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In this paper, systems of linear differential equations with crisp real coefficients and

with initial condition described by a vector of fuzzy numbers are studied. A new

method based on geometric representations of linear transformations is proposed to

find a solution. The most important difference between this method and methods of-

fered in other papers is that the solution is considered to be a fuzzy set of real vector-

functions rather than a vector of fuzzy functions. Each member of the solution set

satisfies the given system with a certain possibility. It is shown that at any time the so-

lution constitutes a fuzzy region in the coordinate space, alpha-cuts of which are nested

parallelepipeds. The proposed method is illustrated on examples.
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1 Introduction

Behaviors of many dynamic systems with uncertainty can be modelled effectively by

fuzzy systems of differential equations (FSDE). In particular, linear FSDEs appear in some

important applications. The approaches, proposed to solve FSDEs, use different definitions

for fuzzy derivative and fuzzy solution.

The concept of a fuzzy derivative was defined by Chang and Zadeh [11]. It was fol-

lowed up by Dubois and Prade [14], who used the extension principle. The term ”fuzzy

differential equation” was introduced in 1987 by Kandel and Byatt [22,23].
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There have been many suggestions for the definition of fuzzy derivative to study fuzzy

differential equations. One of the earliest suggestions was to generalize the Hukuhara

derivative [17] of a set-valued function. This generalization was made by Puri and Ralescu

[26] and studied by Kaleva [19,20]. It soon appeared that the solution of a fuzzy differential

equation defined by means of Hukuhara derivative has a deficiency: it becomes fuzzier as

time goes [13, 21]. Hence, behavior of the fuzzy solution is quite different from that of

the crisp solution. Seikkala [28] introduced the notion of fuzzy derivative as an extension

of the Hukuhara derivative, which was the same as what Dubois and Prade [14] proposed.

To circumvent problems arising in connection with Hukuhara derivative, Hüllermeier [18]

considered fuzzy differential equation as a family of differential inclusions. The main

downside of using differential inclusions is that we do not have an adequate definition for

derivative of a fuzzy-number-valued function.

The concept of strongly generalized differentiability was introduced in [3] and studied

in [4,5,9]. In [24] a generalized concept of higher-order differentiability for fuzzy functions

is presented to solveN th-order fuzzy differential equations.

Buckley and Feuring [6, 7] and Buckley et al. [8] gave a very general formulation of

fuzzy initial value problem. They firstly find the crisp solution, fuzzify it and then check to

see if it satisfies the FSDE.

Rodriguez-Lopez [27] considered several comparison results for the solutions of FSDE

obtained through different methods using the Hukuhara derivative. Allahviranloo et al.

[1] applied differential transformation method by using generalized H-differentiability.

Mizukoshi et al. [25] showed that the solutions of the Cauchy problem obtained by the

Zadeh extension principle and by using a family of differential inclusions are same.

Xu et al. [29] used complex number representation ofα-level sets of a fuzzy system

and proved theorems that provide the solutions in this representation. Chalco-Cano and

Román-Flores [10] studied the class of fuzzy differential equations where the dynamics is

given by a continuous fuzzy mapping which is obtained via Zadeh’s extension principle.

In this paper, we apply a geometric approach to fuzzy linear system of differential

equations (FLSDE) with crisp real coefficients and with initial condition described by a

vector of fuzzy numbers. We interpret a vector of fuzzy numbers as a rectangular prism inn

dimensional space, and show that at any time the solution corresponds to ann dimensional

parallelepiped. Unlike earlier researches, we are not looking for solutions of FLSDE in the

form of vector of fuzzy functions. Instead, our solutions constitute a fuzzy set of real vector-

functions. Each member in the solution set satisfies the system with a certain possibility.

The most important difference of the approach proposed in the present paper from the

others will be explained in details later where the concept of the solution will be discussed.

