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Abstract: In this article, we present a new method for converting thesiered impulsive systems to integral systems. As affita
of this method, we establish existence results for solstmboundary value problems for nonlinear impulsive fiadil differential

systems. Our analysis relies on the well known Schaudees! fpoint theorem. The mistakes in [Solvability of multi-ppboundary

value problem of nonlinear impulsive fractional differ@htequation at resonance, Electron. J. Qual. Theory Dikeu. 89(2011),
1-19] and [Existence result for boundary value problem aflime@ar impulsive fractional differential equation ateaance, J, Appl,
Math, Comput., 39(2012) 421-443] are corrected, see Rethark

Keywords: Impulsive multi-term fractional differential system, balary value problem, Schauder’s fixed point theorem.

1 Introduction

Fractional differential equations have many applicatiomaodeling of physical and chemical processge&]. Iniits turn,
mathematical aspects of fractional differential equatiand methods of their solutions were discussed by many estho
see the text books3[4,5]. Existence of solutions or positive solutions of boundeajue problems (BVPs for short) of
fractional differential equations have been studied byyraarthors see the recent published pap&rs 8,9,10,11,12,13
14,15,16,17,18,19]. In recent years, some authors have studied solvabiligx@tence of solutions or positive solutions
of BVPs for fractional differential systems se#0[21,22,23,24,25,26,27,28,29,30,31,32,33,34,35]. However, studies
on solvability of BVPs for impulsive fractional differeafisystems have not been studied well.

In [36], Bai studied the existence of solutions of the followinguhdary value problem for impulsive fractional
differential equation

DI, x(t) = f(t,x(t), DI x(t)),t € (0,1),t #ti,i =1,2,--- k,

limt2-ax(t) = 5 ax(&), x(1) :élbix(ni), (11)

t—0 i=1
Au(K) = 1 (u(t), DE (1)), ADEX(t) = H(u(t). DY x(t)).i = 1.2+ k

wherea € (1,2), Dz‘)+ is the Riemann-Liouville fractional derivative or ordeim,n, k are positive integers,8 &; < --- <
Em<1,0<m<--<nn<1,0<ty < <te<1 f,0:[0,1 xIR?— IR, l;,J : IR? — IR are continuous functions,
Aw(t) = w(th) — w( ), ADGtwi(ti) = D" lw(t*) D"’*lw(t*) w(t ") andw( o) denote the right and left limits of

w(t) att = t;, respectivelya;, b € IR satlsfyz A&l % = Z binf =2 =1, z a&® =0, Z bin®~* = 1. The following

claim was made in3q]:
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Claim 1. (see (2.8) on page 6 ir3§]) the solution of

m
Dg. x=2(t),0<t <1, tIirrg)tzf"’x(t) =3 ax(&), x(1) = 5 bix(ni),
i . 2
AX(t) = ¢, ADZIX(t) = di,i =1,2,--- k

is as follows:

a

R _ -1
X(t) = Jo - 2s)ds+

i
h1+ ey J_Zld,-] to-1

i [
+ et 3 Gt - 3 djtj] t92t € (titia],i =0,1,2,- K,
%1 %

wherehy, h, € IR are constants.
In [37], Bai studied the existence of solutions of the followingubdary value problem for impulsive fractional

differential equation

DY, x(t) = f(t,x(t), D X()),t € (0,1),t £1,i = 1,2, k,

DS *x(0) = i;znla@ DS (&), x(1) = élbiniz‘“xmi),

k

)

Au(t) = i (u(t), D x(t), ADGx(t) = Ji(u(ti), DG X (4)),i = 1,2,

wherea € (1,2), Dg. is the Riemann-Liouville fractional derivative or ordem, n,k are positive integers,Q & < --- <
Em<1,0<n<--<nn<1,0<ti<---<te<1,f,0:[01 xIR?— IR, I;,J : R? — IR are continuous functions,
Aw(t) = w(t") —w(t"), ADSw(t) = D tw(t™) — D w(t), w(t™) andw(t") denote the right and left limits of

m n
w(t) att =t;, respectivelya;,b; € IR satisfy 5 & = S bj = 1. The following claim was made (see (2.7) on page 426 in
i=1 i=1

[37)):
Claim 2. the solution of
DS x(t) =z(t),t € (0,1),t #t;,i =1,2,--- k,

a—1 il a—1 0 2—a
Do+ X(O) = iglaiDOJr X(Ei)v X(l) = iglbini X(’?i),
Au(t) =, ADIIX(t) =di,i=1,2,-- k

is as follows:
i
hi+ o zld,-l to-1

i i
+lh+ Y ot T+ s djtj]ta_z,te(ti,tprl],i eIND,
. 2

wherehy, h, € IR are constants.
We find that both Claim 1 and Claim 2 are wrong. In fact, for e@garession, from (1.3) and (1.4), we re-wnitby

x(t) = f5 475

1 i i
z(s)ds+ 3 Hjt? 1+ 5 Gjt? 2t € (t,ti+4],i € INJ,
io io
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whereH;, G; denote some constants. By direct computation, we haveddt;, ;. 1] by Definition 2.2 in Section 2 that

i-1 "
99" Lgoft‘;“<t—s>1*“x<s>ds+fﬁ<t—s>1*“x<s>ds}

r2—a) - r2—a)

t
DY, x(t) = L&t

I (a)
r2-a)

i1 B "
{IZ X g-syt-a (,/5 Mz(u)du+HXs"*1+st"*2> ds}
X=0

- 4
|:’tt| (t—S)lfa (/5 (S*[_LI()Z) 1 Z(U)dU+Hisa71+Gi3072> dS:|
r2-a)

" "
i=1 ty.q B - —1 tyiq - B
Lzoftx“ (t-9)1 THys7 Lds| + XzoftXX* (t-5)1 9Gys” ZdS}

r2—a)

[fé(tfs)lfa I (}I’u():)il z(u)duds] + [Hi ft} (tfs)l’asaflds} ”JrGi [ftf (tfs)lfasafzds} "

+ F=a)

"

+

i1 Y41

3 Hxt [y, T (1-w)t9witdw
_ |x=0 T
- r(2—a)

i1 g
T Gxfy " (1-w)tawi2dw
X=0 T

"
)9~

[ 59 et g i (1wt s [ (w2

I (a)
* r2—a)
i-1 e "ol bt "
3 Hxtly " (WO tdw| ] 5 Gy [T (1w w2
— x=0 T X=0 +
N F(2—a)
[ 3w gy dwatual + {thli (1—W>1*"w0'*1dW} +Gi {’% (1-w)t- O~ 2dw
N re=a) =
i-1 i1 "ori tyi1 "
{Z Hytfye© (A-w)fwdtdw| +| 5 Gy [y, " (1—W)1’“W"’2dw}
_ [x=0 T X=0 X
N F(2—a)
[Hit-{% (1_W)170M71dw] +Gi [’% (1—W)17°'W"’2dw} t "
A Fea + [Jo(t — u)z(u)du]
i—1 t)(Jrl "
{ 5 HxtUy " (Low W tdwe it [ (1—W)1’“W"’1dw}
— x=0 T T
n r2—a)
i—1 1 "
G (WO i i (ww
X=0 + +
+ r2—a) +2(t)
=7(t),t € (ti,ti,1] ifand only ifHy = Hy = --- = H;,Gp = Gy = --- = Gi(i € INII).

It means that; = dj = 0 for alli = 1,2,--- k. Hencex given by (1.2) and (1.4) does not satisfl8§, x(t) = z(t),t €
(ti,tiy1](i € ING) if ci,di # 0. Hence Claim 1 and Claim 2 are wrong.
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In [38], the authors studied the followingn2point boundary value problem for a coupled system of impals
fractional differential equations at resonance

Dg, u= f(t,v(t),Dg, v(t)),0 <t <1,
D5, v =g(t,u(t),DJ. u(t)),0 <t <1,

Au(ti) = A(v(t), 8*\'( i), ADWU( i) = B(V(ti),D%V(ti)),i=1,2,---,k,
Av(ti) = Ci(u(ti), Dy, u(ti)),ADg, v(ti) = Di(u(ti), Dy, u(ti)),i = 1,2,--- .k, (1.5)

D *u(0) = 5 aDg-*u(&). u(1) = 3 bin? “u(n),
Df-(0) = 5 &D§- (). v(1) = 3 66” P(@)

wherea,f € (1,2),a—-q>1,B-p>1,0<&E < <ém<l,0<m<--<Mm<l,0<H <~ <{m<land
0< B <--<Bn<1,fg:[01 xIR?— IR satisfy Carathéodory conditions;,B;,C;,D; : R x IR — IR, Aw(t)) =
w(t") —w(t"), ADG.w(ti) = Df, w(t") — D, w(t”) with w € {u,v} andr € {p,q}, w(t;") andw(t;") denote the right
and left limits ofw(t) att =t;, respectively, and the fractional derivative is underdt'mothe Riemann LiouviIIe sense.
k,m,a;,bi,ci,di(i=1,2,---,m) are fixed constantsatisfying a = Z b = 2 Ci = 2 di = 1andz bini = Z dig =1.

i=
This system happens to be at resonance in the sense thasdmm Iinear homogeneous coupled system

Dg,u=0,Dj,v=0,0<t<1,

D (0) = 3 aiDg; Mu(&). u(1) = 3 bin?~u(n), (L6)
D5 V(0) = 3 aDE- (@), V(L) = 5 46" Pv(m)

has(u(t),v(t)) = (ht9 1+ hpt®=2 hatP~1 + hatP=2)(h € R,i = 1,2,3,4) as nontrivial solution38).

