
Progr. Fract. Differ. Appl.3, No. 2, 111-140 (2017) 111

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/030204

Existence of Solutions of Multi-Point Boundary Value
Problems for Fractional Differential Systems with
Impulse Effects
Yuji Liu∗

Department of Mathematics, Guangdong University of Finance and Economics, Guangzhou, 510320, Guangdong Province, China

Received: 2 Sep. 2016, Revised: 18 Oct. 2016, Accepted: 20 Nov. 2016
Published online: 1 Apr. 2017

Abstract: In this article, we present a new method for converting the considered impulsive systems to integral systems. As application
of this method, we establish existence results for solutions of boundary value problems for nonlinear impulsive fractional differential
systems. Our analysis relies on the well known Schauder’s fixed point theorem. The mistakes in [Solvability of multi-point boundary
value problem of nonlinear impulsive fractional differential equation at resonance, Electron. J. Qual. Theory Differ. Equ. 89(2011),
1-19] and [Existence result for boundary value problem of nonlinear impulsive fractional differential equation at resonance, J, Appl,
Math, Comput., 39(2012) 421-443] are corrected, see Remark2.1.
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1 Introduction

Fractional differential equations have many applicationsin modeling of physical and chemical processes [1,2]. In its turn,
mathematical aspects of fractional differential equations and methods of their solutions were discussed by many authors,
see the text books [3,4,5]. Existence of solutions or positive solutions of boundaryvalue problems (BVPs for short) of
fractional differential equations have been studied by many authors see the recent published papers [6,7,8,9,10,11,12,13,
14,15,16,17,18,19]. In recent years, some authors have studied solvability orexistence of solutions or positive solutions
of BVPs for fractional differential systems see [20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35]. However, studies
on solvability of BVPs for impulsive fractional differential systems have not been studied well.

In [36], Bai studied the existence of solutions of the following boundary value problem for impulsive fractional
differential equation



























Dα
0+x(t) = f (t,x(t),Dα−1

0+ x(t)), t ∈ (0,1), t 6= ti, i = 1,2, · · · ,k,

lim
t→0

t2−α x(t) =
m
∑

i=1
aix(ξi), x(1) =

n
∑

i=1
bix(ηi),

∆u(ti) = Ii(u(ti),D
α−1
0+ x(ti)), ∆Dα−1

0+ x(ti) = Ji(u(ti),D
α−1
0+ x(ti)), i = 1,2, · · · ,k,

(1.1)

whereα ∈ (1,2), D∗
0+ is the Riemann-Liouville fractional derivative or order∗, m,n,k are positive integers, 0< ξ1 < · · ·<

ξm < 1, 0< η1 < · · · < ηn < 1, 0< t1 < · · · < tk < 1, f ,g : [0,1]× IR2 7→ IR, Ii,Ji : IR2 7→ IR are continuous functions,
∆w(ti) = w(t+i )−w(t−i ), ∆Dα−1

0+ w(ti) = Dα−1
0+ w(t+i )−Dα−1

0+ w(t−i ), w(t+i ) andw(t−i ) denote the right and left limits of

w(t) at t = ti, respectively,ai,bi ∈ IR satisfy
m
∑

i=1
aiξ α−2

i =
n
∑

i=1
biηα−2

i = 1,
m
∑

i=1
aiξ α−1

i = 0,
n
∑

i=1
biηα−1

i = 1. The following

claim was made in [36]:
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Claim 1. (see (2.8) on page 6 in [36]) the solution of

Dα
0+x = z(t),0< t < 1, lim

t→0
t2−αx(t) =

m
∑

i=1
aix(ξi), x(1) =

n
∑

i=1
bix(ηi),

∆x(ti) = ci, ∆Dα−1
0+ x(ti) = di, i = 1,2, · · · ,k

is as follows:

x(t) =
∫ t

0
(t−s)α−1

Γ (α)
z(s)ds+

[

h1+
1

Γ (α)

i
∑
j=1

d j

]

tα−1

+

[

h2+
i

∑
j=1

c jt2−α
j − 1

Γ (α)

i
∑
j=1

d jt j

]

tα−2, t ∈ (ti, ti+1], i = 0,1,2, · · · ,k,

(1.2)

whereh1,h2 ∈ IR are constants.
In [37], Bai studied the existence of solutions of the following boundary value problem for impulsive fractional

differential equation



























Dα
0+x(t) = f (t,x(t),Dα−1

0+ x(t)), t ∈ (0,1), t 6= ti, i = 1,2, · · · ,k,

Dα−1
0+ x(0) =

m
∑

i=1
aiD

α−1
0+ x(ξi), x(1) =

n
∑

i=1
biη2−α

i x(ηi),

∆u(ti) = Ii(u(ti),D
α−1
0+ x(ti)), ∆Dα−1

0+ x(ti) = Ji(u(ti),D
α−1
0+ x(ti)), i = 1,2, · · · ,k,

(1.3)

whereα ∈ (1,2), D∗
0+ is the Riemann-Liouville fractional derivative or order∗, m,n,k are positive integers, 0< ξ1 < · · ·<

ξm < 1, 0< η1 < · · · < ηn < 1, 0< t1 < · · · < tk < 1, f ,g : [0,1]× IR2 7→ IR, Ii,Ji : IR2 7→ IR are continuous functions,
∆w(ti) = w(t+i )−w(t−i ), ∆Dα−1

0+ w(ti) = Dα−1
0+ w(t+i )−Dα−1

0+ w(t−i ), w(t+i ) andw(t−i ) denote the right and left limits of

w(t) at t = ti, respectively,ai,bi ∈ IR satisfy
m
∑

i=1
ai =

n
∑

i=1
bi = 1. The following claim was made (see (2.7) on page 426 in

[37]):
Claim 2. the solution of

Dα
0+x(t) = z(t), t ∈ (0,1), t 6= ti, i = 1,2, · · · ,k,

Dα−1
0+ x(0) =

m
∑

i=1
aiDα−1

0+ x(ξi), x(1) =
n
∑

i=1
biη2−α

i x(ηi),

∆u(ti) = ci, ∆Dα−1
0+ x(ti) = di, i = 1,2, · · · ,k

is as follows:

x(t) =
∫ t

0
(t−s)α−1

Γ (α)
z(s)ds+

[

h1+
1

Γ (α)

i
∑
j=1

d j

]

tα−1

+

[

h2+
i

∑
j=1

c jt2−α
j + 1

Γ (α)

i
∑
j=1

d jt j

]

tα−2, t ∈ (ti, ti+1], i ∈ INm
0 ,

(1.4)

whereh1,h2 ∈ IR are constants.
We find that both Claim 1 and Claim 2 are wrong. In fact, for easeexpression, from (1.3) and (1.4), we re-writex by

x(t) =
∫ t

0
(t−s)α−1

Γ (α)
z(s)ds+

i
∑
j=0

H jtα−1+
i

∑
j=0

G jtα−2, t ∈ (ti, ti+1], i ∈ INm
0 ,
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whereHi,Gi denote some constants. By direct computation, we have fort ∈ (ti, ti+1] by Definition 2.2 in Section 2 that

Dα
0+x(t) =

[
∫ t
0(t−s)1−α x(s)ds]

′′

Γ (2−α)
=

[

i−1
∑

χ=0

∫
tχ+1
tχ (t−s)1−α x(s)ds+

∫ t
ti
(t−s)1−α x(s)ds

]′′

Γ (2−α)

=

[

i−1
∑

χ=0

∫
tχ+1
tχ (t−s)1−α

(

∫ s
0

(s−u)α−1

Γ (α)
z(u)du+Hχ sα−1+Gχ sα−2

)

ds

]′′

Γ (2−α)

+

[

∫ t
ti
(t−s)1−α

(

∫ s
0

(s−u)α−1

Γ (α)
z(u)du+Hisα−1+Gisα−2

)

ds

]′′

Γ (2−α)

=

[

i−1
∑

χ=0

∫
tχ+1
tχ (t−s)1−α Hχ sα−1ds

]′′

+

[

i−1
∑

χ=0

∫
tχ+1
tχ (t−s)1−α Gχ sα−2ds

]′′

Γ (2−α)

+

[

∫ t
0(t−s)1−α ∫ s

0
(s−u)α−1

Γ (α)
z(u)duds

]′′

+
[

Hi
∫ t

ti
(t−s)1−α sα−1ds

]′′
+Gi

[

∫ t
ti
(t−s)1−α sα−2ds

]′′

Γ (2−α)

=

[

i−1
∑

χ=0
Hχ t

∫

tχ+1
t

tχ
t

(1−w)1−α wα−1dw

]′′

+

[

i−1
∑

χ=0
Gχ

∫

tχ+1
t

tχ
t

(1−w)1−α wα−2dw

]′′

Γ (2−α)

+

[

∫ t
0
∫ t

u(t−s)1−α (s−u)α−1

Γ (α)
dsz(u)du

]′′

+

[

Hit
∫ 1

ti
t
(1−w)1−αwα−1dw

]′′

+Gi

[

∫ 1
ti
t
(1−w)1−αwα−2dw

]′′

Γ (2−α)

=

[

i−1
∑

χ=0
Hχ t

∫

tχ+1
t

tχ
t

(1−w)1−α wα−1dw

]′′

+

[

i−1
∑

χ=0
Gχ

∫

tχ+1
t

tχ
t

(1−w)1−α wα−2dw

]′′

Γ (2−α)

+

[

∫ t
0(t−u)

∫ 1
0 (1−w)1−α wα−1

Γ (α)
dwz(u)du

]′′
+

[

Hit
∫ 1

ti
t
(1−w)1−αwα−1dw

]′′

+Gi

[

∫ 1
ti
t
(1−w)1−α wα−2dw

]′′

Γ (2−α)

=

[

i−1
∑

χ=0
Hχ t

∫

tχ+1
t

tχ
t

(1−w)1−α wα−1dw

]′′

+

[

i−1
∑

χ=0
Gχ

∫

tχ+1
t

tχ
t

(1−w)1−α wα−2dw

]′′

Γ (2−α)

+

[

Hit
∫ 1

ti
t
(1−w)1−α wα−1dw

]′′

+Gi

[

∫ 1
ti
t
(1−w)1−αwα−2dw

]′′

Γ (2−α)
+
[
∫ t

0(t − u)z(u)du
]′′

=

[

i−1
∑

χ=0
Hχ t

∫

tχ+1
t

tχ
t

(1−w)1−α wα−1dw+Hit
∫ 1

ti
t
(1−w)1−αwα−1dw

]′′

Γ (2−α)

+

[

i−1
∑

χ=0
Gχ

∫

tχ+1
t

tχ
t

(1−w)1−αwα−2dw+Gi
∫ 1

ti
t
(1−w)1−α wα−2dw

]′′

Γ (2−α) + z(t)

= z(t), t ∈ (ti, ti+1] if and only if H0 = H1 = · · ·= Hi,G0 = G1 = · · ·= Gi(i ∈ INm
0 ).