In articles [15, 16], by using the same geometric approach an algorithm to solve linear

systems of algebraic equations with crisp coefficients and with fuzzy numbers on the right-

hand side is proposed. Here we adopt the approach to the fuzzy linear system of differential
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equations.

This paper is comprised of 6 sections including the Introduction. Preliminaries are

given in Section 2. In Section 3, we define FLSDE. In Section 4, we apply the geometric

approach to find the solution of FLSDE and present the main results. In Section 5, we solve

samples of FLSDE. In Section 6, we summarize the results.

2 Preliminaries

We define a fuzzy number̃u in parametric form according to [12].

Definition 1. A fuzzy numberũ in parametric form is a pair(u, u) of functions

u(r), u(r), 0 ≤ r ≤ 1, which satisfy the following requirements:

1. u(r) is a bounded monotonic nondecreasing left continuous function over[0, 1]
2. u(r) is a bounded monotonic nonincreasing left continuous function over[0, 1]
3. u(r) ≤ u(r), 0 ≤ r ≤ 1

A popular fuzzy number is the triangular numberũ = (a, c, b) with the membership

function

µ(x) =

{
x−a
c−a , a ≤ x ≤ c
x−b
c−b , c ≤ x ≤ b

wherec 6= a and c 6= b. For triangular numbers we haveu(r) = a + (c − a)r and

u(r) = b + (c− b)r.

We will denoteu= a andu = b to indicate the left and the right limits of̃u, respectively.

We can represent a crisp numbera by takingu(r) = u(r) = a, 0 ≤ r ≤ 1.

For two arbitrary fuzzy numbers̃u and ṽ the equalityũ = ṽ means thatu(r) = v(r)
andu(r) = v(r) for all r∈ [0, 1].

For two arbitrary fuzzy numbers̃u and ṽ the following arithmetic operations are de-

fined:

a) Addition: ũ + ṽ = (u(r) + v(r), u(r) + v(r))
b) Multiplication by a real numberk:

kũ =

{
(ku(r), ku(r)), k ≥ 0
(ku(r), ku(r)), k < 0

c) Subtraction:̃u− ṽ = ũ + (−1)ṽ
A fuzzy subsetX̃ of Rn is characterized by its membership functionµ : Rn → [0, 1].

It is denoted byEn the space of fuzzy sets whose membership functions satisfy next four

conditions:

i) µ is normal, that is there exists anx0 such thatµ(x0) = 1;

ii) µ is fuzzy convex, that is for allx, y ∈Rn and0 ≤ λ ≤ 1: µ(λx + (1 − λ)y) ≥
min {µ(x), µ(y)};
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iii) µ is upper semicontinuous;

iv) the closure of{x ∈Rn | µ(x) > 0} is compact.

For0 < α ≤ 1 theα-level set of fuzzy set̃X is defined byXα = {x ∈Rn | µ(x) ≥ α}.
It can be seen that anỹu ∈ E1 is a fuzzy number in the sense of Definition 1.

Note thatE1 × E1 × . . . × E1 denotes the set of alln-dimension vectors whose

components are fuzzy numbers. Note also thatEn 6= E1 × E1 × . . . × E1, namely

En is wider. For instance, let̃X be a fuzzy subset ofR2 with membership function

µ(x, y) = max
{
1− (x2 + y2); 0

}
. Then, we havẽX∈E2, butX̃ /∈ E1 × E1.

3 Fuzzy linear systems of differential equations

Definition 2. Let aij , 1 ≤ i, j ≤ n, be crisp numbers,fi(t), 1 ≤ i ≤ n, be given

crisp functions and̃ui = (ui(r), ui(r)), 0 ≤ r ≤ 1, 1 ≤ i ≤ n, be fuzzy numbers. The

system 



x′1(t) = a11x1 + a12x2 + . . . + a1nxn + f1(t)
x′2(t) = a21x1 + a22x2 + . . . + a2nxn + f2(t)

...

x′n(t) = an1x1 + an2x2 + . . . + annxn + fn(t)

(3.1)

with the fuzzy initial condition 



x1(t0) = ũ1

x2(t0) = ũ2

...

xn(t0) = ũn

(3.2)

is called a fuzzy linear system of differential equations (FLSDE).