We find that BVP(1.5) is unsuitably proposed. The reason felsvs:

(i) By Corollary 2.1 in Section 2 in this paper, the piecewisetitnous solutions obg. u = h(t),t € (&, ti+a],i € INg
is given by

X(t) = i cj(t—t)o 14 z dj(t—tj)% 2+f0 ,_ ( s)ds;t € (tj,tir1],i € ING (1.7)
i<o

and forg € (0,a — 1) we have by Definition 2.2in Section 2 foe (tj,t11] that

i
DY) = oty 3,0t —t)" @ gty 3 dile-t) e ?
) : (1.8)

t (t_g)a—a-2 .
+s (tr?)T:)h(s)ds,t € (ti,tiy1),i € INg.

From (1.7) and(1.8), we know that boxiandDg+x may be not right continuous at=t;, i.e., limx(t) and I|m Dq X(t)

toth tott
may be infinite. So the operatofix(tj) andA Dg+x(ti) are unsuitable.
(i) Even we consider the right continuous solutions of (1.5)@1d], we getd; = 0 for alli € INT"in (1.7). Then

X(t) = 'izo Cj(t—tj)@ L dgt® 24 [ r ( s)ds,t € (ti,ti1],i € INJ,
: (1.9)

i _
Z j(t =)0 0L S h(g)ds t € (t.t1].i € NG

Dg.X(t) =

It follows thatAx(t;) = ADg+x(ti) = 0. The impulse function4;, B;,C;, D; are redundant.

It is interesting to propose a suitable model of boundaruegbroblems for impulsive fractional differential
equations, to find a correct way to convert boundary valudlpros for impulsive fractional differential equations to
integral equations and establish existence results fatieak of these kinds of problems.
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Motivated by [B6,37,38], in this paper we propose and study the following periogmetboundary value problems
consisting of the following fractional differential eqiis

Dgiul(t) —Aug(t) = pa(t) fa (t, up(t), Dg£71U2(t)) ,ae.t e (ttra], ke |Ng1,

(1.10)
Dg2 Uz (t) — Agua(t) = pa(t) f2 (t, uy(t), Dgflul(t)) ,a.e,t e (t,ty1], k€ ING,
subjected to the impulse effects
A1Z g (1) = 11 (t, Ua(t), D~ (), k € INT,
ADZ? g (1) = Ja(t, Uz(t), DFZ ua(t) ), k € INT,
(1.112)
A1Z %2 (t) = 1a(t, Uz (t), DS ua (t)), k € INT,
ADG?  up(t) = Ja(ty, Us (t), DY Hua(t)), k € INT,
and the multi-point boundary conditions
m m-1
lo- “ua(0) = 5 aulg-“ui(§), DGt ua(1) = 5 byDgtu(mi),
1= 1=
(1.12)

m m-1
lo: “u2(0) = 3 aailg: (&), DG (1) = 3 baDg? ua(m)
where

(@ ai€(1,2), A € R(i =1,2), I5. is the Riemann-Liouville fractional integral, see Defioiti2.1,D{. is the
Riemann-Liouville type fractional derivative of order> 0 with the starting point 0, see Definition 2.2,

(b) mis a positive integer, Il = {0,1,2,--- ;m} and IN"= {1,2,--- . m}, 0=1tp <ty <tr < <ty <tmy1=1,
& € (ti,tiza) andni € (ti_q,t] fori € INT, ajj,bij € IR(i € IN2,j € INT) are constants.

(©) pel*(0,),

(d) f1:(0,1) x IR? = IR is a a,—Carathéodory functionf, a a;—Carathodory function, see Definition 2.3,
I1,d1 @ {ti} x IR?2 — IR are discretea,— Carathéodory functionsly,J, discrete a;—Carathéodory functions, see
Definition 2.4.

A pair of functionsug, uz : (0,1] — IR is called a solution of BVP(1.10)-(1.12) if

Ui |(tkatk+1]’ ngrilui |(tk-,tk+l] € Co(tkvtk+l]a ke INE)na XS IN%?
lim (t —t )2~ %y (t) lim DJ " ui(t) are finitek € INJ.i € IN?

tot ’ oty
uj, Upsatisfy all equations in (1.10)-(1.12) are satisfied.

The first purpose of this paper is to provide a new method tovedrboundary value problems for impulsive
fractional differential equations to integral systemseiifive apply the method to establish existence results fatisnk
of BVP(1.10)-(1.12) by using the Schauder’s fixed point tieeo[18] under some suitable assumptions.

The main features of our paper are as follows. Firstly, caegbavith known papers2D,36,37,21,26,32,35], we
construct a new Banach space and establish existencesresblutions of BVP(1.10)-(1.12) (Theorem 3.1 and Theore
3.2). Secondly, the boundary conditions in BVP(1.10)-2) 4re different from known ones and new impulse effects
models are proposed. Thirdly, the boundary conditions amglise effects in BVP(1.10)-(1.12) imply that solutions
obtained in this paper are continuous(rt;1](i € INg') but they may be unbounded @, ty;1](k € ING'). Fourthly, both
pifi: (t,x,y) — pi(t) fi(t,x,y) may be singular at = 0,1 while in known papers mentioned nonlinearities are supgos
to be continuous. Fifthly, resonant conditions of BVP(3:(D.12) are different from those defined i86 37,38, the
mistakes in these known papers are corrected (see Remarkiddlly, the results in17,41] are generalized.

The remainder of the paper is organized as follows: In Se@jove present some preliminary results. In Section 3,
the existence results for solutions of BVP(1.10)-(1.12e($heorem 3.1 and Theorem 3.2).
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2 Preliminaries

In this section, we present some necessary definitions fhenfractional calculus theory which can be found in the
literatures B,4,1,5,2]. Let a < b. DenoteL!(a,b) the set of all integrable functions i, b), C%(a,b] the set of all

continuous functions ofa, b]. For ¢ € L(a,b), denote |¢||; = j;’ |@(s)|ds. For ¢ € C°[a,b], denote|@||o = rr?aé [o(t)].
te(a,
Let the Gamma and Beta functionga ), B(p,q) and the Mitag-Leffler functioiE, 5(x) be defined by

LS, 2 _ _ @ K
I_(a) = f(;r X7 le dea B(pa q) = fOlXp 1(1_X)q ldxa Ea,6(x) = kzomvaa paqaa > 0.

Definition 2. 1[1] The left Riemann-Liouville fractional integral of order> 0 of a functionh: (a,+) — IR is given

by 1Z.h(t) = ja(t — )9 Ih(s)ds,t > a provided that the right-hand side exists.
Definition 2. 2[1] The left Riemann Liouville fractional derivative of order> 0 of a functionh: (a,+) — IR is given
by D3, h(t) = r(n{a) gT"n A = s)a n+1dst >awheren—1< o < n, provided that the right-hand side exists.

Definition 2.3. Letac (1,2). h: (0,1) x IR? — IR is called aa—Carathéodory function if
@ t—nh (t, (t—t)2 xl,xz) is integrable function oft;, t1) for every(xi, xz) € IR2,
(ii) (x1,%2) — h(t, (t —t)2?xq,X,) is continuous on IRfor eacht € (t;,ti;1](i € INT),
(iii) for eachr > 0, there existd/; > 0 such thatx| <r(i = 1,2) imply that

|n(t, (t—1)22x1,%2) | < Myt € (ti,tit1),i € NG

Definition 2.4. Leta € (1,2).1: {ti:i € NJ"} x IR? — IR is a discrete—Carathéodory function if
(i) (x1,%2) — 1 (&, (t —ti_1)® 21, X2) is continuous on IRfor eachi € INT',
(i) for eachr > 0, there existd/; ; > 0 such thatx;| <r(i = 1,2) imply that

|1 (ti, (6 —ti—1)@ X2, X2) | < M0 € INT.

Definition 2.5. Let n be a positive integey € (n—1,n), A € IR, h € LY(0,1). x: (0,1] — IR is called a piecewise
continuous solution of
Dgx(t) = AX(t) = h(t),a.e,t € (t, 1],k € INg' (2.1)

if X, and Do *X|g 4. (x € NJY) are continuous, the IimltsHtIlrft t)2 9x(t)(k € INJ) and
k

lim Dy, *x(t)(k € INJ, x € IN]~1)) exists (finite) anck satisfies (2.1).
sty

Lemma 2.1. Suppose thah € L1(0,1). Thenx is a piecewise continuous solution of (2.1) if and only if exist
constants; j € IR(i € INY, j € INJ') such that

X(t) = [t =9 Eq.a(At—9)%)h(s)ds

(2.2)
+ ZO Zlcu it =) "Eaa-it1(A(t—t)%),t € (t,tra] k€ ING.
j I
Furthermore we have .
I(’)‘:“x(t) = fo(t—s)“*lEa,n(/\ (t—9)%)h(s)ds
(2.3)
+ ZO z C| ](t _t ) Eg’n7i+l()\ (t _tJ)G)’t (S (tk,tk_;,_l],k S |N8’1
j=0i=1
and
a X k kK a
Do "X(t) = JXOIE Gt —t)* "Eqx—iv1(A(t—t)%)
2.4
+)\ z z C| J(t_t )G+K IEG a+K— |+1(/\ (t_tl)a) ( )
j=0i=k+1
+f(§(t — u)K‘lEa,K()\ (t—w)M)h(u)du,t € (t,tr1],k € INT, x € INQ*l.
(@© 2017 NSP
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Proof. We divide the proof into two steps:
Step 1. We prove thak is a piecewise continuous solution of (2.1) and satisfie?) @d(2.4) ifx is given by (2.2).