It means thatci = di = 0 for all i = 1,2, · · · ,k. Hencex given by (1.2) and (1.4) does not satisfiesDα
0+x(t) = z(t), t ∈

(ti, ti+1](i ∈ INm
0 ) if ci,di 6= 0. Hence Claim 1 and Claim 2 are wrong.
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In [38], the authors studied the following 2m-point boundary value problem for a coupled system of impulsive
fractional differential equations at resonance



























































Dα
0+u = f (t,v(t),Dp

0+v(t)),0< t < 1,

Dβ
0+v = g(t,u(t),Dq

0+u(t)),0< t < 1,

∆u(ti) = Ai(v(ti),D
p
0+v(ti)),∆Dq

0+u(ti) = Bi(v(ti),D
p
0+v(ti)), i = 1,2, · · · ,k,

∆v(ti) =Ci(u(ti),D
q
0+u(ti)),∆Dp

0+v(ti) = Di(u(ti),D
q
0+u(ti)), i = 1,2, · · · ,k,

Dα−1
0+ u(0) =

m
∑

i=1
aiD

α−1
0+ u(ξi), u(1) =

m
∑

i=1
biη2−α

i u(ηi),

Dβ−1
0+ v(0) =

m
∑

i=1
ciD

β−1
0+ v(ζi), v(1) =

m
∑

i=1
diθ

2−β
i v(θi),

(1.5)

whereα,β ∈ (1,2), α − q ≥ 1, β − p ≥ 1, 0< ξ1 < · · · < ξm < 1, 0< η1 < · · · < ηm < 1, 0< ζ1 < · · · < ζm < 1 and
0 < θ1 < · · · < θm < 1, f ,g : [0,1]× IR2 7→ IR satisfy Carathéodory conditions,Ai,Bi,Ci,Di : IR× IR 7→ IR, ∆w(ti) =
w(t+i )−w(t−i ), ∆Dr

0+w(ti) = Dr
0+w(t+i )−Dr

0+w(t−i ) with w ∈ {u,v} andr ∈ {p,q}, w(t+i ) andw(t−i ) denote the right
and left limits ofw(t) at t = ti, respectively, and the fractional derivative is understood in the Riemann-Liouville sense.

k,m,ai,bi,ci,di(i = 1,2, · · · ,m) are fixed constant satisfying
m
∑

i=1
ai =

m
∑

i=1
bi =

m
∑

i=1
ci =

m
∑

i=1
di = 1 and

m
∑

i=1
biηi =

m
∑

i=1
diθi = 1.

This system happens to be at resonance in the sense that the associated linear homogeneous coupled system


























Dα
0+u = 0, Dβ

0+v = 0,0< t < 1,

Dα−1
0+ u(0) =

m
∑

i=1
aiDα−1

0+ u(ξi), u(1) =
m
∑

i=1
biη2−α

i u(ηi),

Dβ−1
0+ v(0) =

m
∑

i=1
ciD

β−1
0+ v(ζi), v(1) =

m
∑

i=1
diθ 2−β

i v(ηi)

(1.6)

has(u(t),v(t)) = (h1tα−1+ h2tα−2,h3tβ−1+ h4tβ−2)(hi ∈ IR, i = 1,2,3,4) as nontrivial solution [38].
We find that BVP(1.5) is unsuitably proposed. The reason is asfollows:
(i) By Corollary 2.1 in Section 2 in this paper, the piecewise continuous solutions ofDα

0+u = h(t), t ∈ (ti, ti+1], i ∈ INm
0

is given by

x(t) =
i

∑
j=0

c j(t − t j)
α−1+

i
∑
j=0

d j(t − t j)
α−2+

∫ t
0
(t−s)α−2

Γ (α)
h(s)ds, t ∈ (ti, ti+1], i ∈ INm

0 (1.7)

and forq ∈ (0,α −1) we have by Definition 2.2 in Section 2 fort ∈ (ti, ti+1] that

Dq
0+x(t) = Γ (α)

Γ (α−q)

i
∑
j=0

c j(t − t j)
α−q−1+ Γ (α−1)

Γ (α−q−1)

i
∑
j=0

d j(t − t j)
α−q−2

+
∫ t

0
(t−s)α−q−2

Γ (α−q) h(s)ds, t ∈ (ti, ti+1], i ∈ INm
0 .

(1.8)

From (1.7) and(1.8), we know that bothx andDq
0+x may be not right continuous att = ti, i.e., lim

t→t+i

x(t) and lim
t→t+i

Dq
0+x(t)

may be infinite. So the operators∆x(ti) and∆Dq
0+x(ti) are unsuitable.

(ii) Even we consider the right continuous solutions of (1.5) on(0,1], we getdi = 0 for all i ∈ INm
1 in (1.7). Then

x(t) =
i

∑
j=0

c j(t − t j)
α−1+ d0tα−2+

∫ t
0
(t−s)α−2

Γ (α) h(s)ds, t ∈ (ti, ti+1], i ∈ INm
0 ,

Dq
0+x(t) = Γ (α)

Γ (α−q)

i
∑
j=0

c j(t − t j)
α−q−1+

∫ t
0
(t−s)α−q−2

Γ (α−q) h(s)ds, t ∈ (ti, ti+1], i ∈ INm
0 .

(1.9)

It follows that∆x(ti) = ∆Dq
0+x(ti) = 0. The impulse functionsAi,Bi,Ci,Di are redundant.

It is interesting to propose a suitable model of boundary value problems for impulsive fractional differential
equations, to find a correct way to convert boundary value problems for impulsive fractional differential equations to
integral equations and establish existence results for solutions of these kinds of problems.

c© 2017 NSP
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Motivated by [36,37,38], in this paper we propose and study the following periodic type boundary value problems
consisting of the following fractional differential equations















Dα1
0+u1(t)−λ1u1(t) = p1(t) f1

(

t,u2(t),D
α2−1
0+ u2(t)

)

,a.e., t ∈ (tk, tk+1],k ∈ INm
0 ,

Dα2
0+u2(t)−λ2u2(t) = p2(t) f2

(

t,u1(t),D
α1−1
0+ u1(t)

)

,a.e., t ∈ (tk, tk+1],k ∈ INm
0 ,

(1.10)

subjected to the impulse effects







































∆ I2−α1
0+ u1(tk) = I1(tk,u2(tk),D

α2−1
0+ u2(tk)),k ∈ INm

1 ,

∆Dα2−1
0+ u1(tk) = J1(tk,u2(tk),D

α2−1
0+ u2(tk)),k ∈ INm

1 ,

∆ I2−α2
0+ u2(tk) = I2(tk,u1(tk),D

α1−1
0+ u1(tk)),k ∈ INm

1 ,

∆Dα2−1
0+ u2(tk) = J4(tk,u1(tk),D

α1−1
0+ u1(tk)),k ∈ INm

1 ,

(1.11)

and the multi-point boundary conditions






















I2−α1
0+ u1(0) =

m
∑

i=1
a1iI

2−α1
0+ u1(ξi), Dα1−1

0+ u1(1) =
m−1
∑

i=0
b1iD

α1−1
0+ u1(ηi),

I2−α2
0+ u2(0) =

m
∑

i=1
a2iI

2−α2
0+ u2(ξi), Dα2−1

0+ u2(1) =
m−1
∑

i=0
b2iD

α2−1
0+ u2(ηi)

(1.12)

where
(a) αi ∈ (1,2), λi ∈ IR(i = 1,2), I∗0+ is the Riemann-Liouville fractional integral, see Definition 2.1,D∗

0+ is the
Riemann-Liouville type fractional derivative of order∗> 0 with the starting point 0, see Definition 2.2,

(b) m is a positive integer, INm0 = {0,1,2, · · · ,m} and INm
1 = {1,2, · · · ,m}, 0= t0 < t1 < t2 < · · · < tm < tm+1 = 1,

ξi ∈ (ti, ti+1] andηi ∈ (ti−1, ti] for i ∈ INm
1 , ai j,bi j ∈ IR(i ∈ IN2

1, j ∈ INm
1 ) are constants.

(c) pi ∈ L1(0,1),
(d) f1 : (0,1)× IR2 7→ IR is a α2−Carathéodory function,f2 a α1−Carathódory function, see Definition 2.3,

I1,J1 : {ti} × IR2 7→ IR are discreteα2− Carathéodory functions,I2,J2 discrete α1−Carathéodory functions, see
Definition 2.4.

A pair of functionsu1,u2 : (0,1] 7→ IR is called a solution of BVP(1.10)-(1.12) if

ui|(tk,tk+1]
, Dαi−1

0+ ui|(tk ,tk+1]
∈C0(tk, tk+1],k ∈ INm

0 , i ∈ IN2
1,

lim
t→t+k

(t − tk)2−αiui(t), lim
t→t+k

Dαi−1
0+ ui(t) are finite,k ∈ INm

0 , i ∈ IN2
1

u1,u2satisfy all equations in (1.10)-(1.12) are satisfied.

The first purpose of this paper is to provide a new method to convert boundary value problems for impulsive
fractional differential equations to integral systems. Then we apply the method to establish existence results for solutions
of BVP(1.10)-(1.12) by using the Schauder’s fixed point theorem [18] under some suitable assumptions.

The main features of our paper are as follows. Firstly, compared with known papers [20,36,37,21,26,32,35], we
construct a new Banach space and establish existence results for solutions of BVP(1.10)-(1.12) (Theorem 3.1 and Theorem
3.2). Secondly, the boundary conditions in BVP(1.10)-(1.12) are different from known ones and new impulse effects
models are proposed. Thirdly, the boundary conditions and impulse effects in BVP(1.10)-(1.12) imply that solutions
obtained in this paper are continuous on(ti, ti+1](i ∈ INm

0 ) but they may be unbounded on(tk, tk+1](k ∈ INm
0 ). Fourthly, both

pi fi : (t,x,y) 7→ pi(t) fi(t,x,y) may be singular att = 0,1 while in known papers mentioned nonlinearities are supposed
to be continuous. Fifthly, resonant conditions of BVP(1.10)-(1.12) are different from those defined in [36,37,38], the
mistakes in these known papers are corrected (see Remark 2.1). Finally, the results in [17,41] are generalized.