One can rewrite the problem (3.1)-(3.2) as follows, using matrix notation.
{

X ′ = AX + F (t)
X(t0) = B̃

(3.3)

whereA = [aij ] is ann × n crisp matrix,F (t) = (f1(t), f2(t), . . . , fn(t))T is a crisp

vector-function and̃B = (ũ1, ũ2, . . . , ũn)T is a vector of fuzzy numbers.

If differential equations are considered to describe motion of a body, then fuzzy initial

conditions indicate some uncertainty regarding the location of the body at timet0.

We assume the solutioñX of the system (3.1)-(3.2) be a fuzzy set of real vector-

functions such asx(t) = (x1(t), x2(t), . . . , xn(t)). Each vector-functionx(t) must satisfy

the system (3.1) and must have an initial valuex(t0) = (x1(t0), x2(t0), . . . , xn(t0)) from

the setB̃. We define the possibility (membership) of the vector-functionx(t) to be equal

to the possibility of its initial valuex(t0) in B̃.

The solutionX̃, defined above, can be interpreted as a fuzzy bunch of vector-functions.
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One can also interpret that we consider a FLSDE as a set of crisp Cauchy problems

whose initial values belong to the fuzzy setB̃.

Mathematically, the fuzzy solution set̃X can be defined as follows:

X̃ =
{
x(t)=(x1(t), x2(t), . . . , xn(t)) | x′ = Ax + F, x(t0) = x0 ∈ B̃

}

with membership functionµX̃(x(t)) = µB̃(x(t0)).
The most of the studies on the system (3.1)-(3.2) are inspired by [8]. Let us highlight

the main difference between our concept of solution and the one, proposed in [8]. In [8]

the solution is assumed to be a vector, components of which are fuzzy functions. Under

this assumption, the valuẽX(t) of the solution at a timet is a vector of fuzzy numbers (i.e.

X̃(t)∈E1×E1× . . .×E1) and, consequently, forms a rectangular prism in the coordinate

space. Therefore, as time goes if the solution set constitutes a body which is different

from prism, the assumption will fail. Differing from [8], in our approach, the condition

X̃(t)∈En holds. This circumstance allows the solution to change its shape with time and,

as a result, our approach works even in the cases when [8] fails, as it will be seen later.

4 The solution method

In this section we develop a method to find the solution of the problem (3.1)-(3.2) (or,

(3.3) in matrix form) as a fuzzy set.

Without loss of generality, we putt0 = 0.

Let us write the initial value vector as̃B = bcr + b̃, wherebcr is a vector with

possibility 1 and denotes the crisp part (the vertex) ofB̃, while b̃ denotes the uncertain part

with vertex at the origin. It is easy to see that, the solution of the given system is of the

form X̃(t) = xcr(t) + x̃(t) (crisp solution + uncertainty). Herexcr(t) is a solution of the

non-homogeneous crisp problem
{

X ′ = AX + F (t)
X(0) = bcr

while x̃(t) is a solution of the homogeneous system with fuzzy initial condition

{
X ′ = AX

X(0) = b̃

In regard to motion of a body, one could interpretxcr(t) as the main trajectory.xcr(t)
can be computed by means of analytical or numerical methods. Hence, (3.3) is reduced to

solving a homogeneous system with fuzzy initial condition.

The basis of our solution method is summarized below:

We shall make use of the following facts about linear transformations [2]:
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1. A linear transformation maps the origin (zero vector) to the origin (zero vector).

2. A linear transformation maps a pair of parallel straight lines to a pair of parallel

straight lines (thus a pair of parallel faces to a pair of parallel faces). Consequently, a linear

transformation maps a parallelepiped to a parallelepiped.