Sincea € (n—1,n),h € L%(0,1), we know that
t [5t—9Eqa(A(t—9)N)h(s)ds, t [§(t—u)*Eqk(A(t—u)®)h(u)du(k € INJ1)

are continuous of0, 1].
By Definition 2.1 and (2.2), we have foE (t,tx. 1] that

k-1
-9 x(s)ds Zofttr”l(tfs)“"”lx(s)dSJrfttk(tfs)“"”lx(s)ds

Igj"x(t) = r(n—a) = r(n—a)

k—1 T n .

PR 1{/5<s—u>aflEa,a<A (s=u)Dhuidut 35 6j(s~t)" ' Eaa-iza(} (S—tj)a)} ds
= r(n—a)

j=0i=

fttk(tfs)"’“’l {fg(sfu)“’lEava()\(sfu)")h( Ydu+ Z Z G j(s—t)) " T Eq q_it1(A (sftj)“)} ds
+ r(n—a)

k=1 17 n .
5,202, G T (-9 T (s ) T Eq i (A(st)9)ds
_ 1=0j=0i=
- r(n—a)

k n ]
(202,00 9" ) T B i1 (A (1)) 7)ds

+ r(n—a)

Jat=9)" T [S(s—u)TLEy 4 (A (5—u)?)h(u)duds
+ r(n—a)

by changing the order of the sum and the integral

ktictn 141 n—a—1 a-i a
To.Z O S o) T B (A (s-y)7)ds
= r(n—a)
k n .
(202,00 9" ) T B i1 (A (1)) 7)ds
+ r(n—a)

Jo S (t*5>"7a71(sfu)aflxio W(,\wa) (s—u)X@dsh(u)du
+ r(n—a)

g E G j E #ft (tis>n7a71(87t'>xa+afids
2ot ) o TOXe AT i
B r(n—a)

Z W/of (t—9)" @ (s—u)Xa @ Ldsh(u)du

T (n—a) by =

k n o AX
_ jZOi:zlcuxéom
- r(n—a)

(I—tj )Xa+n—i f&(l_w)n—a—lw)(GJra—i dw

Z (Xa+a fot uxa+n 1f 1— W)h a—1, wXa-+a— 1dWh( )d
X=

r(n—a)
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k n [

X _
= jgmglcivszol'(xainfwl) (t -1 )Xcr+n I+ Z Xa+n fo(t— )Xa+n 1h(u)du

= Jolt=9)"*Ean(A(t—9)")h(s)ds+ 2 2 Gij(t—t))" "Ean-ir1(A(t—t)7).
j=0i=1
Then (2.3) is proved.
Froma € (n—1,n) andk € INJ~%, we knowa — k € (n—1—k,n— k). Fort € (t, t;1], by Definition 2.2, we have

K1 (n—k)
ax [f4t-9m1x(5)dg] " ¥ TZo.litr”l(t—S)”"”*lx(s)dsﬂitk(t—s)“"’*lx(s)ds]
D X(t) r(n—a) = r(n—a)

k1ot —a-1( s 1 T n p (n—K)
réo'hT (t=9)" 0 J5(s—w) T *Ea.a(A (S—U)a)h(u)du""jZoiZlci’i(S_tj)a '"Eq.a-it1(A(s-1)7) |ds
r(n—a)

n ) (n=x)
{fttk (t—gn-a-1 (fg(sfu)“’lEaﬁa (A (sfu)")h(u)dquéoélci,j (s—tj) " "Eq.ait1(A (st )“)) ds}
+ r(n—a)

k-1 1 n ) (n—K)
LZOJZO 3 Gijhy T t-gn-a- Y1) "Ega-isa(A (S—Ij)a)ds}

= r(n—a)

k n . (n=x)
Lzmzlci’j i =90 (st)) T Eq g 41 (A (5t )“)ds}
+ r(n—a)

[4t=9" 1 [5(s- )T 2Eq o (A (s-u)@)h(u)duds] ")
r(n—a)

by changing the order of sum and integral

k—1k-1 n . (n—K)
{Z 3 Z CuJ/tHl(t )"0 (s—t)) 9 Eq g-i1(A (S—tj)a)ds}

= r(n—a)

k n ) (n=x)
Lzmzlci’j Jy =9 (st)) T Eq a—it1(A(s; )“)ds}
+ r(n—a)

[ b =90 (s—1) T 1Eq 4 (A (s—u)®)dsh(u)du] "

+ r(n—-a)

=0i=1

k- n t n—a—1 a-i < AX Xxa "
J_Z Y Cij .ftj (t—s) (s—tj) XEOW(S—H) ds
= r(n—a)

© (n—x)
{fc‘, fﬁ(tfs)"*afl(sfu)aflxéoH);\T);a)(sfu)X“dsh(u)du}
+ r(n—a) by t—j

k n © AX(t— t])xa+n i
22,00 % Toaaa o

(n=k)
(1- W>n—a—1wxa+a—idw}
= r(n—a)

t 2 AX(-yXa+n-1

(n—K)
. {10 o T _;‘01(1—w)"*aflwxawfldwh(u)du}

r(n—a)
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(n—k)

O X (t—tj)Xa+n-i © )\Xt uyxa+n-1
fO X=0 I (xa+n) h(U)dU

K n (n—k)
JEOIE Gij 2 T (xa+n— |+1)‘|

® AX(t— tJ)XOHK i N )\Xt u)Xa+K— 1
jO Z I (xa+k) h(u)du

(t—t
Gl Pl |+1+Z ZCIJ EW

If Kk > 1, we get
k

DIxt) =3 3
j=0i=1

(03
i=

k «
3 2 Calt=t) Equist(A(t—t))9)

k n .
+A Z ) > Gij (t _tj)a+K7|Ea7a+K—i+1()‘ (t _tj)a)
j=0i=k+1
4[5t =W Eq k(A (t — u)¥)h(u)du.
Then (2.4) is proved.
(n)

If K =0, then we get
k n 1
2 AX(t—tj)Xatn-i ©AX(t—upxan-1
) +fty 3, ++n)h(u)du

D0+X() ZOIZ Gij z r(xa+n—i+1)

=h(t),t € (t,tkr1),k € |Ng1.
This is (2.1). Furthermore, we see from (2.3) and (2.4) xsattisfies thak( “X|, 1., andD o+ x| (tetira) (X € IN 2‘1) are
continuous, the limits
lim (t —t)2~9x(t)(k € INJ) and lim D“ AX(t)(ke INJ, x € INT™1)
t—t ! t—t !

exists (finite). S is a piecewise continuous solution of (2.1). Step 1 is cotaple
€IN7)

Step 2. We prove thak satisfies (2.2) ik is a piecewise continuous solution of (2.1)
Sincea € (n—1,n) andh € L1(0,1), by (5.3) in B9], we have fott € (to,t;] that there exist constants, € IR(
such that
n . .

X(t) =
i=1
So we get the expression»bn (0,t;]. This implies that (2.2) holds fde= 0. We will apply the mathematical induction
=0,1,2,---,v, i.e., there exist constants

method to prove that (2.2) holds for &le INIY. Suppose that (2.2) holds far= 0, 1,2
c,j € IR(i € N, j € INg)

k n
©=75 3 clt—1)"Eaiat-1)")

+ 5t =9 Eq a(A(t —8)%)N(s)ds,t € (ty, tkr 1], k= 0,1,

In order to get the expression»bn (t,1,t,1 2], we suppose that

0= 3 3 01" g st —1)7)
+ ot =9 Eq a(A(t —9)M)N(s)ds+ D(t),t € (ty11,tv12]-
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Then fort € (t,41,ty12], we have by Definition 2.2 that

r(n—a)

v (n)
’50 gn-a 1x(s)ds (n) [Z ﬁtrﬁl(t_s)n—a—lx(s)ds_,,_ﬁtwrl(t gn-a 1X( )ds]

DO+X( ) = r(n—a)

r(n—a)

ton ‘ (m)
{Z e t-9)" 1( 3 3 Gij(st) " Eqa-i+1(A(s—t) ")+ 5(s-UW) I Eq.a (A (s-U))h(u )dU>d}

v+l n

2 3 Gij(s—
1

(n)
(s-t)% 'Ea,a-i+1(A(s-t)) ")+ [5(5-U)* *Eq,a (A (s-U)¥)h(u)du+&( ))d}

r(n—a)

{fttwl(tfs)"*a*l <j:0|:

+

vV T n

> ZCIJ

(m
R (-9 s 4)) T T Eq g_ip1(A(s1)) )d}

b
_Dt(i @(t)—F 7=0j=0i=

v+1

v+l n t
2,20 Jeyia

r(n—a)

Q)
(t S)nfo'fl(s—tj)afiEa,afiH()\(S—tj)o')ds}

j=0i=
r(n—a)