The remainder of the paper is organized as follows: In Section 2, we present some preliminary results. In Section 3,
the existence results for solutions of BVP(1.10)-(1.12) (see Theorem 3.1 and Theorem 3.2).
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2 Preliminaries

In this section, we present some necessary definitions from the fractional calculus theory which can be found in the
literatures [3,4,1,5,2]. Let a < b. DenoteL1(a,b) the set of all integrable functions on(a,b), C0(a,b] the set of all
continuous functions on(a,b]. Forφ ∈ L1(a,b), denote||φ ||1 =

∫ b
a |φ(s)|ds. Forφ ∈C0[a,b], denote||φ ||0 = max

t∈[a,b]
|φ(t)|.

Let the Gamma and Beta functionsΓ (α), B(p,q) and the Mitag-Leffler functionEα ,δ (x) be defined by

Γ (α) =
∫+∞

0 xα−1e−xdx, B(p,q) =
∫ 1

0 xp−1(1− x)q−1dx, Eα ,δ (x) =
∞
∑

k=0

xk

Γ (kα+δ ) ,α, p,q,δ > 0.

Definition 2.1[1]. The left Riemann-Liouville fractional integral of orderα > 0 of a functionh : (a,+∞) 7→ IR is given
by Iα

a+h(t) = 1
Γ (α)

∫ t
a(t − s)α−1h(s)ds, t > a provided that the right-hand side exists.

Definition 2.2[1]. The left Riemann-Liouville fractional derivative of orderα > 0 of a functionh : (a,+∞) 7→ IR is given

by Dα
a+h(t) = 1

Γ (n−α)
dn

dtn

∫ t
a

h(s)
(t−s)α−n+1 ds, t > a wheren−1< α < n, provided that the right-hand side exists.

Definition 2.3. Let a ∈ (1,2). h : (0,1)× IR2 7→ IR is called aa−Carathéodory function if
(i) t 7→ h

(

t,(t − ti)a−2x1,x2
)

is integrable function on(ti, ti+1) for every(x1,x2) ∈ IR2,
(ii) (x1,x2) 7→ h

(

t,(t − ti)a−2x1,x2
)

is continuous on IR2 for eacht ∈ (ti, ti+1](i ∈ INm
0 ),

(iii) for eachr > 0, there existsMr > 0 such that|xi| ≤ r(i = 1,2) imply that
∣

∣h
(

t,(t − ti)a−2x1,x2
)∣

∣≤ Mr, t ∈ (ti, ti+1), i ∈ INm
0 .

Definition 2.4. Let a ∈ (1,2). I : {ti : i ∈ INm
1 }× IR2 7→ IR is a discretea−Carathéodory function if

(i)(x1,x2) 7→ I
(

ti,(ti − ti−1)
a−2x1,x2

)

is continuous on IR2 for eachi ∈ INm
1 ,

(ii) for eachr > 0, there existsMI,r > 0 such that|xi| ≤ r(i = 1,2) imply that
∣

∣I
(

ti,(ti − ti−1)
a−2x1,x2

)∣

∣≤ MI,r, i ∈ INm
1 .

Definition 2.5. Let n be a positive integer,α ∈ (n− 1,n), λ ∈ IR, h ∈ L1(0,1). x : (0,1] 7→ IR is called a piecewise
continuous solution of

Dα
0+x(t)−λ x(t) = h(t),a.e., t ∈ (tk, tk+1],k ∈ INm

0 (2.1)

if x|(tk ,tk+1]
and Dα−χ

0+ x|(tk ,tk+1]
(χ ∈ INn−1

1 ) are continuous, the limits lim
t→t+k

(t − tk)2−αx(t)(k ∈ INm
0 ) and

lim
t→t+k

Dα−χ
0+ x(t)(k ∈ INm

0 ,χ ∈ INn−1
1 )) exists (finite) andx satisfies (2.1).

Lemma 2.1. Suppose thath ∈ L1(0,1). Thenx is a piecewise continuous solution of (2.1) if and only if there exist
constantsci, j ∈ IR(i ∈ INn

1, j ∈ INm
0 ) such that

x(t) =
∫ t

0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds

+
k
∑
j=0

n
∑

i=1
ci, j(t − t j)

α−iEα ,α−i+1(λ (t − t j)
α), t ∈ (tk, tk+1],k ∈ INm

0 .
(2.2)

Furthermore we have
In−α
0+ x(t) =

∫ t
0(t − s)n−1Eα ,n(λ (t − s)α)h(s)ds

+
k
∑
j=0

n
∑

i=1
ci, j(t − t j)

n−iEα ,n−i+1(λ (t − t j)
α), t ∈ (tk, tk+1],k ∈ INm

0

(2.3)

and

Dα−χ
0+ x(t) =

k
∑
j=0

κ
∑

i=1
ci, j(t − t j)

κ−iEα ,κ−i+1(λ (t − t j)
α)

+λ
k
∑
j=0

n
∑

i=κ+1
ci, j(t − t j)

α+κ−iEα ,α+κ−i+1(λ (t − t j)
α )

+
∫ t

0(t − u)κ−1Eα ,κ (λ (t − u)α)h(u)du, t ∈ (tk, tk+1],k ∈ INm
0 ,χ ∈ INn−1

1 .

(2.4)
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Proof. We divide the proof into two steps:

Step 1. We prove thatx is a piecewise continuous solution of (2.1) and satisfies (2.3) and(2.4) ifx is given by (2.2).

Sinceα ∈ (n−1,n),h ∈ L1(0,1), we know that

t 7→
∫ t

0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds, t 7→
∫ t

0(t − u)κ−1Eα ,κ (λ (t − u)α)h(u)du(κ ∈ INn−1
1 )

are continuous on[0,1].

By Definition 2.1 and (2.2), we have fort ∈ (tk, tk+1] that

In−α
0+ x(t) =

∫ t
0(t−s)n−α−1x(s)ds

Γ (n−α) =

k−1
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1x(s)ds+

∫ t
tk
(t−s)n−α−1x(s)ds

Γ (n−α)

=

k−1
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1

[

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du+

τ
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )

]

ds

Γ (n−α)

+

∫ t
tk
(t−s)n−α−1

[

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du+

k
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )

]

ds

Γ (n−α)

=

k−1
∑

τ=0

τ
∑

j=0

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

Γ (n−α)

+

k
∑

j=0

n
∑

i=1
ci, j

∫ t
tk
(t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

Γ (n−α)

+
∫ t
0(t−s)n−α−1∫ s

0 (s−u)α−1Eα,α (λ (s−u)α)h(u)duds
Γ (n−α)

by changing the order of the sum and the integral

=

k−1
∑

j=0

i−1
∑

τ= j

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

Γ (n−α)

+

k
∑

j=0

n
∑

i=1
ci, j

∫ t
tk
(t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

Γ (n−α)

+

∫ t
0
∫ t

u(t−s)n−α−1(s−u)α−1
∞
∑

χ=0

λ χ
Γ (χα+α)

(s−u)χα dsh(u)du

Γ (n−α)

=

k
∑

j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ
Γ (χα+α−i+1)

∫ t
t j
(t−s)n−α−1(s−t j)

χα+α−ids

Γ (n−α)

+

∞
∑

χ=0

λ χ
Γ (χα+α)

∫ t
0
∫ t

u(t−s)n−α−1(s−u)χα+α−1dsh(u)du

Γ (n−α) by
s−t j
t−t j

= w, s−u
t−u = w

=

k
∑

j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ
Γ (χα+α−i+1) (t−t j)

χα+n−i ∫ 1
0 (1−w)n−α−1wχα+α−idw

Γ (n−α)

+

∞
∑

χ=0

λ χ
Γ (χα+α)

∫ t
0(t−u)χα+n−1 ∫ 1

0 (1−w)n−α−1wχα+α−1dwh(u)du

Γ (n−α)
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=
k
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ

Γ (χα+n−i+1)(t − t j)
χα+n−i+

∞
∑

χ=0

λ χ

Γ (χα+n)

∫ t
0(t − u)χα+n−1h(u)du

=
∫ t

0(t − s)n−1Eα ,n(λ (t − s)α)h(s)ds+
k
∑
j=0

n
∑

i=1
ci, j(t − t j)

n−iEα ,n−i+1(λ (t − t j)
α).

Then (2.3) is proved.
Fromα ∈ (n−1,n) andκ ∈ INn−1

0 , we knowα −κ ∈ (n−1−κ ,n−κ). Fort ∈ (tk, tk+1], by Definition 2.2, we have

Dα−χ
0+ x(t) =

[
∫ t
0(t−s)n−α−1x(s)ds]

(n−κ)

Γ (n−α)
=

[

k−1
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1x(s)ds+

∫ t
tk
(t−s)n−α−1x(s)ds

](n−κ)

Γ (n−α)

=

[

k−1
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1

(

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du+

τ
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )

)

ds

](n−κ)

Γ (n−α)

+

[

∫ t
tk
(t−s)n−α−1

(

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du+

k
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )

)

ds

](n−κ)

Γ (n−α)

=

[

k−1
∑

τ=0

τ
∑

j=0

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n−κ)

Γ (n−α)

+

[

k
∑

j=0

n
∑

i=1
ci, j

∫ t
tk
(t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n−κ)

Γ (n−α)

+
[
∫ t
0(t−s)n−α−1 ∫ s

0(s−u)α−1Eα,α (λ (s−u)α)h(u)duds]
(n−κ)

Γ (n−α)

by changing the order of sum and integral

=

[

k−1
∑

j=0

k−1
∑

τ= j

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n−κ)

Γ (n−α)

+

[

k
∑

j=0

n
∑

i=1
ci, j

∫ t
tk
(t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n−κ)

Γ (n−α)

+
[
∫ t
0
∫ t

u(t−s)n−α−1(s−u)α−1Eα,α (λ (s−u)α)dsh(u)du]
(n−κ)

Γ (n−α)

=

[

k
∑

j=0

n
∑

i=1
ci, j

∫ t
t j
(t−s)n−α−1(s−t j)

α−i
∞
∑

χ=0

λ χ
Γ (χα+α−i+1) (s−t j)

χα ds

](n−κ)

Γ (n−α)

+

[

∫ t
0
∫ t

u(t−s)n−α−1(s−u)α−1
∞
∑

χ=0

λ χ
Γ (χα+α)

(s−u)χα dsh(u)du

](n−κ)

Γ (n−α) by
s−t j
t−t j

= w, s−u
t−u = w

=

[

k
∑

j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ (t−t j)
χα+n−i

Γ (χα+α−i+1)

∫ 1
0 (1−w)n−α−1wχα+α−idw

](n−κ)

Γ (n−α)

+

[

∫ t
0

∞
∑

χ=0

λ χ (t−u)χα+n−1

Γ (χα+α)

∫ 1
0 (1−w)n−α−1wχα+α−1dwh(u)du

](n−κ)

Γ (n−α)
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=

[

k
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ (t−t j)
χα+n−i

Γ (χα+n−i+1)

](n−κ)

+

[

∫ t
0

∞
∑

χ=0

λ χ (t−u)χα+n−1

Γ (χα+n) h(u)du

](n−κ)

.