In addition, we shall reference a property of fuzzy number vectors.

3. The fuzzy vector̃b forms a fuzzy region inRn, vertex of which is located at the

origin and boundary of which is a rectangular prism. Furthermore, theα-cuts of the region

are rectangular prisms nested within one another.

The next three properties are in connection with the crisp initial value problem
{

x′ = Ax
x(0) = v

(4.1)

4. By the existence and uniqueness theorem, two solutions with different initial points

have distinct values for anyt.

5. The solution of (4.1) is of the formx(t) = eAtv.

6. For a fixedt = t∗: x(t∗) = eAt∗x(0) = Mx(0), whereM is a fixed invertible

matrix. Hence, the value of the solution function att = t∗ is determined by a linear

transformation described byM .

The facts 1-6 bring us to the following conclusion: The set of initial points form a

rectangular prism (or more generally speaking, a parallelepiped) and, therefore, the solution

at any time forms a parallelepiped.

In particular, forn = 2, rectangular prism and parallelepiped turn into rectangle and

parallelogram, respectively. According to the discussion above, solution curves make up

nested surfaces extending alongt direction (like a coaxial cable). Cross-sections of these

surfaces at anyt = t∗ are nested parallelograms.

We can liken the behavior of the solution inxy plane to that of a cloud of dust. In the

cloud, there exists a point (“the center”) where the density of dust is the highest. As moving

away from the center, the density decreases along the parallelograms. In other words, the

level curves of the density are nested parallelograms. The motion of the center is governed

by the crisp solution. The cloud of dust moves along with the center, but the parameters of

the parallelograms (orientation, sides and their ratio) may change in time.

The foregoing discussion qualitatively indicates how the solution would behave inn

dimensional coordinate space, in general. Now, we shall find a formula for the solution.

Firstly, we consider the case where the initial values in (3.2) are triangular fuzzy num-

bersũi = (li,mi, ri). We have(bcr)i = mi andb̃i = (bi, 0, bi) = (li −mi, 0, ri −mi).

Let us denotẽb = (b,0,b), whereb = (b1, b2, . . . , bn) andb = (b1, b2, . . . , bn).

One can express the vectorsb andb through standard basis vectorse1, e2, . . ., en:

b = b1e1 + b2e2 + . . . + bnen; b = b1e1 + b2e2 + . . . + bnen.
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Let vi = biei andui = biei. Note thatvi andui are vectors with all buti-th coordinates

zero. Thei-th coordinate ofvi is negative, while thei-th coordinate ofui is positive. Any

crisp vector fromRn can be expressed uniquely as a linear combination, with non-negative

coefficients, of the vectorsvi andui (under the condition that only one of vectors, either

vi or ui is used separately for eachi).

The fuzzy initial vector̃b forms a rectangular prism in the coordinate space:

b̃ = {z = α1w1 + α2w2 + . . . + αnwn | αi ∈ [0, 1] ; wi = vi or wi = ui}

with membership functionµb̃(z) = 1− max
1≤i≤n

αi.

Let qi(t) = eAtvi andpi(t) = eAtui. Then the solution of FLSDE can be expressed

as follows:

X̃ = {x(t) = xcr(t) + α1r1(t) + α2r2(t) + . . . + αnrn(t)

| αi ∈ [0, 1] ; ri = qi or ri = pi} (4.2)

µX̃(x(t)) = 1− max
1≤i≤n

αi (4.3)

If initial values (3.2) are triangular fuzzy numbers, then one could determine anα-cut of

the solution,Xα, through geometric similarity (with coefficient1 − α) without additional

computation.

Below we give another representation for the solution and then we generalize the results

for the case where the initial values of the problem (3.3) are parametric fuzzy numbers.