N

[/§t—9)"¢ 1(.]g(sfu)"’1Eo,ﬁa()\(sfu)o’)h(u)du)ds]()

n
change the order of sum and integral

+= r(n—a)

v Vv

> Ecljfir+l

(n)
(t=9)" Y (s—tj)" Eq a-i+1(A(st)) )ds}

)3
=D% o(t)+ L S

v+1

v+l n
2,2 Gij i, q (t
r(n—a)

r(n—a)

(n)
Sl l(s t>a IEora i+1(A(s— t]) )d}

L

/6 fu(t=9)" 1 (s—u)? *Eq.a(A(

—u)%)dsh(u)du] "

+ r(n—a)

(n)
v+l n ' o @
[; 2,00 Ry ) T Tt ()X ds}

=D% () +

v+1

{fo Jit—s "’a’l(sfu)a’l)éoI_(X)‘T)(er(sfu)X“dsh( )d

r(n—a)

(m)

S—t;j -
use;— —w,f;—”:w

r(n—a)

+

v+l n
j=0i=1

ZEIJEW

(m)

(t— t; )Xa+n—i f&(lfw)”’a’1W’i+XadW

r(n—a)

=DY cD(t)+[

v+1

{fo XTHI) (t-u)
+

(n)
Xa+n— 1f1(l W)” a-lyxa+a— 1dwh( )d}

v+l n

=D% () +

v+1 j=0|=

t 2 AX
fO EOF(XaJrn)

X:

> 2G>
1 x=0

r(n—a)

. (n)
(t _ tj )Xor+n—i‘|

AX
r(xa+n—i+1)

(n)
(t— u)X“+“‘1h(u)du]
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a v+l n 00 Xa—i
= Dtv++1 (t)+ jZOiz 2 Xa |+1) (t—1)

+h(t) + f§ 3 A (- uXaTh(u)du

x=1

v+1

It follows that
AX(t)+h(t) = Dt‘i 1CD(t) +h(t) +Ax(t) —AP(t),t € (ty11,ty 2]
v+

ThenDf, @(t) —A®(t) =0 on(ty,1,tv42]. By (5.3) in [39, we know that there exist constargs,.1 € IR such that

v+1
P(t) = Z vt —tvi1)  'Egq iz1(A(t—ty11)%) on(ty41,ty12]. Then the expression afon (ty . 1,t, 2] is as follows
i=1

v+l n
X0 = 55 6t Eaara(ht-1)")

+Jo(t =9 "Eaa(A(t—9)Nh(s)dst € (tyi1,ty2].

So (2.2) holds forkk = v 4+ 1. By the mathematical induction method, (2.2) is provede Phnoof of Lemma 2.1 is
complete. O

Corollary 2.1. Suppose that € L1(0,1). Thenx is a piecewise continuous solution of
Dg:x(t) =h(t),t € (ti,ti11],i € ING'
if and only if there exist constantg; € IR(i € IN}, j € IN7") such that

X(t) = fo r ) ( s)ds+ 2 2 CIJ;E o )|+1> t € (tk,tkr 1),k € ING
Furthermore we have

19-9x(t) = f3 4T “h(s)ds+ z zc., - ”> L€ (totira) ke IND

=0i=1
and )
K
a—x ) (t t>a+K i
Do+ x():jz 3 6 “Fo. gﬂcum
I3 U T h(udu.t € (b a).k € INGLx € NG,

Proof. It follows from Lemma 2.1 dlrectly when one chooges- 0 in (2.1). The proof is omitted. O

Remark 2.1. Different from (1.1) and (1.3), we consider the followingumalary value problems for impulsive fractional
differential equations
DG x(t) = z(t),a.e,t € (ti,tira],i € ING',

limt2-ox(t) = iglaaX(Ei), X(1) = élbiX(ni), (2.5)

t—0

lim (t—t)2 x(t) = ci, ADZ X (ti) = di,i € INT,

t—t"

and .
DEx(t) = z(t),ae,t € (t,ti1a],i € INF,

D5, X(0) = 3, &g X&), X1 = 3 b *x(n) (26)

lim (t—t)2-9x(t) = ¢, ADZX(ti) = di,i € INT,

tott
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wherea € (1,2), 0=ty <ty <--- <tm <tmy1=1,& € (ti,tiz1],m € (ti—1,4](i € IN]"), &, b € IR are constantg,satisfies
some suitable assumptions. Then BVP(2.5) is equivaletigantegral equation

X(t) = fo r ()ds+Aot°’ 14 Bto—2

: (2.7)
+5 (—(t—t )14 z Cj(t—t))? 2t € (ti,tira],i € INJ,
j=1
with A, Bp satisfying
(1— ,_Elaiéi"—z) Bo— 3 i Ay
-Sa <foi o A(s)ds i i (& =)+ z 6j(& — t>“>,
i=1 j=1 =1
(1— > binf >Bo+ (1 z bin~ 1>A0
—fo ( s)ds— ngﬁg)(l—tj)a—l_é cj(1—t;)92 28
m (p_g)a— i—-1 4
+3 b (fo"' s lz(s)ds+jzl%(f7i—t) 1y 2 ci(ni—tj)°~ )
BVP(2.6) is equivalent to the integral equation (2.7) WA)Bg satisfying
I(a) <1—i§1ai>AO:i§1ai ljbiz(S)dS+r( ) ;2 ?—]
(1— 5 bini)AoJr (1— 5 bi> B
i=1 i=1
(2.9)
=~ [ S agds— 5 s (L-t)7 - 5 ¢(L-t)7 2

i—1
+ Z bin? lfol e — a “z(s)ds+ Z ( —tj)"l+jZOCj('7i—tj)°’2] :

Proof. From Corollary 2.1 an®g, x(t) = f(t,x(t), nglx(t)),a.e.,t € (ti,t11],1 € INZ', we know that there exist constants
A, Bi(i € INJ") such that

x(t) = f8 r ()ds+ 2 Ajt—tj)o 1+ 2 Bj(t—t))9~2,t € (ti,ti1],i € INJ (2.10)

and

i
DI Ix(t) = [S2(9)ds+ T (a) 3 ALE (] i € NG, (2.12)
J:

() Fromtlrtn (t—t)> IX(t) =ci, ADg, IX(t) = di,i € IN"and (2.10) and(2.11), we gBt= C; andA.—%( INTY).

(@© 2017 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl3, No. 2, 111-140 (2017)www.naturalspublishing.com/Journals.asp NS = 123

(i) Fromtlinatz‘o’x(t):%1 ax(&), x(1) = Z bix(ni) and (2.10) and the results in (i), we get

Bo= 3 a [fofi (&9 A(s)ds+ S A& 1) 4 3 By(§ —tj)“‘zl :
i=1 j=0 j=0

3 Bt a9ds+ 3 A1) 1+ 5 Byt

[fo' O agds 3 A '—tj)“+;isz(ni—tj>“]-

It is easy to convert this system to (2.8). One sees that ka8}olutiorg, By if and only if
m m
1-3a&"? -y ag™t
i=1 i=1

Rank
m m
1- 3 binf 21—y bin®*
i=1 i=1

il 2 < 1

1_.Zlaifia_ __Zlaifia_ M
1= 1=

= Rank ,

m m

1-5bn® 21—y bin® N
i=1 i=1

whereM, N are defined by

M= 3 a <fo' S s 5 7 <<s—tj>“1+J_'zlc,-<a—t,->“>,

i—1

(M- a—-1 d: B i—1 B
b < o B — 2s)ds+ 3 e (=) 1+jgocj(ni—tj)“ 2)

M3

. _ga-1 m g _ m B
~ o U H9ds 3 (1) - 3 ei(L)

By substitutingA;, B; into (2.10), we know that
X(t) = fo ,_ ()ds+Aot" 14 Bpta—2

iz I_d—(t—t Yol z cj(t—t)? 2t € (titisa).i € INJ,

whereAy, By are the solutions of (2.8). Then (2.7)is proved.
m

Using (2.10), (2.11) an®§*x(0) = 2 @Dor (&), x(1) =

equivalent to (2.7) witt\g, By satisfying (2 9) The proof is CompleteD

Z b.n,2 %(ni). Similarly we can proof BVP(2.6) is

Lemma 2.2(Schauder’s fixed point theorem)18]. Let X be a Banach space aifid X — X be a completely continuous
operator. Suppos® is a nonempty open convex bounded subset ahdT (Q) C Q. Then there exists € Q such that

X=TX

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

124 %N S\ Yuji Liu : Existence of solutions of...

Leta € (1,2). Choose

U|( D“‘1u|( S Co(tk,tk+1], ke |N(r)n7

tiotira] s ticoti 1

Xa={u: (0,1 R the following limits exist:

lim (t—t)? “u(t), lim DS tu(t),k € INY

)
+
st st

Foru € X4, define

||u||::||u||a:max{ sup (t—t)* “lu(t)|, sup IDgflu(t)|;ke|Ng1}.

te(tk ,Ik+1] te(tk ,Ik+1]

ThenX, is a Banach space with the norm defined.
DenoteE = Xg, x Xq,. Define||(x1,%2)|| = max{||X||q, : i € IN2}. ThenE is a Banach space.
Letx € Xq (i € IN‘l‘). For ease expression, denote

fip (1) = f1 (620,052 (1)), T2q (1) = fa(txa(1), D (1)),
|13 () = 11(t X2 (1), D2~ (1)), k € INT,

L2xq (t) = 12(ti, X2 (t), D™ xq (b)), k € INT,

J1, (1) = Ju (b, Xe(t), D2~ xa(t)), k € INT,

o (t) = Jo(ti, X (t), DI xa (), k € INT.