If κ ≥ 1, we get

Dα−χ
0+ x(t) =

k
∑
j=0

κ
∑

i=1
ci, j

(t−t j)
κ−i

Γ (κ−i+1) +
k
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=1

λ χ (t−t j)
χα+κ−i

Γ (χα+κ−i+1) +
∫ t
0

∞
∑

χ=0

λ χ (t−u)χα+κ−1

Γ (χα+κ) h(u)du

=
k
∑
j=0

κ
∑

i=1
ci, j(t − t j)

κ−iEα ,κ−i+1(λ (t − t j)
α )

+λ
k
∑
j=0

n
∑

i=κ+1
ci, j(t − t j)

α+κ−iEα ,α+κ−i+1(λ (t − t j)
α)

+
∫ t

0(t − u)κ−1Eα ,κ(λ (t − u)α)h(u)du.

Then (2.4) is proved.
If κ = 0, then we get

Dα
0+x(t) =

[

k
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ (t−t j)
χα+n−i

Γ (χα+n−i+1)

](n)

+

[

∫ t
0

∞
∑

χ=0

λ χ (t−u)χα+n−1

Γ (χα+n) h(u)du

](n)

= h(t), t ∈ (tk, tk+1],k ∈ INm
0 .

This is (2.1). Furthermore, we see from (2.3) and (2.4) thatx satisfies thatIn−α
0+ x|(tk ,tk+1]

andDα−χ
0+ x|(tk,tk+1]

(χ ∈ INn−1
1 ) are

continuous, the limits

lim
t→t+k

(t − tk)2−αx(t)(k ∈ INm
0 ) and lim

t→t+k

Dα−χ
0+ x(t)(k ∈ INm

0 ,χ ∈ INn−1
1 ))

exists (finite). Sox is a piecewise continuous solution of (2.1). Step 1 is completed.

Step 2. We prove thatx satisfies (2.2) ifx is a piecewise continuous solution of (2.1).
Sinceα ∈ (n−1,n) andh∈ L1(0,1), by (5.3) in [39], we have fort ∈ (t0, t1] that there exist constantsci,0 ∈ IR(i ∈ INn

1)
such that

x(t) =
n
∑

i=1
ci,0tα−iEα ,α−i+1(λ tα)+

∫ t
0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds, t ∈ (0, t1].

So we get the expression ofx on (0, t1]. This implies that (2.2) holds fork = 0. We will apply the mathematical induction
method to prove that (2.2) holds for allk ∈ INm

0 . Suppose that (2.2) holds fork = 0,1,2, · · · ,ν, i.e., there exist constants
ci, j ∈ IR(i ∈ INn

1, j ∈ INν
0)

x(t) =
k
∑
j=0

n
∑

i=1
ci, j(t − t j)

α−iEα ,α−i+1(λ (t − t j)
α)

+
∫ t

0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds, t ∈ (tk, tk+1],k = 0,1, · · · ,ν.

In order to get the expression ofx on (tν+1, tν+2], we suppose that

x(t) =
k
∑
j=0

n
∑

i=1
ci, j(t − t j)

α−iEα ,α−i+1(λ (t − t j)
α)

+
∫ t

0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds+Φ(t), t ∈ (tν+1, tν+2].
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Then fort ∈ (tν+1, tν+2], we have by Definition 2.2 that

Dα
0+x(t) =

[
∫ t
0(t−s)n−α−1x(s)ds]

(n)

Γ (n−α) =

[ ν
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1x(s)ds+

∫ t
tν+1

(t−s)n−α−1x(s)ds

](n)

Γ (n−α)

=

[

ν
∑

τ=0

∫ tτ+1
tτ (t−s)n−α−1

(

τ
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )+

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du

)

ds

](n)

Γ (n−α)

+

[

∫ t
tν+1

(t−s)n−α−1

(

ν+1
∑

j=0

n
∑

i=1
ci, j(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )+

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du+Φ(s)

)

ds

](n)

Γ (n−α)

= Dα
t+ν+1

Φ(t)+

[

ν
∑

τ=0

τ
∑

j=0

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n)

Γ (n−α)

+

[

ν+1
∑

j=0

n
∑

i=1
ci, j

∫ t
tν+1

(t−s)n−α−1(s−t j)
α−iEα,α−i+1(λ (s−t j)

α )ds

](n)

Γ (n−α)

+
[
∫ t
0(t−s)n−α−1(

∫ s
0(s−u)α−1Eα,α (λ (s−u)α)h(u)du)ds]

(n)

Γ (n−α)
change the order of sum and integral

= Dα
t+ν+1

Φ(t)+

[

ν
∑

j=0

ν
∑

τ= j

n
∑

i=1
ci, j

∫ tτ+1
tτ (t−s)n−α−1(s−t j)

α−iEα,α−i+1(λ (s−t j)
α )ds

](n)

Γ (n−α)

+

[

ν+1
∑

j=0

n
∑

i=1
ci, j

∫ t
tν+1

(t−s)n−α−1(s−t j)
α−iEα,α−i+1(λ (s−t j)

α )ds

](n)

Γ (n−α)

+
[
∫ t
0
∫ t

u(t−s)n−α−1(s−u)α−1Eα,α (λ (s−u)α)dsh(u)du]
(n)

Γ (n−α)

= Dα
t+ν+1

Φ(t)+

[

ν+1
∑

j=0

n
∑

i=1
ci, j

∫ t
t j
(t−s)n−α−1(s−t j)

α−i
∞
∑

χ=0

λ χ
Γ (χα+α−i+1) (s−t j)

χα ds

](n)

Γ (n−α)

+

[

∫ t
0
∫ t

u(t−s)n−α−1(s−u)α−1
∞
∑

χ=0

λ χ
Γ (χα+α)

(s−u)χα dsh(u)du

](n)

Γ (n−α) use
s−t j
t−t j

= w, s−u
t−u = w

= Dα
t+ν+1

Φ(t)+

[

ν+1
∑

j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ
Γ (χα+α−i+1) (t−t j)

χα+n−i ∫ 1
0 (1−w)n−α−1wα−i+χα dw

](n)

Γ (n−α)

+

[

∫ t
0

∞
∑

χ=0

λ χ
Γ (χα+α)

(t−u)χα+n−1 ∫ 1
0 (1−w)n−α−1wχα+α−1dwh(u)du

](n)

Γ (n−α)

= Dα
t+ν+1

Φ(t)+

[

ν+1
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=0

λ χ

Γ (χα+n−i+1)(t − t j)
χα+n−i

](n)

+

[

∫ t
0

∞
∑

χ=0

λ χ

Γ (χα+n)(t − u)χα+n−1h(u)du

](n)

c© 2017 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl.3, No. 2, 111-140 (2017) /www.naturalspublishing.com/Journals.asp 121

= Dα
t+ν+1

Φ(t)+
ν+1
∑
j=0

n
∑

i=1
ci, j

∞
∑

χ=1

λ χ

Γ (χα−i+1)(t − t j)
χα−i

+h(t)+
∫ t
0

∞
∑

χ=1

λ χ

Γ (χα)
(t − u)χα−1h(u)du

= Dα
t+ν+1

Φ(t)+ h(t), t ∈ (tν+1, tν+2].

It follows that
λ x(t)+ h(t) = Dα

t+ν+1
Φ(t)+ h(t)+λ x(t)−λ Φ(t), t ∈ (tν+1, tν+2].

ThenDα
t+ν+1

Φ(t)− λ Φ(t) = 0 on (tν+1, tν+2]. By (5.3) in [39], we know that there exist constantsci,ν+1 ∈ IR such that

Φ(t) =
n
∑

i=1
ci,ν+1(t− tν+1)

α−iEα ,α−i+1(λ (t− tν+1)
α ) on(tν+1, tν+2]. Then the expression ofx on(tν+1, tν+2] is as follows

x(t) =
ν+1
∑
j=0

n
∑

i=1
ci, j(t − t j)

α−iEα ,α−i+1(λ (t − t j)
α)

+
∫ t

0(t − s)α−1Eα ,α(λ (t − s)α)h(s)ds, t ∈ (tν+1, tν+2].

So (2.2) holds fork = ν + 1. By the mathematical induction method, (2.2) is proved. The proof of Lemma 2.1 is
complete. ⊓⊔

Corollary 2.1. Suppose thath ∈ L1(0,1). Thenx is a piecewise continuous solution of

Dα
0+x(t) = h(t), t ∈ (ti, ti+1], i ∈ INm

0

if and only if there exist constantsci, j ∈ IR(i ∈ INn
1, j ∈ INm

0 ) such that

x(t) =
∫ t

0
(t−s)α−1

Γ (α) h(s)ds+
k
∑
j=0

n
∑

i=1
ci, j

(t−t j)
α−i

Γ (α−i+1) , t ∈ (tk, tk+1],k ∈ INm
0 .

Furthermore we have

In−α
0+ x(t) =

∫ t
0
(t−s)n−1

(n−1)! h(s)ds+
k
∑
j=0

n
∑

i=1
ci, j

(t−t j)
n−i

(n−i)! , t ∈ (tk, tk+1],k ∈ INm
0

and

Dα−χ
0+ x(t) =

k
∑
j=0

κ
∑

i=1
ci, j

(t−t j)
κ−i

(κ−i)! +λ
k
∑
j=0

n
∑

i=κ+1
ci, j

(t−t j)
α+κ−i

Γ (α+κ−i+1)

+
∫ t

0
(t−u)κ−1

(κ−1)! h(u)du, t ∈ (tk, tk+1],k ∈ INm
0 ,χ ∈ INn−1

1 .