The rectangular prism, corresponding to the initial values in the form of triangular fuzzy

numbers, and itsα-cuts can also be represented as follows:

b̃ =
{

k1e1 + k2e2 + . . . + knen | ki ∈
[
bi, bi

]}

bα =
{

k1e1 + k2e2 + . . . + knen | ki ∈
[
(1− α)bi, (1− α)bi

]}

Let gi(t) = eAtei. Then we can obtain the following formulas forα-cuts of the solution

and the solution itself:

Xα = {x(t) = xcr(t) + k1g1(t) + k2g2(t) + . . . + kngn(t)∣∣∣ ki ∈
[
(1− α)bi, (1− α)bi

]}
(4.4)

X̃ = X0 with µX̃(x(t)) = 1− max
1≤i≤n

γi, whereγi =

{
ki/bi, ki ≥ 0
ki/bi, ki < 0

(4.5)

For the case when initial values consist of parametric fuzzy numbersũi = (ui(r), ui(r))
the solution can be represented as follows:

Xα = {x(t) = xcr(t) + k1g1(t) + k2g2(t) + . . . + kngn(t)
∣∣ ki ∈

[
ui(α)− (bcr)i, ui(α)− (bcr)i

]}
(4.6)
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X̃ = X0 (4.7)

with

µX̃(x(t)) = min
1≤i≤n

βi (4.8)

whereβi =





ui
−1(si), si > ui(1)

1, ui(1) ≤ si ≤ ui(1)
ui
−1(si), si < ui(1)

. Heresi = (bcr)i + ki.

Hence, to determine the solution set we need to calculateeAt =
[g1(t) g2(t) . . . gn(t)]. Note thatgi(t) = eAtei is the solution of the crisp homo-

geneous system with initial value vectorei. In other words, we need to determinen linear

independent solutions of the homogeneous system by taking each one of the basis vectors

ei, 1 ≤ i ≤ n, as initial value vector.

To summarize, the solution of the problem (3.1)-(3.2) is the fuzzy set of real vector-

functions (or, fuzzy bunch of vector-functions), which can be represented by the formulas

(4.6)-(4.8) in general case. If triangular fuzzy numbers describe initial conditions, the

formulas (4.4)-(4.5) can be applied. To determine the fuzzy solution set we only need to

work out the solution of crisp initial value problem for non-homogeneous system and to

calculateeAt, or to findn solutionsgi(t), 1 ≤ i ≤ n, of the crisp homogeneous system.

We note that if the initial values are in parametric form, thenbcr, in general, is not

unique. In this case, we can choose the components ofbcr arbitrarily to the extent that

ui(1) ≤ (bcr)i ≤ ui(1). For instance, we can put(bcr)i = (ui(1) + ui(1))/2.

5 Examples

Example 1. Solve the system

[
x′

y′

]
=

[
3 −1
4 −2

][
x

y

]
+

[
5t2 − 15t− 25
10t2 − 10t− 40

]
(5.1)

with the initial values

[
x(0)
y(0)

]
=

[
(14.5, 15, 16)
(4, 6, 9)

]
. Find theα-cut of the solution for

α = 0.5.

Solution: Initial values, given by triangular fuzzy numbers, form a fuzzy region in

coordinate space. The boundary of this region (the rectangleABCD) andα-cut for α =
0.5 is shown in Fig. 5.1. The vertex of the region,bcr = (15, 6)T , is marked with a dot.

The problem could be solved in two steps:

1. We determine the crisp solution corresponding to the non-homogenous system with

the crisp initial values.
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Figure 5.1:ABCD is the boundary of the fuzzy region corresponding to the initial values. Dashed

parallelograms are the boundaries of the fuzzy region, corresponding to the solution, and itsα = 0.5-

cut at timet = 0.25. Dotted parallelograms are the same, but for timet = 0.5. The thick line is the

crisp solution.

The solution of (5.1) with the initial value

[
x(0)
y(0)

]
=

[
15
6

]
is

{
xcr(t) = 5(t + 2) + 1

3e−t + 14
3 e2t

ycr(t) = 5t2 + 4
3e−t + 14

3 e2t

The solution is graphed with the thick line in Fig. 5.1.