Denote fors= 1,2 that

m m m—1
A= — _Elalifi, App=1- _Zlalh Az; =Eq,1(A1) — _ZO b1iEq, 1(A1N™),
1= 1= |=!
m-1 ap—1 ag
Apy = )\1Ea1,a1 ()\1) —M 'ZO blir]i Eal,al (Alni )7
i=
m m m-1 a
Bi1=— Zlazi &i, Bio=1— _Zlazi, B21=Ea,1(A2) — _ZO D2iEa,.1(A2n;?),
1= 1= |=!

m-1
B22 = A2Eq,,a,(A2) — A2 iZO bain™ 'Eay.a,(A2n72),

A11 A B11 B12

1= s [l2= .
Ax1 Ay Bo1 Boo

Lemma 2.3. Suppose that (a)-(d) hold afifl # 0(s=1,2). Then BVP(1.10)-(1.12) is equivalent to the following igtal

system
X1 (t) = f(‘) (t— s)"lflEo,l,al (A1(t — 9)91pa(8) f1x, (S)ds+ (3071t"’1*1Ea1,o,1 (A1t92)

k
+2 Jix, (tj)(t —1; )0171E017G1 (Ar(t— ti)al) + dO,ltarzEGl,O!rl()‘ltal)
=1 (2.13)

k
+ 3 (1) (=) 2oy a2 (Aalt—1)) %), € (ictiea)- ks NG
j=
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and
Xa(t) = Ja(t = 9%  Eqy a(Aa(t — 5)%2p2(8) fax, (S)dIS+ Co.2t %2 *Eqry (A2t ?)
k
2% (6)(t = 1)) Eap, 0 (Aa(t — 1)) + do ot *2 " ?E e, 0,1 (A2t 2) (2.14)
k
+ 3 T2 () (1) *Eap a1 (Aalt =) ) L € (tetesa], KE NG,
=
where
cos = & [ ez 2, 2 (156~ 9Es 20 ~ 97 () o (5105
+ élJle(tj)(fi —tj)Eay 2(A1(&i — 1)) + élllxz(tj)Eal,l(/\l(Ei —tj)"l)))
m-1m-1 m
—Ar2 (J_Zl igj b1iEay 1 (A1(ni — 1)) dny (t)) — jglEal,l()\l(l—tj)"l)Jlxz(ti)
m-1m-1 i (2.15)
+A1 ,-Zl izj bai (M —tj) ™ *Eay,a (A1 — 1)) M)l ()
A1 3 (L) g g (1= 1) %)l 1)
j=
— Jo Eaya(M(1— 1)) py (u) fiy (u)du
+Jo Y biEa a(Aa(ni—u))p(u) flxz(U)dUﬂ
u<ni<fim-1
coz = | Baa 2,2 (16~ 9B 20l ~ 97l oy (5105
+ 3 ()6 ~1)Ea202(8§ ~1)%) + 3 lou ) Eey 1ol & —t;)"z)))
m-1m-1 m
—Bu2 (jZl igj D2 Eay, 1 (A2(Mi — 1)) %2) Jox (L) — jglEaz,l()\z(l—tj)"z)Jle(ti)
i B (2.16)
+A2 ,-Zl izj Bai (N —tj) %2 *Eay,a, (A2(1i — 1)) %2) 12 (1))

Ao 3 (L)) gy (Ral1 1))l 1)
=
— Jo Eaya(A2(1— 1)%2) pa(u) fa, (u)du

+h ¥ bZiEaz,l()\z(ni—U)az)pz(u)fle(u)duﬂ

u<ni<Nm-1
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do1= ﬁ

=1 =]

A1 (mflrﬁil b1iEqy,1(A1(ni — 1)) %) due, (1))

= 3 Bt Oa(11)") i) ~ i By 1 (a1~ ™) pa(0) ()

m-1m-1

+A1 ,21 3 bui (i =)™ Eay 0y (A (M = 1)) 1, ()
515
th u<mgnmflbliEa1,1()\1(f7i —U))p1(u) fi, (U)du (2.17)

-M jgl(l — 1) a0y (A1 (1= 1) M)l (¢ ))
Ao 3 (I (6 9Ema(ha(8 — 9)pa(9 91

+ jiZlJlxz(tj)(Ei —tj)Eqy 2(A1(& — 1)) + jilele(tj)Eal,l()\l(fi —H)"U)ﬂ ;

m-1m-1
do2 = ﬁ [Bn< Zl b2iEa,1(A2(Ni —1))92) Ik, (1))
j=1i=]

= 3 Eaaa (1)) 1) ~ i Eep 0201~ 07) po(W) o (1

m-1m-1 1
+A2 22 bai (Ni — 1)) %2 Eay,a (A2(Ni — 1)) %2)l2xq (1)
=1 i)
1 . R
o u<nénm71b2'E"271(’\2(’7' U)?2) pa(u) fax, (u)du (2.18)

—A2 jgl(l — 1)) By a0y (A2(1— 1)) %2) 124 (h'))
—Ba1 (iglazi (foi (& — S)Eq,2(A2(&i — 9)72) pa(S) fox, (S)ds

+ji§132x1(tj)(fi —tj)Eay2(A2(&i — 1)) +ji§1|2xl(tj)Eaz,1()\2(fi —t,-)az)))] :

Proof. From Lemma 2.1, we have that there exist constepsd; , € IR(x € IN2, j € INJ') such that

X1(t) = Jo(t = 9)™ "Eay,aq (As(t =) pu(9) fiy (9)ds

k
i1t —t) 9 By, o (Ar(t — 1))
+IZOCJ,1( i) oy, (Aa(t=1))™) (2.19

K
+ _zodLl(t — )" 2E gy o —1(Ar(t — 1))t € (ty, by a] k€ NG
J:
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Furthermore we have
157 9X(1) = f3(t — 9)Eay2(As(t — 9) pa(S) fax, (S)ds

K
+jZOCj,1(t —tj)Bay 2(As(t —tj)™) (2.20)

K
+ _zodLlEal,l(/\l(t —1j)%),t € (tk, tira], k € ING'
j=

and

k
DS (t) = zOCLlEal,l(/\l(t —1j)%)
i=

k 2.21
LS dalt—4)8 oy (a1 1)) 220
J:
+ Jo Eay (At — 1)) pa(u) fax, (U)dU,t € (ti,tipa) k€ ING), x € INTL
(i) From (2.20) and (2.21) and
ALZ M (1) = 11, (), ADSE xa (t) = Ju, (), k€ INT,
we get
dk,l = |1x2 (tk), Ck1= J1X2 (tk), ke IN rln (2.22)
(i) From (2.20), (2.21), (2.22) and
2 i 2 1 mt 1
lo tua(0) = Zlaliloialul(fi), Dot u(1) = Z)buDgf ur (i),
= =
we have
2 a2 a2 & a
—_zlaliEiCQl‘F 1—_zla1i do1= _zlali [fo (& — 9)Eqy,2(A1(& —9)%1) p1(S) f1x, (S)ds
1= 1= 1=
(2.23)
i i
+ _ZlJle(tj)(fi —1j)Bay 2(A1(& — 1)) + _Elllxz(tj)Eal,l(/\l(fi —tj)"l)] :
i= i=
and

m m
.ZOCJ,lEaLl(/\l(l—tj)"l)+/\1_Zodm(l—tj)"l’lEal,al(/\l(l—tj)"l)
= 1=
1 a m-1 i a
+ /o Eap.1(A1(1—u)) pa(u) fix, (u)du = _20 by _ZOCJ,lEal,l()\l(ni —tj)9)
i= i=

i .
+A1 ,Zodj,l(’]i — 1)) E gy 0y (A2 (M —1)9%) + " Eay,1(A2 (M — 1)) py(u) foy, (U)dul| .
J=
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It follows that .
m—
{Em(m -3 bliEal,l(Amr’l)} o1
i=

m-1
+ |:)\1Ea1,a1()\1) -1 iZO blinial_lEal,al()\lnial)} do,1

m-1m-1 m
= J_Zl izj b1iEay,1(A2(ni — 1)) du, (t)) — jZlEal,l()‘l(l_tj)al)\]lxz(tj)
m—-1m-1 2.24
AL L bl — )M a0 (A (0 = 1)) T () (224

A3 ()% o (L))l 1)
J:
Hfe Y buEaya(An(ni—u)®n) py(u) fay, (W)du

u<ni<Nm-1

— Jo Eaypa(A1(1— 1)) py(u) iy, (U)du.

It follows from (2.23) and (2.24) thaty 1, do 1 satisfy (2.15) and (2.16). Substitutieg,dg 1 into (2.19), we get that;
satisfies (2.13). Similarly we can get the expressioxpafefined by (2.14) andy 2, dp > satisfy (2.17) and (2.18).