Proof. It follows from Lemma 2.1 directly when one choosesλ = 0 in (2.1). The proof is omitted.⊓⊔

Remark 2.1. Different from (1.1) and (1.3), we consider the following boundary value problems for impulsive fractional
differential equations



































Dα
0+x(t) = z(t),a.e., t ∈ (ti, ti+1], i ∈ INm

0 ,

lim
t→0

t2−αx(t) =
m
∑

i=1
aix(ξi), x(1) =

n
∑

i=1
bix(ηi),

lim
t→t+i

(t − ti)2−α x(t) = ci, ∆Dα−1
0+ x(ti) = di, i ∈ INm

1 ,

(2.5)

and


































Dα
0+x(t) = z(t),a.e., t ∈ (ti, ti+1], i ∈ INm

0 ,

Dα−1
0+ x(0) =

m
∑

i=1
aiDα−1

0+ x(ξi), x(1) =
n
∑

i=1
biη2−α

i x(ηi),

lim
t→t+i

(t − ti)2−α x(t) = ci, ∆Dα−1
0+ x(ti) = di, i ∈ INm

1 ,

(2.6)
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whereα ∈ (1,2), 0= t0 < t1 < · · ·< tm < tm+1 = 1, ξi ∈ (ti, ti+1],ηi ∈ (ti−1, ti](i ∈ INm
1 ), ai,bi ∈ IR are constants,z satisfies

some suitable assumptions. Then BVP(2.5) is equivalent to the integral equation

x(t) =
∫ t

0
(t−s)α−1

Γ (α) z(s)ds+A0tα−1+B0tα−2

+
i

∑
j=1

d j
Γ (α)(t − t j)

α−1+
i

∑
j=1

c j(t − t j)
α−2, t ∈ (ti, ti+1], i ∈ INm

0 ,

(2.7)

with A0,B0 satisfying

(

1−
m
∑

i=1
aiξ α−2

i

)

B0−
m
∑

i=1
aiξ α−1

i A0

=
m
∑

i=1
ai

(

∫ ξi
0

(ξi−s)α−1

Γ (α)
z(s)ds+

i
∑
j=1

d j
Γ (α)

(ξi − t j)
α−1+

i
∑
j=1

c j(ξi − t j)
α−2

)

,

(

1−
m
∑

i=1
biηα−2

i

)

B0+

(

1−
m
∑

i=1
biηα−1

i

)

A0

=−
∫ 1

0
(1−s)α−1

Γ (α)
z(s)ds−

m
∑
j=1

d j
Γ (α)

(1− t j)
α−1−

m
∑
j=1

c j(1− t j)
α−2

+
m
∑

i=1
bi

(

∫ ηi
0

(ηi−s)α−1

Γ (α) z(s)ds+
i−1
∑
j=1

d j
Γ (α)(ηi − t j)

α−1+
i−1
∑
j=0

c j(ηi − t j)
α−2

)

.

(2.8)

BVP(2.6) is equivalent to the integral equation (2.7) withA0,B0 satisfying

Γ (α)

(

1−
m
∑

i=1
ai

)

A0 =
m
∑

i=1
ai

[

∫ ξi
0 z(s)ds+Γ (α)

i
∑
j=1

d j
Γ (α)

]

,

(

1−
m
∑

i=1
biηi

)

A0+

(

1−
m
∑

i=1
bi

)

B0

=−
∫ 1

0
(1−s)α−1

Γ (α) z(s)ds−
m
∑
j=1

d j
Γ (α) (1− t j)

α−1−
m
∑
j=0

c j(1− t j)
α−2

+
m
∑

i=1
biη2−α

i

[

∫ ηi
0

(ηi−s)α−1

Γ (α)
z(s)ds+

i−1
∑
j=1

d j
γ(α)

(ηi − t j)
α−1+

i−1
∑
j=0

c j(ηi − t j)
α−2

]

.

(2.9)

Proof. From Corollary 2.1 andDα
0+x(t) = f (t,x(t),Dα−1

0+ x(t)),a.e., t ∈ (ti, ti+1], i∈ INm
0 , we know that there exist constants

Ai,Bi(i ∈ INm
0 ) such that

x(t) =
∫ t

0
(t−s)α−1

Γ (α) z(s)ds+
i

∑
j=0

A j(t − t j)
α−1+

i
∑
j=0

B j(t − t j)
α−2, t ∈ (ti, ti+1], i ∈ INm

0 (2.10)

and

Dα−1
0+ x(t) =

∫ t
0 z(s)ds+Γ (α)

i
∑

j=0
A j, t ∈ (ti, ti+1], i ∈ INm

0 . (2.11)

(i) From lim
t→t+i

(t−ti)2−α x(t)= ci, ∆Dα−1
0+ x(ti) = di, i∈ INm

1 and (2.10) and(2.11), we getBi = ci andAi =
di

Γ (α)
(i∈ INm

1 ).
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(ii) From lim
t→0

t2−αx(t) =
m
∑

i=1
aix(ξi), x(1) =

n
∑

i=1
bix(ηi) and (2.10) and the results in (i), we get

B0 =
m
∑

i=1
ai

[

∫ ξi
0

(ξi−s)α−1

Γ (α)
z(s)ds+

i
∑
j=0

A j(ξi − t j)
α−1+

i
∑
j=0

B j(ξi − t j)
α−2

]

,

∫ 1
0

(1−s)α−1

Γ (α)
z(s)ds+

m
∑
j=0

A j(1− t j)
α−1+

m
∑
j=0

B j(1− t j)
α−2

=
m
∑

i=1
bi

[

∫ ηi
0

(ηi−s)α−1

Γ (α) z(s)ds+
i−1
∑
j=0

A j(ηi − t j)
α−1+

i−1
∑
j=0

B j(ηi − t j)
α−2

]

.

It is easy to convert this system to (2.8). One sees that (2.8)has solutionA0,B0 if and only if

Rank











1−
m
∑

i=1
aiξ α−2

i −
m
∑

i=1
aiξ α−1

i

1−
m
∑

i=1
biηα−2

i 1−
m
∑

i=1
biηα−1

i











= Rank











1−
m
∑

i=1
aiξ α−2

i −
m
∑

i=1
aiξ α−1

i M

1−
m
∑

i=1
biηα−2

i 1−
m
∑

i=1
biηα−1

i N











,

whereM,N are defined by

M =
m
∑

i=1
ai

(

∫ ξi
0

(ξi−s)α−1

Γ (α) z(s)ds+
i

∑
j=1

d j
Γ (α)(ξi − t j)

α−1+
i

∑
j=1

c j(ξi − t j)
α−2

)

,

N =
m
∑

i=1
bi

(

∫ ηi
0

(ηi−s)α−1

Γ (α)
z(s)ds+

i−1
∑
j=1

d j
Γ (α)

(ηi − t j)
α−1+

i−1
∑
j=0

c j(ηi − t j)
α−2

)

−
∫ 1
0

(1−s)α−1

Γ (α)
z(s)ds−

m
∑
j=1

d j
Γ (α)

(1− t j)
α−1−

m
∑
j=1

c j(1− t j)
α−2.

By substitutingAi,Bi into (2.10), we know that

x(t) =
∫ t

0
(t−s)α−1

Γ (α)
z(s)ds+A0tα−1+B0tα−2

+
i

∑
j=1

d j
Γ (α)

(t − t j)
α−1+

i
∑
j=1

c j(t − t j)
α−2, t ∈ (ti, ti+1], i ∈ INm

0 ,

whereA0,B0 are the solutions of (2.8). Then (2.7)is proved.

Using (2.10), (2.11) andDα−1
0+ x(0) =

m
∑

i=1
aiD

α−1
0+ x(ξi), x(1) =

n
∑

i=1
biη2−α

i x(ηi). Similarly we can proof BVP(2.6) is

equivalent to (2.7) withA0,B0 satisfying (2.9). The proof is complete.⊓⊔

Lemma 2.2(Schauder’s fixed point theorem) [18]. Let X be a Banach space andT : X 7→ X be a completely continuous
operator. SupposeΩ is a nonempty open convex bounded subset ofX andT (Ω)⊆ Ω . Then there existsx ∈ Ω such that
x = T x.
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Let α ∈ (1,2). Choose

Xα =



























u : (0,1] 7→ IR

u|(tk,tk+1], Dα−1u|(tk,tk+1] ∈C0(tk, tk+1],k ∈ INm
0 ,

the following limits exist:

lim
t→t+k

(t − tk)2−αu(t), lim
t→t+k

Dα−1
0+ u(t),k ∈ INm

0



























.

For u ∈ Xα , define

||u||=: ||u||α = max

{

sup
t∈(tk ,tk+1]

(t − tk)2−α |u(t)|, sup
t∈(tk ,tk+1]

|Dα−1
0+ u(t)| : k ∈ INm

0

}

.

ThenXα is a Banach space with the norm defined.
DenoteE = Xα1 ×Xα2. Define||(x1,x2)||= max{||x||αi : i ∈ IN2

1}. ThenE is a Banach space.
Let xi ∈ Xαi(i ∈ IN4

1). For ease expression, denote

f1x2(t) = f1
(

t,x2(t),D
α2−1
0+ x2(t)

)

, f2x1(t) = f2(t,x1(t),D
α1−1
0+ x1(t)),

I1x2(tk) = I1(tk,x2(tk),D
α2−1
0+ x2(tk)),k ∈ INm

1 ,

I2x1(tk) = I2(tk,x1(tk),D
l pha1−1
0+ x1(tk)),k ∈ INm

1 ,

J1x2(tk) = J1(tk,x2(tk),D
α2−1
0+ x2(tk)),k ∈ INm

1 ,

J2x1(tk) = J2(tk,x1(tk),D
α1−1
0+ x1(tk)),k ∈ INm

1 .

Denote fors = 1,2 that

A11 =−
m
∑

i=1
a1iξi, A12 = 1−

m
∑

i=1
a1i, A21 = Eα1,1(λ1)−

m−1
∑

i=0
b1iEα1,1(λ1ηα1

i ),

A22 = λ1Eα1,α1(λ1)−λ1

m−1
∑

i=0
b1iηα1−1

i Eα1,α1(λ1ηα1
i ),

B11 =−
m
∑

i=1
a2iξi, B12 = 1−

m
∑

i=1
a2i, B21 = Eα2,1(λ2)−

m−1
∑

i=0
b2iEα2,1(λ2ηα2

i ),

B22 = λ2Eα2,α2(λ2)−λ2

m−1
∑

i=0
b2iηα2−1

i Eα2,α2(λ2ηα2
i ),

∏1 =

∣

∣

∣

∣

∣

∣

A11 A12

A21 A22

∣

∣

∣

∣

∣

∣

, ∏2 =

∣

∣

∣

∣

∣

∣

B11 B12

B21 B22

∣

∣

∣

∣

∣

∣

.

