latter is a direct sum of sl(2,R) and so(3).
(Abelian Lie algebra) Finally, the conservation laws corresponding to the above
Noether symmetries are
OR
[e1, €2] = e3 (Heisenberg Lie algebra) T =22 +y2 4+ 22, T2 =a1, T? = g1, T* = 24,
OR TS =z —axt, T =y —uut, T =2z — z1t, T® = 21y — y12,
[e1,e2] = e3, [e1, €3] = —ea, [ea, €3] = €1 (50(3)) T mz s an IO 2z —ay,
1,€2 35 |61, €3 2,162, €3 1 TH:($12+y12—|—Z12)t—($1$+y1y+212),
OR T2 = (x12 +y 2+ z12) t? — 2(zix + Y1y + z12)t+ z? +y? + 22
le1, e2] = €3, [e1, €3] = —2eq, [e2, €3] = 2e9 (4.61)
(si(2,R))
In local coordinates (z,y, z), the geodesic equations are 5. Conclusion
given by
=0 The geodesic equations of the canonical connection on Lie groups
=0 (4.55) in dimensions two and three admit the invariance of a variational
3= principle under time translatlon - which gives rise to the con-
servation of energy and i 1nvar1ance under translations in the x-
System (4.55) has a Lagrangian [1] direction a% which implies conservation of linear momentum.
Additional conservation laws for each case are given. A summary
L=x>+y%+ 2> (4.56) of the Noether’s symmetries Lie Algebras for the geodesic equa-
tions of the canonical connection on Lie groups in dimensions
for which the Noether symmetry two and three is given below:
I. In dimensions two:
X =&10y + MmOy + 1m0y + 130, 4.57) 1. Direct sum of three-dimensional solvable Lie algebra and R.
© 2013 NSP
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2. Semi-direct sum of five-dimensional solvable Lie algebra and
sl(2,R).

II. In dimensions three:
1. The three-dimensional abelian Lie algebra.
2. Direct sum of five-dimensional solvable Lie algebra and R.
3. Direct sum of three-dimensional solvable Lie algebra and the
three dimensional Heisenberg Lie algebra.
4. Direct sum of two copies of the Euclidean algebra and the reals
g=FEQ2)®E(2) dR.
5. Direct sum of the form g = (e1, ez, e3) @ (es,e5,e6) D R
where (e4, €5, €) is a copy of (e1, e2, e3) given by the non-zero
brackets [61, 63] = e, [62, 63] = —e2.
6. Semi-direct sum of the six-dimensional abelian solvable Lie
algebra and a six-dimensional semi-simple Lie algebra, where
the latter is a direct sum of si(2, R) and so(3).
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