Now we suppose thax; satisfies (2.13) anc, satisfies (2.14). We can prove that;,x;) is a solution of
BVP(1.10)-(1.12) by direct computation. The proof is coatptl. O

For (x1,%x2) € E, let cp1,do1,C02,0o2 be defined by (2.15)-(2.18), defineT(xy,x2) by
T (x1,%2)(t) = ((Tax2) (1), (Toxe) (1)) with

(Twxe) () = Jo(t = 9™ "Eay oy (As(t = 9)™) Pa(8) fix, (S)dS+ Coat ™ Eay ay (Aat™)

k
3 ()t )" oy e, (At~ 4)) + dost™ g, a1 (™)
J:

k
+ 3 gt —4) 2B, 0, 1(Ma(t—1) 7). € (tera) k€N
J:

and
(Taxa) (t) = fo(t — )92 E gy a, (A2(t — 5)92) P2(S) fax, (S)dS+ Co 2t 2 E g g, (A2t 92)

k
+ _22J2X1 (tj) (t—t; )az_lEazﬂz (A2(t—1))72) + d0,2ta2_2E02-,02*1()‘2ta2)
j=

K
+ _lele(tj)(t — 1)) E gy q-1(A2(t = 1))%2),t € (t,tr 1] k € ING,
i=

Lemma 2.4. Suppose that (a)-(d) hold afiy # O, ]2 # 0. ThenT : E — E is well defined and is completely continuous,
(x,y) is a solution of BVP(1.10)-(1.12) if and only {k,y) = T (X,y).
Proof. The proofis standard and we omit the details. The readerddghefer [L5]. O

3 Main Results

In this section, we prove the existence of solutions of BVE(}-(1.12) under the assumptions in Lemma 2.4 which
imply that BVP(1.10)-(1.12) is non-resonant. Suppose thatj > 0(j = 1,2) are constants. We need the following
assumptions:
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(H1) there exist nonnegative constatsB;(j = 1,2) and two functionsg, o such thatp, f is aa;—integrable
function andp,@ a a»—integrable function and

2
|11 (6 e v2) —Wo0)] < 5 A1, e (i), vy € R(j = 1,2).i € NG,
i i=

N

|2 (4 i ) @] < 5 BibI. te (). X €R(j=1.2).i € NG,
J:
(H2) there exist constants;, Ji;, l2i, J2i (i € INT"), Cj,Dj,Ej,Fj > 0(j = 1,2) such that

CJ|yJ| j IEINla

TMN

|1(t|7ma)&) —li| <
2 - .
(t7 2 0127y2) Ji| < .Ele|YJ'|GJ,| S |N1m7
J:

2
I, thTz—l,Xz) la] < 5 Ejbxl".i e Np,
J:

N

Jz(t, . 12(,1,xz) Joi| < z Filxj|%,i € INT.
j

Denote

o1 {Azz ( ;anali (foi (& —5)Eqy,2(A1(& —9)7) p1(s)Yo(s)ds
+ji§1311(5i —1j)Eay 2(A1(& — 1)) +jl§1|1an1,1()\1(fi —tj)"l)>>

m-1m-1 m
—A1p 2 2 b1iEay 1 (A(Ni — )“1)311—,ZlEal,l()\l(l—tj)al)Jlj
J=

m-1m-1

+A1 Zl S b1 (i — )" Eay ay (AL (M — 1))l
j i=j

M El(l— t)) " Eqy ap (A2 (1))l
=
— J3 Eay,1(A1(1—9)%) py () go(s)ds

18 Y biEg 1(A(ni—9)%)pa(s) ll’o(s)d5> ] ,

S<Ni<Nm-1
02 = [Baa 3 20 (I (6~ 9Eas2ha(& -9 pa(9 (o)

5 (8~ Byl —1)°%) + 3 eyl —tn“z)))

m-1m-1 m
—B12 2z D2iEa, 1(A2(Ni —1))%2)J2j — ,ZlEaz,l()\z(l— t))92) &
i i=j =
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m-1m-1

+A2 _21 5 boi(Ni — )92 Eqy,a, (A2(Ni — ))%2) 15
=105

Ao 3 (L)) gy Ro(1 1)) )
j=
— Jo Eap1(A2(1— u)%2) pa(u) @(u)du

Ty bZiEaz,l()\z(ni—u)“2)p2(u)qb(u)du>],

u<ni<fm-1

_ 1 m-1m-1 a
do1 = 7; |Au _21 Y b1iEay 1 (A2 (i — 1))y
=10

. élEal,lulu—tj)“l)Ju — Jo Bay.a(Aa(1 = 1)) pa(u)go(u)du

m-1m-1

+A1 ‘Zl 3 bai(ni — )" gy 0y (Aa (i — 1))y
=10

+fo Y buEaa(An(ni —u)*)py(u)go(u)du

u<ni<im-1

‘Aljgﬁl—to(’llEal,a1<A1<1—tj>al>m>
~par (3 o (I (6~ 9Eau2(Aa(6 - 9Pl e

+ 3 (6~ 20ME—1)%) + 5 I a(Md —tn“l)m ,

_ 1 m-1m-1 a
doz = 75 B _Zl Y b2iEq, 1(A2(ni —t))%2)d;
=105

= 2 Eaaa(ha(11)")%) — [ Eaga (a1 0)%)pe(u) ()

m-1m-1

+A2 ‘21 3 boi(ni — )92 Eay a4, (A2(Ni — 1)) %2) 15
=15

+lo S baEga(Ae(ni—u)®)pa(u)@(u)du

u<ni<Nm-1
—A2 El(l — 1)) Eay ap(A2(1 _ti)a2)|21'>
i=
~8ar (3,20 (U6 (6~ 9Ezl0el&i -9 pa(9m(sis

+ IZ J2j (& —tj)Earp2(A2(& — 1)) %2) + éllzi Bapa(2tfi = t,-)"’?)) )1 |

=1
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®(t) - fé (t - S)alilEal’gl (Al(t - S)C{l pl(S)LIJo(S)dS—F covltalilEal!gl (Altal)

k _
+ _21‘]1] (t - tJ )al_lEGLGl ()‘l(t - ti)al) + dO,ltal_zEal-,Grl()‘ltal)
J:

k
+ 3 1yt 1)% 2By a1 (Aalt—1) ).t € (fotral ke NG
j=

and
W) = fé(t —9) %2 1B, o, (A2(t — 9)92P2(S) @ (S)dS+ To 2t %2 2 E g, 1, (A2t 92)
k _
+ _zszj (t—tj) 2 1B gy, (A2(t —tj)92) + do 2t %2 2Eqy 0,1 (A2t 92)
J:
k
+ _Ellzj (t—1))%2 ?Eap ap-1(A2(t —1))%2),t € (t tya] K € ING,
J:
Denote

m
Eay a1 (IA1))+Eaq 1(1A1])[Az2 izl‘ali |Eay 2(1A1))[pall2 Eay.ap (1A1)+Eay.1(1A1)|Ar2ll pall1Eay 1(1A1])
P = I i I

m-1
E A1) +Eqq 1(JA1])|A byi|Eqy 2(]A
ag.aq (A1) +Eqy 1(A1])] 12\Hp1H1i§o\ 1i[Eay 1 (A1) N Eay.aq—1(1M)+HM[Eay a; (A1) |Avall[pa][1Eay 1 (1A])
Ml [Tl

m-1
Eay,aqy-1(1A1))+[A1[Eay,ap ([A1])[Aaall[P1ll2 izo |b1i [Eqy,1(1A1])

- 11l 1y (Aa]) + [ P11y 2(Ad])

m
Eay,0q-1(1A1))+[A1|Eay g ([A1])[A21] _Zl\aliH\lelEal,z(V\l\)
1= .
I Al

m m-1
Eay,a1 (IA1])+Eay 1(|A2])m/Ay| gl\a:u [Eap1(IA1])  Eagay ([A2)+Eay 1 (1A2])miAgal|A] 2 |b1i [Eary aq (|A1])
+ = + =
[Tl Ml

m-1
E —1(]A A|E A A11]|A byi |[E A
+Eorl,orl(Ml‘)""Eal,l(Ml‘)m‘Alz‘Ml‘Eal,al(V\l‘) n aq,aq l(‘ l‘)‘H 1‘ 0’101(‘ IDm‘ 11H 1‘ iZO‘ ll‘ 0’101(‘ 1‘)
Ml [Mal

+ Eal,al—l(‘)‘lDJF‘)‘l‘EOIlJH(‘)‘1‘)‘Allu)‘l‘"'Ealyal(‘)‘lD
[Mal

+MEq, a;-1(]A1])Cj + M[A1[Eqy ay (|A1])

m
Eay.ap-1(1A1))+A1]Eay ag (A1)MIAz1| T |agi[Eay 1(A1])
i=1 Ci
Ml !

m m-1
Eal,al(\/\1\)+Ea1,1(\)\1\)m\A22\gl\ali\Eal,z(\/\l\) Eay.ap (IA1])+Eay 1(1A2)mAq| 'zo |b1i|Eqy 1 (1A1])
+ e + Tl

m-1
E —1(]A MIE A A by |E A
Eal,al(V‘lDJFEal,l(Ml‘)m‘Alz‘Eal,l(Mlb 4 aq,0q 1(|A1])+A1] orl,orl(\ 1[)mlAq1] igo‘ 1i] al,l(‘ 1l)

[Tl [Tl

_|_
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n Eay,a;-1(1A1])+A1|Eay.aq ([A1))mIA11|Eqy 1(|A1])
M