Lemma 2.3. Suppose that (a)-(d) hold and∏s 6= 0(s= 1,2). Then BVP(1.10)-(1.12) is equivalent to the following integral
system

x1(t) =
∫ t

0(t − s)α1−1Eα1,α1(λ1(t − s)α1 p1(s) f1x2(s)ds+ c0,1tα1−1Eα1,α1(λ1tα1)

+
k
∑
j=1

J1x2(t j)(t − t j)
α1−1Eα1,α1(λ1(t − t j)

α1)+ d0,1tα1−2Eα1,α1−1(λ1tα1)

+
k
∑
j=1

I1x2(t j)(t − t j)
α1−2Eα1,α1−1(λ1(t − t j)

α1), t ∈ (tk, tk+1],k ∈ INm
0

(2.13)
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and

x2(t) =
∫ t

0(t − s)α2−1Eα2,α2(λ2(t − s)α2 p2(s) f2x1(s)ds+ c0,2tα2−1Eα2,α2(λ2tα2)

+
k
∑
j=2

J2x1(t j)(t − t j)
α2−1Eα2,α2(λ2(t − t j)

α2)+ d0,2tα2−2Eα2,α2−1(λ2tα2)

+
k
∑
j=1

I2x1(t j)(t − t j)
α2−2Eα2,α2−1(λ2(t − t j)

α2), t ∈ (tk, tk+1],k ∈ INm
0 ,

(2.14)

where

c0,1 =
1

∏1

[

A22

(

m
∑

i=1
a1i

(

∫ ξi
0 (ξi − s)Eα1,2(λ1(ξi − s)α1)p1(s) f1x2(s)ds

+
i

∑
j=1

J1x2(t j)(ξi − t j)Eα1,2(λ1(ξi − t j)
α1) +

i
∑
j=1

I1x2(t j)Eα1,1(λ1(ξi − t j)
α1)

))

−A12

(

m−1
∑
j=1

m−1
∑

i= j
b1iEα1,1(λ1(ηi − t j)

α1)J1x2(t j)−
m
∑
j=1

Eα1,1(λ1(1− t j)
α1)J1x2(t j)

+λ1

m−1
∑
j=1

m−1
∑

i= j
b1i(ηi − t j)

α1−1Eα1,α1(λ1(ηi − t j)
α1)I1x2(t j)

−λ1
m
∑
j=1

(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)I1x2(t j)

−
∫ 1

0 Eα1,1(λ1(1− u)α1)p1(u) f1x2(u)du

+
∫ 1

0 ∑
u<ηi≤ηm−1

b1iEα1,1(λ1(ηi − u)α1)p1(u) f1x2(u)du

)]

(2.15)

c0,2 =
1

∏2

[

B22

(

m
∑

i=1
a2i

(

∫ ξi
0 (ξi − s)Eα2,2(λ2(ξi − s)α2)p2(s) f2x1(s)ds

+
i

∑
j=1

J2x1(t j)(ξi − t j)Eα2,2(λ2(ξi − t j)
α2) +

i
∑
j=1

I2x1(t j)Eα2,1(λ2(ξi − t j)
α2)

))

−B12

(

m−1
∑
j=1

m−1
∑

i= j
b2iEα2,1(λ2(ηi − t j)

α2)J2x1(t j)−
m
∑
j=1

Eα2,1(λ2(1− t j)
α2)J2x1(t j)

+λ2

m−1
∑
j=1

m−1
∑

i= j
b2i(ηi − t j)

α2−1Eα2,α2(λ2(ηi − t j)
α2)I2x1(t j)

−λ2

m
∑
j=1

(1− t j)
α2−1Eα2,α2(λ2(1− t j)

α2)I2x1(t j)

−
∫ 1

0 Eα2,1(λ2(1− u)α2)p2(u) f2x1(u)du

+
∫ 1

0 ∑
u<ηi≤ηm−1

b2iEα2,1(λ2(ηi − u)α2)p2(u) f2x1(u)du

)]

(2.16)
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d0,1 =
1

∏1

[

A11

(

m−1
∑
j=1

m−1
∑

i= j
b1iEα1,1(λ1(ηi − t j)

α1)J1x2(t j)

−
m
∑
j=1

Eα1,1(λ1(1− t j)
α1)J1x2(t j)−

∫ 1
0 Eα1,1(λ1(1− u)α1)p1(u) f1x2(u)du

+λ1

m−1
∑
j=1

m−1
∑

i= j
b1i(ηi − t j)

α1−1Eα1,α1(λ1(ηi − t j)
α1)I1x2(t j)

+
∫ 1

0 ∑
u<ηi≤ηm−1

b1iEα1,1(λ1(ηi − u)α1)p1(u) f1x2(u)du

−λ1

m
∑
j=1

(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)I1x2(t j)

)

−A21

(

m
∑

i=1
a1i

(

∫ ξi
0 (ξi − s)Eα1,2(λ1(ξi − s)α1)p1(s) f1x2(s)ds

+
i

∑
j=1

J1x2(t j)(ξi − t j)Eα1,2(λ1(ξi − t j)
α1) +

i
∑
j=1

I1x2(t j)Eα1,1(λ1(ξi − t j)
α1)

))]

,

(2.17)

d0,2 =
1

∏2

[

B11

(

m−1
∑
j=1

m−1
∑

i= j
b2iEα2,1(λ2(ηi − t j)

α2)J2x1(t j)

−
m
∑
j=1

Eα2,1(λ2(1− t j)
α2)J2x1(t j)−

∫ 1
0 Eα2,1(λ2(1− u)α2)p2(u) f2x1(u)du

+λ2

m−1
∑
j=1

m−1
∑

i= j
b2i(ηi − t j)

α2−1Eα2,α2(λ2(ηi − t j)
α2)I2x1(t j)

+
∫ 1

0 ∑
u<ηi≤ηm−1

b2iEα2,1(λ2(ηi − u)α2)p2(u) f2x1(u)du

−λ2

m
∑
j=1

(1− t j)
α2−1Eα2,α2(λ2(1− t j)

α2)I2x1(t j)

)

−B21

(

m
∑

i=1
a2i

(

∫ ξi
0 (ξi − s)Eα2,2(λ2(ξi − s)α2)p2(s) f2x1(s)ds

+
i

∑
j=1

J2x1(t j)(ξi − t j)Eα2,2(λ2(ξi − t j)
α2) +

i
∑
j=1

I2x1(t j)Eα2,1(λ2(ξi − t j)
α2)

))]

.

(2.18)

Proof. From Lemma 2.1, we have that there exist constantsc j,χ ,d j,χ ∈ IR(χ ∈ IN2
1, j ∈ INm

0 ) such that

x1(t) =
∫ t

0(t − s)α1−1Eα1,α1(λ1(t − s)α1 p1(s) f1x2(s)ds

+
k
∑
j=0

c j,1(t − t j)
α1−1Eα1,α1(λ1(t − t j)

α1)

+
k
∑
j=0

d j,1(t − t j)
α1−2Eα1,α1−1(λ1(t − t j)

α1), t ∈ (tk, tk+1],k ∈ INm
0 .

(2.19)
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Furthermore we have

I2−α1
0+ x(t) =

∫ t
0(t − s)Eα1,2(λ1(t − s)α1 p1(s) f1x2(s)ds

+
k
∑
j=0

c j,1(t − t j)Eα1,2(λ1(t − t j)
α1)

+
k
∑
j=0

d j,1Eα1,1(λ1(t − t j)
α1), t ∈ (tk, tk+1],k ∈ INm

0

(2.20)

and

Dα−1
0+ x1(t) =

k
∑
j=0

c j,1Eα1,1(λ1(t − t j)
α1)

+λ1

k
∑
j=0

d j,1(t − t j)
α1−1Eα1,α1(λ1(t − t j)

α1)

+
∫ t

0 Eα1,1(λ1(t − u)α1)p1(u) f1x2(u)du, t ∈ (tk, tk+1],k ∈ INm
0 ,χ ∈ INn−1

1 .

(2.21)

(i) From (2.20) and (2.21) and

∆ I2−α1
0+ x1(tk) = I1x2(tk), ∆Dα1−1

0+ x1(tk) = J1x2(tk), k ∈ INm
1 ,

we get

dk,1 = I1x2(tk), ck,1 = J1x2(tk), k ∈ INm
1 . (2.22)

(ii) From (2.20), (2.21), (2.22) and

I2−α1
0+ u1(0) =

m

∑
i=1

a1iI
2−α1
0+ u1(ξi), Dα1−1

0+ u1(1) =
m−1

∑
i=0

b1iD
α1−1
0+ u1(ηi),

we have

−
m
∑

i=1
a1iξic0,1+

(

1−
m
∑

i=1
a1i

)

d0,1 =
m
∑

i=1
a1i

[

∫ ξi
0 (ξi − s)Eα1,2(λ1(ξi − s)α1)p1(s) f1x2(s)ds

+
i

∑
j=1

J1x2(t j)(ξi − t j)Eα1,2(λ1(ξi − t j)
α1) +

i
∑
j=1

I1x2(t j)Eα1,1(λ1(ξi − t j)
α1)

]

,

(2.23)

and

m
∑
j=0

c j,1Eα1,1(λ1(1− t j)
α1)+λ1

m
∑
j=0

d j,1(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)

+
∫ 1

0 Eα1,1(λ1(1− u)α1)p1(u) f1x2(u)du =
m−1
∑

i=0
b1i

[

i
∑
j=0

c j,1Eα1,1(λ1(ηi − t j)
α1)

+λ1
i

∑
j=0

d j,1(ηi − t j)
α1−1Eα1,α1(λ1(ηi − t j)

α1)+
∫ ηi
0 Eα1,1(λ1(ηi − u)α1)p1(u) f1x2(u)du

]

.
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It follows that
[

Eα1,1(λ1)−
m−1
∑

i=0
b1iEα1,1(λ1ηα1

i )

]

c0,1

+

[

λ1Eα1,α1(λ1)−λ1

m−1
∑

i=0
b1iηα1−1

i Eα1,α1(λ1ηα1
i )

]

d0,1

=
m−1
∑
j=1

m−1
∑

i= j
b1iEα1,1(λ1(ηi − t j)

α1)J1x2(t j)−
m
∑
j=1

Eα1,1(λ1(1− t j)
α1)J1x2(t j)

+λ1
m−1
∑
j=1

m−1
∑

i= j
b1i(ηi − t j)

α1−1Eα1,α1(λ1(ηi − t j)
α1)I1x2(t j)

−λ1

m
∑
j=1

(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)I1x2(t j)

+
∫ 1

0 ∑
u<ηi≤ηm−1

b1iEα1,1(λ1(ηi − u)α1)p1(u) f1x2(u)du

−
∫ 1

0 Eα1,1(λ1(1− u)α1)p1(u) f1x2(u)du.

(2.24)

It follows from (2.23) and (2.24) thatc0,1,d0,1 satisfy (2.15) and (2.16). Substitutingc0,1,d0,1 into (2.19), we get thatx1
satisfies (2.13). Similarly we can get the expression ofx2 defined by (2.14) andc0,2,d0,2 satisfy (2.17) and (2.18).