2. We look for the solution corresponding to the homogeneous system with fuzzy initial

value, the vertex of which is at the origin.

This means that we are looking for the fuzzy solution of
[

x′

y′

]
=

[
3 −1
4 −2

][
x

y

]
(5.2)

with initial value

[
x(0)
y(0)

]
=

[
(−0.5, 0, 1)
(−2, 0, 3)

]
(5.3)

(5.3) determines a rectangleA0B0C0D0 which can be obtained by translation ofABCD

by the vector−bcr. The vertices are:

A0(−0.5, 3), B0(1, 3), C0(1,−2), D0(−0.5,−2)
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Figure 5.2: The same as in Fig. 5.1, but in thexyt-coordinate space.

The general solution of (5.2) is:

{
x(t) = c1e

−t + c2e
2t

y(t) = 4c1e
−t + c2e

2t

For some initial pointP (a, b), the constants have the following values:

c1 = (−a + b)/3 andc2 = (4a− b)/3

Based on the solution of (5.2), one could work outA′0, B′
0, C ′0, the locations ofA0,

B0, C0 at time t, and hence obtain a parallelogram with three of its vertices atA′0, B′
0,

C ′0. If this parallelogram is translated byxcr(t), we wind up with the boundary of region

(A′B′C ′D′) determined by the fuzzy solution at timet (Fig. 5.1).

Since the initial values are triangular numbers, one can find anyα-cut of the solution by

geometric similarity without having to do additional computations (Fig. 5.1). The formula

for α-cuts of the solution set̃X can be obtained from (4.4):

Xα =

{[
x(t)
y(t)

]
=

[
(15(t + 2) + (1− a + b)e−t + (14 + 4a− b)e2t)/3
( 15t2 + 4(1− a + b)e−t + (14 + 4a− b)e2t)/3

]

∣∣∣∣∣
−0.5(1− α) ≤ a ≤ (1− α)
−2(1− α) ≤ b ≤ 3(1− α)

}

Solution curves make up nested surfaces in thexyt-coordinate space (Fig. 5.2). Cross-

sections of these surfaces with a planet = t∗ are nested parallelograms.

Example 2. Solve the initial value problem and find theα-cut of the solution for
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Figure 5.3:ABCD is the boundary of the fuzzy region corresponding to the initial values. Dashed

parallelograms are the boundaries of the fuzzy region, corresponding to the solution, and itsα = 0.5-

cut at timet = 0.25. Dotted parallelograms are the same, but for timet = 0.5. The shaded regions

denoteα = 1 cuts. The thick line is the crisp solution.

α = 0.5.
[

x′

y′

]
=

[
3 −1
4 −2

][
x

y

]
+

[
5t2 − 15t− 25
10t2 − 10t− 40

]

[
x(0)
y(0)

]
=

[
(14.5 + 0.2r, 16− 0.6r2)
(4 + 1.75r2, 9− 2.5

√
r)

]
=

[
(a(r), a(r))
(b(r), b(r))

]

Solution: We note that the given system is same as in Example 1, but with different

initial values, which are represented in parametric form.

For r = 1 we have
[

(a(1), a(1))
(b(1), b(1))

]
=

[
(14.7, 15.4)
(5.75, 6.50)

]

Therefore, we can arbitrarily choose the first and the second components ofbcr from the

intervals[14.7, 15.4] and [5.75, 6.50], respectively. In the computations, we takebcr =
(15, 6)T , as in Example 1. Hence, the formulas found in Example 1 are still valid.

To determineα-cut of the solution, firstly we need to calculate the lower and upper

limits of the correspondingα-cut of the initial values. Forr = 0.5 we have
[

(a(0.5), a(0.5))
(b(0.5), b(0.5))

]
≈

[
(14.600, 15.8500)
(4.4375, 7.23223)

]
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The results of the computation are shown in Fig. 5.3. The values of the solution on the

shaded regions have the possibility 1.