+MEq, 1(JA1]) + MEqy,q; (|A1])

m
Eay,a;-1(1A1))+1A1]Eay,ay (1A)MIAz| 5 |a1i[Eay 2(1A1])
i=1
A

Dj,j=12,

m
E A E A2])|B i |E A
o - ap,05 (1A2])+Eay 1(1A2))| 22\i§1\a2|\ ap.2(1A2)l P2l |1 N Eap,a, (A2])+Eay.1(1A2]) [Br2ll| P2l [1Eay 1 (|A2])

J M2 M2l

m-1
E A E A2])B by |E A
a5 ([A2]) +Eay,1(1A2]) B2l | p2ll1 izo‘ 21 [Eay.1(1A2]) N Eay,ap—1(1A2])+1A2(Eay,ap (1A2])Brall| P2l |1Eay,1(|A2])
Ml N2l

m-1
Bap.ap-1(12])+A2[Be,05 (1A2)[Brall[P2lla 3 [bailBaya(1A2])
] - +11P2l[1E 0y, a5 (|A2]) + [[ P2l |1Eq; 1(|A2])

m
Eay,ap-1(1A2])+[A2[Eay.ap (1A2])B21] 3 [a2il[p2ll1Eas,,2(|A2])
i=1 B
M2l !

m m-1
Eaz,az(Mz\)+Ea2,1(Mz\)m\Bzz\igl\azi\Eaz,l(Mzh Eay.ap (1A2])+Eay,1(|A2[)mB12| A2 2z |b2i [Eary.ap ([A2])

+ A + ]

m-1
E _1(|A A2lE A By1/|A byi |[E A
Eaz,az(\)\2\)+Ea2,1(\)\2\>m\812\\)\Z\Eaz,az(\)\z\) n ap,0p 1(1A2])+[A2] az,az(\ 21)m[Baa|Az] igo‘ 2i az,az(\ 20)

+ A A

Eay,ay-1(/A2])+|A2Eay a, (|A2])[B1|[A2|MEay ay (142])

+ ]

+MEay,a,-1(|A2]) + MA2|Eay,a, (|A2])

m
Eay,ap—1(|1A2])+A2[Eay,ay (|A2))MBa1] Z |a2i [Eay,1(1A2])

] Ej

m m-1
Eay.a, (1A2])+Eay,1(|A2)mB22| iil\azi [Eay2(lA2])  Eap.ap(1A2])+Eay 1(]1A2))m(Biz] 2 |b2i [Eary,1(1A2])
< I <

+ A ]

m-1
E —1(]A A2lE A B boi |E A
Eaz,az(‘)\2‘)+Ea2,1(‘)\ZDm‘BlZ‘Eaz,l(‘)\2‘) n ap,dp 1([A2])+A2] 02,(12(‘ 2/)miBa4| igo‘ 2| 012,1(‘ 2l)

+ A A

Edy,ay-1(142))+1A2(Eay.a, ([A2])MB11|Eq, 1(1A2])
M2l

+ +MEg, 1(]A2]) + MEq,,a, (| A2])

m
Edy,ay—-1(|1A2)+1A2[Eay.a, (|A2])M B2 izl\azi |Eay,2(1A2])
M2|

F,j=12

Theorem 3.1. Let 0 = max{gi(i = 1,2,3)} and 1t = max{1i(i = 1,2,3)}. Suppose that (a)-(d) and (H1)-(H2) hold,
M1 # 0,112 # 0. Then BVP(1.10)-(1.12) has at least one solution if

(i) or€0,1)o0r

(i) ot =1with

1/o0 1/t

3 3
YQleit< | g—2——]| or 3RV <| g
=1 2Rl =1 zalel
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or
(iii) or > 1 with

- ISR
4 3 27||w
oLt 5 Qille|[n T ||@|| + G| | <1,
i=1 o(oT-1) 3 Pyl
L =t .
— o7
4 3 2g||®
Tt 3 PIVITT | [W]]+ el || <1
=1 rlot-1) 3 Qjflol

Proof. LetT : E — E be defined in Section 2. By Lemma 2.3, it suffices to get fixedpoi T in E. From Lemma
2.4, T is completely continuous. We will seek fixed pointsToin E. It is easy to see thd@®,¥) € E. Forry,ry > 0,

denoteQy, r, = {(ug,Uz) € E : [Jlur — @|| <rq,[|uz — ¥|| <r2}. One sees thatu || < ||uy — @||+||®|| <r1+||®|| and
[Jug| < r2+ W] for all (g, U) € Qr, ry.

Use (H1), for(uy, uz) € Qr, r,, We have

[fa(t,u2(t), D3 (V) — wolt)] | f2 (1, 220 DS (1)) — (1)

o 2
< Ag |(t—1)2 %2y (1) "+ A ]D"z o ()‘ C< 5 A+ W19 e (b a],i € IND.

It follows that

2
| fa(t, ua(t), DgZ (1) — Yio(t)] < g j[r2+[|w[]]% (3.1)
Similarly use (H1)-(H2), we can get fdx,y) € Q; that

| f2(t, ua(t), Dgtw () — () < 3 Bj[ri+ |7,

T.M N
IR

|1(t|,u2t. D22 Ly (1) |1.’< 3 Cilra+ |1 € NT.

\]1 (t| 5 u2 Da2 1

(_n
=
H’MN

Dj[rz+ [|®[[]91,1 € INT, (3.2)
m\ < z Ejlra+[[@][]7,i € NT,

P (tl,Ul ti), oi ua(t)

Filra+||®|[]7,i € INT.

||Ml\)

cr 1
‘]2 (tl ) ul 04];

Using Lemma 2.1, we can get the expressions of

DIt (t), DI MW (L), DI (Tiup)(t), DS2 Y (Toun)(1).
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One gets

m 2 )
Ico1 o] < ;7 | 1422l <i21|ali| <Ea1,2(|)\1|)||p1||1jZlAi [r2+[|¥])%

2 . 2 )
+MEq, 2(|A1]) _Zle [r2+ [|W[]% +mEg, 1(|A1]) _Zlci [r2+ IIWII]U‘>>
1= 1=
m—1 2 o 2 o
+|A12| m‘ZOIblilEal,l(I)\lI)_Zle [r2+ %] JerEo:l,l(I)\lI)ZlDi [r2+ W]
i= = =
m-1 2 o
IS 103 [Eay (M) 3Gy lr2+ 19117
2 oj 2 oj
+I)\1ImEa1,a1(|)\1I)jzlcj [r2+[[¥]1]™ + ||p1|llEa1,1(|)\1I)j§1Ai [r2+||¥]]]

m-1 2 '
Hlh3, oolEaua(l) 5 A+ ||w||]"l>] ,

m-1 2 ,
[Aud] <m 2 [bri[Bay 2(JA]) 2.0 [r2+ %[}

|do1 —doa| < H'Iil\
2 o 2 o
+MEq, 1(|A1]) jlej r2+[[%I]7 + [ pal[1Eay,1(|A1]) jzlAj [r2+[[%]]]7
m—1 2 o
#ma S IulEoy (A 3 G lr2 117
m—1 2 o
+Hpalle ¥ [o1ilEaya([Ad]) ¥ Ajlrz+[[¥]7 (3.4)
i=0 j=1 .
2 o
+|/\1|mEa1,a1(|)\1|)jZle [r2+[[%I]]7

m 2 _
+[Aza] <_Zl|a1i| <|| P1/|1Eay 2(]A1]) _ZlAj [r2+]|¥[]%
i= i=

2 2
+MEq, 2(|A1]) _Zle [ro+||W|[]7 +mEq,1(|A1]) Zlcj [r2+[|¥| I]GJ) )] ~
i= =

Use (c) and the definitions df, @, (3.1), (3.2), we get for € (tj,ti11] that
(t—t) (i) (t) — @(t)]

2 |
< [IPaf2Eay,aq ([A1]) A [r2+ [|¥W[% + |co1 — Coa|Eay. (1A1])
2 o _
Moy 00 (|al) 3 Dj[r2+[[#[[] +]dos —doalBay ay-1(|A])
l:

2 L .
HMBayay-a(Aal) 3 Cilra+ W9t € (ttia],i € ING.
l:
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Similarly we have

DG H(Twy)(t) = DG ()] < |cos —To|Eay 1(|A1l) + |A1]|dos — do|Eay.a (1A1])

2
+mEg, () 5Dy -+ W1+ MiAufEey (M) 5. G-+ 1] a6

+[Ip1l[1Eay,1(|A1]) Z j[r2+[|W])]%

It follows from (3.3)-(3.6) that

[|Tiuz — @|| < max{ S (t—1)279(Toup) (t) — @(t)] :i € IN[)"}

te(ti by a]

+max{ sup |DSL 1(T1u2)(t)_Dgf1q>(t)|:ielNg,n}
te(titiza)

Eay,aq ([A1])+Eaq 1(1A1]) A2z Z \all\Ealz [AxDllpallz 2
< T EAJ[rZ‘FH(’U”]

E (A1) +Eay 1(1A1D A2l P1ll1Eay 1 (1A1])
+ 01,01 ay. \|‘|1\ a, Z [r2_|_||qj|”

m-1
Eay,aq (A1) +Eqy 1(1A1])[Az2ll|pall 2 |bai|Eqy 1(|A1])