Now we suppose thatx1 satisfies (2.13) andx2 satisfies (2.14). We can prove that(x1,x2) is a solution of
BVP(1.10)-(1.12) by direct computation. The proof is completed. ⊓⊔

For (x1,x2) ∈ E, let c0,1,d0,1,c0,2,d0,2 be defined by (2.15)-(2.18), defineT (x1,x2) by
T (x1,x2)(t) = ((T1x2)(t),(T2x1)(t)) with

(T1x2)(t) =
∫ t

0(t − s)α1−1Eα1,α1(λ1(t − s)α1)p1(s) f1x2(s)ds+ c0,1tα1−1Eα1,α1(λ1tα1)

+
k
∑
j=1

J1x2(t j)(t − t j)
α1−1Eα1,α1(λ1(t − t j)

α1)+ d0,1tα1−2Eα1,α1−1(λ1tα1)

+
k
∑
j=1

I1x2(t j)(t − t j)
α1−2Eα1,α1−1(λ1(t − t j)

α1), t ∈ (tk, tk+1],k ∈ INm
0

and
(T2x1)(t) =

∫ t
0(t − s)α2−1Eα2,α2(λ2(t − s)α2)p2(s) f2x1(s)ds+ c0,2tα2−1Eα2,α2(λ2tα2)

+
k
∑
j=2

J2x1(t j)(t − t j)
α2−1Eα2,α2(λ2(t − t j)

α2)+ d0,2tα2−2Eα2,α2−1(λ2tα2)

+
k
∑
j=1

I2x1(t j)(t − t j)
α2−2Eα2,α2−1(λ2(t − t j)

α2), t ∈ (tk, tk+1],k ∈ INm
0 ,

Lemma 2.4. Suppose that (a)-(d) hold and∏1 6= 0,∏2 6= 0. ThenT : E 7→ E is well defined and is completely continuous,
(x,y) is a solution of BVP(1.10)-(1.12) if and only if(x,y) = T (x,y).
Proof. The proof is standard and we omit the details. The readers should refer [15]. ⊓⊔

3 Main Results

In this section, we prove the existence of solutions of BVP(1.10)-(1.12) under the assumptions in Lemma 2.4 which
imply that BVP(1.10)-(1.12) is non-resonant. Suppose thatσ j,τ j ≥ 0( j = 1,2) are constants. We need the following
assumptions:
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(H1) there exist nonnegative constantsA j,B j( j = 1,2) and two functionsφ0,ψ0 such thatp1ψ0 is aα1−integrable
function andp2φ0 aα2−integrable function and

∣

∣

∣ f1
(

t, y1
(t−ti)2−α2

,y2

)

−ψ0(t)
∣

∣

∣≤
2
∑
j=1

A j|y j|
σ j , t ∈ (ti, ti+1), y j ∈ IR( j = 1,2), i ∈ INm

0 ,

∣

∣

∣ f2
(

t, x1
(t−ti)

2−α1
,x2

)

−φ0(t)
∣

∣

∣≤
2
∑
j=1

B j|x j|
τ j , t ∈ (ti, ti+1), x j ∈ IR( j = 1,2), i ∈ INm

0 ,

(H2) there exist constantsI1i,J1i, I2i,J2i(i ∈ INm
1 ), C j ,D j,E j,Fj ≥ 0( j = 1,2) such that

∣

∣

∣I1
(

ti,
y1

(ti−ti−1)
2−α2

,y2

)

− I1i

∣

∣

∣≤
2
∑
j=1

C j|y j|
σ j , i ∈ INm

1 ,

∣

∣

∣J1

(

t, y1
(ti−ti−1)

2−α2
,y2

)

− J1i

∣

∣

∣≤
2
∑
j=1

D j|y j|
σ j , i ∈ INm

1 ,

∣

∣

∣I2
(

ti,
x1

(ti−ti−1)
2−α1

,x2

)

− I2i

∣

∣

∣≤
2
∑
j=1

E j|x j|
τ j , i ∈ INm

1 ,

∣

∣

∣J2

(

t, x1
(ti−ti−1)

2−α1
,x2

)

− J2i

∣

∣

∣≤
2
∑
j=1

Fj|x j|
τ j , i ∈ INm

1 .

Denote

c0,1 =
1

∏1

[

A22

(

m
∑

i=1
a1i

(

∫ ξi
0 (ξi − s)Eα1,2(λ1(ξi − s)α1)p1(s)ψ0(s)ds

+
i

∑
j=1

J1 j(ξi − t j)Eα1,2(λ1(ξi − t j)
α1) +

i
∑
j=1

I1 jEα1,1(λ1(ξi − t j)
α1)

))

−A12

(

m−1
∑
j=1

m−1
∑

i= j
b1iEα1,1(λ1(ηi − t j)

α1)J1 j −
m
∑
j=1

Eα1,1(λ1(1− t j)
α1)J1 j

+λ1

m−1
∑
j=1

m−1
∑

i= j
b1i(ηi − t j)

α1−1Eα1,α1(λ1(ηi − t j)
α1)I1 j

−λ1

m
∑
j=1

(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)I1 j

−
∫ 1

0 Eα1,1(λ1(1− s)α1)p1(u)ψ0(s)ds

+
∫ 1

0 ∑
s<ηi≤ηm−1

b1iEα1,1(λ1(ηi − s)α1)p1(s)ψ0(s)ds

)]

,

c0,2 =
1

∏2

[

B22

(

m
∑

i=1
a2i

(

∫ ξi
0 (ξi − s)Eα2,2(λ2(ξi − s)α2)p2(s)φ0(s)ds

+
i

∑
j=1

J2 j(ξi − t j)Eα2,2(λ2(ξi − t j)
α2) +

i
∑
j=1

I2 jEα2,1(λ2(ξi − t j)
α2)

))

−B12

(

m−1
∑
j=1

m−1
∑

i= j
b2iEα2,1(λ2(ηi − t j)

α2)J2 j −
m
∑
j=1

Eα2,1(λ2(1− t j)
α2)J2 j
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+λ2

m−1
∑
j=1

m−1
∑

i= j
b2i(ηi − t j)

α2−1Eα2,α2(λ2(ηi − t j)
α2)I2 j

−λ2

m
∑
j=1

(1− t j)
α2−1Eα2,α2(λ2(1− t j)

α2)I2 j

−
∫ 1

0 Eα2,1(λ2(1− u)α2)p2(u)φ0(u)du

+
∫ 1

0 ∑
u<ηi≤ηm−1

b2iEα2,1(λ2(ηi − u)α2)p2(u)φ0(u)du

)]

,

d0,1 =
1

∏1

[

A11

(

m−1
∑
j=1

m−1
∑

i= j
b1iEα1,1(λ1(ηi − t j)

α1)J1 j

−
m
∑
j=1

Eα1,1(λ1(1− t j)
α1)J1 j −

∫ 1
0 Eα1,1(λ1(1− u)α1)p1(u)ψ0(u)du

+λ1

m−1
∑
j=1

m−1
∑

i= j
b1i(ηi − t j)

α1−1Eα1,α1(λ1(ηi − t j)
α1)I1 j

+
∫ 1
0 ∑

u<ηi≤ηm−1

b1iEα1,1(λ1(ηi − u)α1)p1(u)ψ0(u)du

−λ1

m
∑
j=1

(1− t j)
α1−1Eα1,α1(λ1(1− t j)

α1)I1 j

)

−A21

(

m
∑

i=1
a1i

(

∫ ξi
0 (ξi − s)Eα1,2(λ1(ξi − s)α1)p1(s)ψ0(s)ds

+
i

∑
j=1

J1 j(ξi − t j)Eα1,2(λ1(ξi − t j)
α1) +

i
∑
j=1

I1 jEα1,1(λ1(ξi − t j)
α1)

))]

,

d0,2 =
1

∏2

[

B11

(

m−1
∑
j=1

m−1
∑

i= j
b2iEα2,1(λ2(ηi − t j)

α2)J2 j

−
m
∑
j=1

Eα2,1(λ2(1− t j)
α2)J2 j −

∫ 1
0 Eα2,1(λ2(1− u)α2)p2(u)φ0(u)du

+λ2

m−1
∑
j=1

m−1
∑

i= j
b2i(ηi − t j)

α2−1Eα2,α2(λ2(ηi − t j)
α2)I2 j

+
∫ 1
0 ∑

u<ηi≤ηm−1

b2iEα2,1(λ2(ηi − u)α2)p2(u)φ0(u)du

−λ2

m
∑
j=1

(1− t j)
α2−1Eα2,α2(λ2(1− t j)

α2)I2 j

)

−B21

(

m
∑

i=1
a2i

(

∫ ξi
0 (ξi − s)Eα2,2(λ2(ξi − s)α2)p2(s)φ0(s)ds

+
i

∑
j=1

J2 j(ξi − t j)Eα2,2(λ2(ξi − t j)
α2) +

i
∑
j=1

I2 jEα2,1(λ2(ξi − t j)
α2)

))]

.
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Φ(t) =
∫ t

0(t − s)α1−1Eα1,α1(λ1(t − s)α1 p1(s)ψ0(s)ds+ c0,1tα1−1Eα1,α1(λ1tα1)

+
k
∑
j=1

J1 j(t − t j)
α1−1Eα1,α1(λ1(t − t j)

α1)+ d0,1tα1−2Eα1,α1−1(λ1tα1)

+
k
∑
j=1

I1 j(t − t j)
α1−2Eα1,α1−1(λ1(t − t j)

α1), t ∈ (tk, tk+1],k ∈ INm
0

and

Ψ(t) =
∫ t

0(t − s)α2−1Eα2,α2(λ2(t − s)α2 p2(s)φ0(s)ds+ c0,2tα2−1Eα2,α2(λ2tα2)

+
k
∑
j=2

J2 j(t − t j)
α2−1Eα2,α2(λ2(t − t j)

α2)+ d0,2tα2−2Eα2,α2−1(λ2tα2)

+
k
∑
j=1

I2 j(t − t j)
α2−2Eα2,α2−1(λ2(t − t j)

α2), t ∈ (tk, tk+1],k ∈ INm
0 ,

Denote

Pj =





Eα1,α1(|λ1|)+Eα1,1
(|λ1|)|A22|

m
∑

i=1
|a1i|Eα1,2

(|λ1|)||p1||1

|∏1 |
+

Eα1,α1(|λ1|)+Eα1,1
(|λ1|)|A12|||p1||1Eα1,1

(|λ1|)

|∏1 |

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)|A12|||p1||1
m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |
+

Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11|||p1||1Eα1,1
(|λ1|)

|∏1 |

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11|||p1||1

m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |
+ ||p1||1Eα1,α1(|λ1|)+ ||p1||1Eα1,1(|λ1|)