In Fig. 5.3, the parallelograms, which are boundaries ofα-cuts, are not similar to

the parallelogram corresponding to the solution. This is because the initial values are in

parametric form rather than triangular fuzzy numbers.

The formula forα-cuts of the solution set̃X can be obtained from (4.6):

Xα =

{[
x(t)
y(t)

]
=

[
(15(t + 2) + (1− a + b)e−t + (14 + 4a− b)e2t)/3
( 15t2 + 4(1− a + b)e−t + (14 + 4a− b)e2t)/3

]

∣∣∣∣∣
0.2α− 0.5 ≤ a ≤ 1− 0.6α2

1.75α2 − 2 ≤ b ≤ 3− 2.5
√

α

}

The following example is taken from [8].

Example 3. (Arms race model). Solve the initial value problem:

[
x′

y′

]
=

[
−3 2
3 −4

][
x

y

]
+

[
1
2

]

[
x(0)
y(0)

]
=

[
(70, 100, 130)
(70, 100, 130)

]

Solution: We first determine the crisp solution. Consider the following:

[
x′

y′

]
=

[
−3 2
3 −4

][
x

y

]
+

[
1
2

]

[
x(0)
y(0)

]
=

[
100
100

]

The solution is: {
xcr(t) = 4

3 + 98 3
5e−t + 1

15e−6t

ycr(t) = 3
2 + 98 3

5e−t − 1
10e−6t

Secondly, we consider:

[
x′

y′

]
=

[
−3 2
3 −4

][
x

y

]

[
x(0)
y(0)

]
=

[
(−30, 0, 30)
(−30, 0, 30)

]

We use the notation introduced in Example 1. Then,

A0(−30, 30), B0(30, 30), C0(30,−30), D0(−30,−30)



496 Gasilov, Amrahov and Fatullayev

0 50 100
x

0

50

100

y

t=0

t=0.2

t=2

t=1

A

C

B

Figure 5.4: RectangleABCD is the boundary of the fuzzy region corresponding to the initial values.

Dashed parallelogram is the boundary of the fuzzy region, corresponding to the solution at time

t = 0.2. Dotted parallelogram is the same, but for timet = 0.4. The thick line is the crisp solution.

The solution of the homogeneous system corresponding to initial pointP (a, b) is given

by: {
xP (t) = c1e

−t + 2c2e
−6t

yP (t) = c1e
−t − 3c2e

−6t

wherec1 = (3a + 2b)/5 andc2 = (a− b)/5.

As shown in Fig. 5.4, the fuzzy region corresponding to the solution at timet gets

smaller ast increases, and shrinks down to a point ast approaches infinity.

Theα-cuts of the solution set̃X can be expressed by the following formula:

Xα =

{[
x(t)
y(t)

]
=

[
4
3 + (98.6 + 0.6a + 0.4b)e−t + ( 1

15 + 0.4a− 0.4b)e−6t

3
2 + (98.6 + 0.6a + 0.4b)e−t + (− 1

10 − 0.6a + 0.6b)e−6t

]

∣∣∣∣∣
−30(1− α) ≤ a ≤ 30(1− α)
−30(1− α) ≤ b ≤ 30(1− α)

}

6 Conclusion

In this paper, we dealt with systems of linear differential equations with crisp real co-

efficients and fuzzy initial condition. We proposed a geometric approach to solve the prob-

lem. Instead of looking for the solution as a vector of fuzzy functions, we determined the

solution as a fuzzy set of vector-functions, each of which satisfies FLSDE with some pos-

sibility. We showed that at a given time the solution forms ann dimensional parallelepiped
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in the coordinate space. We suggested an efficient method to compute the fuzzy solution

set. We illustrated the results with numerical examples.
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