2
Ajlra+[|w]]]°
Tl 2, j[r2+[|%]]

Eay.aq—1(A1)+A1|Eay.ay (1A1)|Axalllpall1Eay 1 (A1) 2
+Eme ok WS Al 1)

m-1
Eay,aqy-1(1A1))+[A1[Eay,ap ([A1])[Aaall[P1]l2 izo |b1i [Eqy,1(1A1])
[Mal

2 .
3 Alrzt W)

m
Eay,a;-1(1A1])+A1]Eayaq ([A1])]A21] izl\aliH\PlHlEal,z(\)\l\ 2
LI ZA i [r2+ 1w

+|IpllllEa17a1(|)\1I)§ [f2+|I‘PII]G’+||D1||1Ea11(|)\1|)Z 2+ 1w

m
Eay,aq (1A1])+Eqy 1(/A1])mAzz| _Zl\ali\Eal,l(\/\l\)
1=
(Ml

2
3 Cilrz +|¥1]”

m-1
Eay,a1 (IA1))+Eaqg 1([A2))m/Asof[Aq] 2z b1i |Eay 0y (|A1])
i=
* Ml

2
3 Giltz+ W)

E (|A1))+Eqq 1 (JA1])mAg2[|A1|E (1A1))
+-—4 L el . Z [r2+||qj|”

m-1
([A1)+1A1]Eay,aq (IA1])MIA11]|A1 ] igo |bai |Eay 0y ([A1])
(Ml

Eal,al—l

2
3 Cilrz+ 19117
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Eqy,a1-1(121))+1A1]Eay.aq ([A1])[A1a][A1|MEqy ay ([A1])
L vl = g jlro+ (1w

+

m
Eay,a1-1(1A1))+1A1[Eay.aq ([A1])mlAz1] Z |a1i|Eay,1(1A1])
Ml

2
3 Cilrz + 19117

2 _
HMEqy ay-1(1A1]) 3 Cjlrz+ [|WI]7 +mAr|Eaya (A1) Z 2+ 11w

=1
Ealﬁl(\)\1\)+Ea1,1(\)\1\)m\A22\igl\ali\EﬂLZ(‘)‘lD 2
— Z i [r2+||w|%
m-1
Eay.ay (M) +Eay 1(Ma)mlAsel 3 [bilEay 1(1M)) 2
N — Z j[r2+[|w])]%
E A Eq A A12(Eay 1(/A j
n ag.ap (A1) + 11‘%11‘\ MA12|Eqy 1(A1]) Z i [r2+[|w)]°

m-1
Eay.ay-1(1A1)+[A1|Eay,aq ([A2])MAL] 2 |bai|Eqy 1(|A1])
=

2
Tzl Z [r2+||qj|”
E 1(1M)+1A1[Eay ap ((A1))MA1[Eqy 1(1A1]) 2 -
+ e \lﬂll\ L Z [ 2+ ||(’U||]UJ
Eal,al—l(‘/\l‘)+‘)\1\Ea1,a1(\)\1\)m‘A2l‘igl‘ali‘Eal,Z(V‘l‘) 2
Tzl - Z jlr2+||w]]%

2 2
+mEa1,1(|)\1|)§ [f2+||‘1“||]GJ+mEa1,a1(|)\1|)Z 2+

= 3 P+ )7
It follows that
[[Tax— qD||<ZF’J[Ir2+||‘IJII] < [r2+[%11]° le’jII‘VII"J'“’- (3.7)
Similarly we can get
ITox— || < 2Q;[M+II¢’II] < [ra+l@lf)f §1Q1II¢II”’T. (3.8)

From (3.7), (3.8), we will seekq,ro > 0 such that
3 ‘ 3 ‘
2+ [1¥I° 5 Rl <r, [+ {l@fF 5 Qifi@l[s™F <r2. (3.9)
j= j=
Then one ha3 Q, r, C Qr, r,. By Schauder’s fixed point theoreffi,has at least one fixed poifi, up) € Q, r, which
is a solution of BVP(1.10)-(1.12). It suffices to get postaolutions of the following inequality:
1/o0

3
r+[@" 3 Q@1 T <r< | 7—2—— —||¥] (3.10)
=1 3 Pillwe
=
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or
1/t
3
2+ WI° 3 RIWIT o <n< | s—2—| —[o]. (3.19)
=1 3 Qjll@|["]
j=1
Casel.or< 1.
Itis easy to see that
1/o
3
r+[@)F 3 Q@1 T < [ —2— | —[¥]
j=1 3 Rillw]™)
j=1
has a positive solutiory > 0 sufficiently large. Choose satisfies
1/o
3
[r1+|I®|I]Tj§1QjII®IITi*TSrzé T — —|%]]-

gj—0
3 Bl[¥I)
=1

Then (3.10) has positive solutions > 0 andrz > 0. ThenT (uy,uz) € Q, r, for (ug,up) € Qr, r,. By Schauder’s fixed
point theorem (Lemma 2.2J, has at least one fixed poi(t,y) € Qr, r,. Then(uy, uz) is a solution of BVP(1.10)-(1.12).

1/o0
3 3
Case2.l.or=1landy Qj||®||i T < > Pj||W||Ui‘U> <1
=1 =1

Since

3 L 3 L
. [r1+H¢H]Tj§1QJH¢H” ! jngj\WH” !
lim = 7 <1,

rp—+o 1o
r 1
el B L - e
3 Pl 5 Pl
=1 j=1

we know that there existg > 0 sufficiently large such that

[l Mw

1l/o0
3
F+l[@l]" 5 Qo< [ —2—— | —[¥|
j=1 3 Rlw
j=1
Choose, satisfies
1/o0
3
re+l[@f]]" 3 Qjll@||i~T<ra< 3r71H —||¥]].
j=1 jgleH‘PH I

Then (3.10) has a positive solutionr,. ThenT (ug,up) € Qr, r, for (U, uz) € Qr, r,. By Schauder’s fixed point theorem
(Lemma 2.3)T has at least one fixed poifit,y) € Qy, r,. Then(ug,uy) is a solution of BVP(1.10)-(1.12).
1/t

3 3
Case2.2.0r=1andy Bj||¥|[% 9 T Qj||®|/li™T <1
j=1 i=1
Similarly to Case 2.1, use (3.11), we get solutions of BVE{)-(1.12) by using the Schauder’s fixed point theorem
(Lemma 2.2).

Case 3.01 > 1.
Choose

w\T 3 . o/\? 3 .
n=(S4)" 5 RiIwee, o= (S5)” 5 Qlleyn.
= 1=

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

138 NS 2 Yuji Liu : Existence of solutions of...

Since
— = 0
3
-1 W
9k 5 Q@i |||@]+ FE— || =1
j=1 (GFQJ‘ZlPJWH i
- o T
or-1 3 o 10]|9||
IEl Z [P~ W]+ 3 — <1,
=1 (or-1) 5 Qillel

we know that both (3.10) and (3.11) hold. Then we h&er, up) € Qr, r, for (ug,uz) € Q, r,. By Schauder’s fixed point
theorem (Lemma 2.2); has at least one fixed poift,y) € Q, r,. Then(uy, up) is a solution of BVP(1.10)-(1.12).
The proof of Theorem 3.1 is completed

Theorem 3.2. Suppose that (a)—(d) holfi]; # 0,[], # 0 and there exist constari, Mg, M1, Mj1,M;2,Mj2 > 0 such
that

(b g ve)| < Mrte (il vy € R( = 1,2),i € NG,
g(ta(t_t)i(ﬁa)(Z)‘ S Mga te (tiati+1]a Xj € IR(J = 172)7| € IN[)nv
(5 =2 B,yz)‘ <M.ie N,

3t e B,yz)‘ < MypieIND,

I

(tlat—Z—_aaXZ)‘ < Mz,i €INT,

3 (b e Xe) | <Mz € N
Then BVP(1.10)-(1.12) has at least one solutio&in

Proof. In Theorem 3.1, ChOOSﬂ)(t) = (IJo(t) =0,00=0=T1=T7=0,A; = M¢,B; = Mg, Ci1 = M;1,D1 = My,
E1 = M2, F1 = M3, andA, =B, =C, =D, = E; = F, = 0. It is easy to see that (H1) and (H2) hold. We get Theorem
3.2 from Theorem 3.1. The proof is completeda

4 Conclusion

In this paper, we establish sufficient conditions for thestfice of solutions of impulsive initial value problems for
singular fractional differential systems. We allow the loearities py(t) f1(t,x,y) and pa(t)fa(t,x,y) in fractional
differential equations to be singulartat 0,1. Both f andg may be super-linear and sub-linear. The analysis relies on
some well known fixed point theorems.

This paper contributes within the domain of impulsive fracal differential equations and adopts the traditional
one, the Riemann-Liouville’s integral, the Caputo’s fiantl derivative and the Riemann-Liouville fractional dative
definitions, which have many advantages and also have soonesmings as discussed in some open literatures. These
kinds of definitions have been replaced he some new ones suble &le’s fractional derivative, the modified Riemann-
Liouville derivative, the Hadamard fractional derivatitee Erdélyi-Kober fractional derivative, the Hilfer @@onal
derivative, and have been studied by many authors see fong@ga. The readers should study the similar problems for
fractional differential systems involving with the othéndés of fractional derivative. Although the present studgvides
some insights in the equations encountered in the non-éxéstence solutions of anti-periodic boundary value peotd,
this existence theorem may be explored for other classeswfdary value problems for impulsive fractional diffeiiaht
systems, that is a subject for future study.
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