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A21|

m
∑

i=1
|a1i|||p1||1Eα1,2

(|λ1|)

|∏1 |



A j

+





Eα1,α1(|λ1|)+Eα1,1
(|λ1|)m|A22|

m
∑

i=1
|a1i|Eα1,1

(|λ1|)

|∏1 |
+

Eα1,α1(|λ1|)+Eα1,1
(|λ1|)m|A12||λ1|

m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

|∏1 |

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12||λ1|Eα1,α1(|λ1|)

|∏1 |
+

Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11||λ1|
m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

|∏1 |

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11||λ1|mEα1,α1(|λ1|)

|∏1 |

+mEα1,α1−1(|λ1|)C j +m|λ1|Eα1,α1(|λ1|)

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A21|

m
∑

i=1
|a1i|Eα1,1

(|λ1|)

|∏1 |



C j

+





Eα1,α1(|λ1|)+Eα1,1
(|λ1|)m|A22|

m
∑

i=1
|a1i|Eα1,2

(|λ1|)

|∏1 |
+

Eα1,α1(|λ1|)+Eα1,1
(|λ1|)m|A12|

m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12|Eα1,1
(|λ1|)

|∏1 |
+

Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11|
m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |
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+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11|Eα1,1

(|λ1|)

|∏1 |
+mEα1,1(|λ1|)+mEα1,α1(|λ1|)

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A21|

m
∑

i=1
|a1i|Eα1,2

(|λ1|)

|∏1 |



D j, j = 1,2,

Q j =





Eα2,α2(|λ2|)+Eα2,1
(|λ2|)|B22|

m
∑

i=1
|a2i|Eα2,2

(|λ2|)||p2||1

|∏2 |
+

Eα2,α2(|λ2|)+Eα2,1
(|λ2|)|B12|||p2||1Eα2,1

(|λ2|)

|∏2 |

+
Eα2,α2(|λ2|)+Eα2,1

(|λ2|)|B12|||p2||1
m−1
∑

i=0
|b2i|Eα2,1

(|λ2|)

|∏2 |
+

Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)|B11|||p2||1Eα2,1
(|λ2|)

|∏2 |

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)|B11|||p2||1

m−1
∑

i=0
|b2i|Eα2,1

(|λ2|)

|∏2 |
+ ||p2||1Eα2,α2(|λ2|)+ ||p2||1Eα2,1(|λ2|)

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)|B21|

m
∑

i=1
|a2i|||p2||1Eα2,2

(|λ2|)

|∏2 |



B j

+





Eα2,α2(|λ2|)+Eα2,1
(|λ2|)m|B22|

m
∑

i=1
|a2i|Eα2,1

(|λ2|)

|∏2 |
+

Eα2,α2(|λ2|)+Eα2,1
(|λ2|)m|B12||λ2|

m−1
∑

i=0
|b2i|Eα2,α2(|λ2|)

|∏2 |

+
Eα2,α2(|λ2|)+Eα2,1

(|λ2|)m|B12||λ2|Eα2,α2(|λ2|)

|∏2 |
+

Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)m|B11||λ2|
m−1
∑

i=0
|b2i|Eα2,α2(|λ2|)

|∏2 |

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)|B11||λ2|mEα2,α2(|λ2|)

|∏2 |
+mEα2,α2−1(|λ2|)+m|λ2|Eα2,α2(|λ2|)

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)m|B21|

m
∑

i=1
|a2i|Eα2,1

(|λ2|)

|∏2 |



E j

+





Eα2,α2(|λ2|)+Eα2,1
(|λ2|)m|B22|

m
∑

i=1
|a2i|Eα2,2

(|λ2|)

|∏2 |
+

Eα2,α2(|λ2|)+Eα2,1
(|λ2|)m|B12|

m−1
∑

i=0
|b2i|Eα2,1

(|λ2|)

|∏2 |

+
Eα2,α2(|λ2|)+Eα2,1

(|λ2|)m|B12|Eα2,1
(|λ2|)

|∏2 |
+

Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)m|B11|
m−1
∑

i=0
|b2i|Eα2,1

(|λ2|)

|∏2 |

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)m|B11|Eα2,1

(|λ2|)

|∏2 |
+mEα2,1(|λ2|)+mEα2,α2(|λ2|)

+
Eα2,α2−1(|λ2|)+|λ2|Eα2,α2(|λ2|)m|B21|

m
∑

i=1
|a2i|Eα2,2

(|λ2|)

|∏2 |



Fj, j = 1,2.

Theorem 3.1. Let σ = max{σi(i = 1,2,3)} and τ = max{τi(i = 1,2,3)}. Suppose that (a)-(d) and (H1)-(H2) hold,
∏1 6= 0,∏2 6= 0. Then BVP(1.10)-(1.12) has at least one solution if

(i) στ ∈ [0,1) or
(ii) στ = 1 with

3
∑
j=1

Q j||Φ||τ j−τ <







1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

or
3
∑
j=1

Pj||Ψ ||σ j−σ <







1
3
∑

j=1
Q j ||Φ ||

τ j−τ







1/τ

.
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or

(iii) στ > 1 with

στ−1
||Ψ ||

3
∑
j=1

Q j||Φ||τ j−τ






||Φ||+







σ2τ||Ψ ||

σ(στ−1)
3
∑
j=1

Pj ||Ψ ||
σ j−σ







τ





σ

≤ 1,

στ−1
||Φ ||

3
∑
j=1

Pj||Ψ ||σ j−σ






||Ψ ||+







τ2σ ||Φ ||

τ(στ−1)
3
∑

j=1
Q j ||Φ ||

τ j−τ







σ





τ

≤ 1.

Proof. Let T : E 7→ E be defined in Section 2. By Lemma 2.3, it suffices to get fixed point of T in E. From Lemma
2.4, T is completely continuous. We will seek fixed points ofT in E. It is easy to see that(Φ,Ψ ) ∈ E. For r1,r2 > 0,
denoteΩr1,r2 = {(u1,u2) ∈ E : ||u1−Φ|| ≤ r1, ||u2−Ψ || ≤ r2}. One sees that||u1|| ≤ ||u1−Φ||+ ||Φ|| ≤ r1+ ||Φ|| and
||u2|| ≤ r2+ ||Ψ || for all (u1,u2) ∈ Ωr1,r2.

Use (H1), for(u1,u2) ∈ Ωr1,r2, we have

| f1(t,u2(t),D
α2−1
0+ u2(t))−ψ0(t)|

∣

∣

∣ f1
(

t, (t−ti)
2−α2u2(t)

(t−ti)t
2−α2

,Dα2−1
0+ u2(t)

)

−ψ0(t)
∣

∣

∣

≤ A1
∣

∣(t − ti)2−α2u2(t)
∣

∣

σ1 +A2

∣

∣

∣Dα2−1
0+ u2(t)

∣

∣

∣

σ2
≤

2
∑
j=1

A j [r2+ ||Ψ ||]σ j , t ∈ (ti, ti+1], i ∈ INm
0 .

It follows that

| f1(t,u2(t),D
α2−1
0+ u2(t))−ψ0(t)| ≤

2
∑
j=1

A j [r2+ ||Ψ ||]σ j . (3.1)

Similarly use (H1)-(H2), we can get for(x,y) ∈ Ωr that

| f2(t,u1(t),D
α1−1
0+ u1(t))−φ0(t)| ≤

2
∑
j=1

B j [r1+ ||Φ||]τ j ,

∣

∣

∣I1
(

ti,u2(ti),D
α2−1
0+ u2(ti)

)

− I1i

∣

∣

∣≤
2
∑
j=1

C j[r2+ ||Ψ ||]σ j , i ∈ INm
1 ,

∣

∣

∣J1

(

ti,u2(ti),D
α2−1
0+ u2(ti)

)

− J1i

∣

∣

∣≤
2
∑
j=1

D j[r2+ ||Ψ ||]σ j , i ∈ INm
1 ,

∣

∣

∣I2
(

ti,u1(ti),D
α1−1
0+ u1(ti)

)

− I2i

∣

∣

∣≤
2
∑
j=1

E j[r1+ ||Φ||]τ j , i ∈ INm
1 ,

∣

∣

∣J2

(

ti,u1(ti),D
α1−1
0+ u1(ti)

)

− J2i

∣

∣

∣≤
2
∑
j=1

Fj[r1+ ||Φ||]τ j , i ∈ INm
1 .

(3.2)

Using Lemma 2.1, we can get the expressions of

Dα1−1
0+ Φ(t), Dα2−1

0+ Ψ(t), Dα1−1
0+ (T1u2)(t), Dα2−1

0+ (T2u1)(t).
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One gets

|c0,1− c0,1| ≤
1

|∏1 |

[

|A22|

(

m
∑

i=1
|a1i|

(

Eα1,2(|λ1|)||p1||1
2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+mEα1,2(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j +mEα1,1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j

))

+|A12|

(

m
m−1
∑

i=0
|b1i|Eα1,1(|λ1|)

2
∑
j=1

D j [r2+ ||Ψ ||]σ j +mEα1,1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+|λ1|m
m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+|λ1|mEα1,α1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j + ||p1||1Eα1,1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+||p1||1
m−1
∑

i=0
|b1i|Eα1,1(|λ1|)

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

)]

,

(3.3)

|d0,1− d0,1| ≤
1

|∏1 |

[

|A11|

(

m
m−1
∑

i=0
|b1i|Eα1,1(|λ1|)

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+mEα1,1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j + ||p1||1Eα1,1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+m|λ1|
m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+||p1||1
m−1
∑

i=0
|b1i|Eα1,1(|λ1|)

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+|λ1|mEα1,α1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j

)

+|A21|

(

m
∑

i=1
|a1i|

(

||p1||1Eα1,2(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+mEα1,2(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j +mEα1,1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j

))]

.

(3.4)

Use (c) and the definitions ofT1,Φ, (3.1), (3.2), we get fort ∈ (ti, ti+1] that

(t − ti)2−α1|(T1u2)(t)−Φ(t)|

≤ ||p1||1Eα1,α1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j + |c0,1− c0,1|Eα1,α1(|λ1|)

+mEα1,α1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j + |d0,1− d0,1|Eα1,α1−1(|λ1|)

+mEα1,α1−1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j , t ∈ (ti, ti+1], i ∈ INm
0 .

(3.5)
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Similarly we have

|Dα−1
0+ (T1y)(t)−Dα−1

0+ Φ(t)| ≤ |c0,1− c0,1|Eα1,1(|λ1|)+ |λ1||d0,1− d0,1|Eα1,α1(|λ1|)

+mEα1,1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j +m|λ1|Eα1,α1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+||p1||1Eα1,1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j .

(3.6)

It follows from (3.3)-(3.6) that

||T1u2−Φ|| ≤ max

{

∑
t∈(ti ,ti+1]

(t − ti)2−α1|(T1u2)(t)−Φ(t)| : i ∈ INm
0

}

+max

{

sup
t∈(ti ,ti+1]

|Dα1−1
0+ (T1u2)(t)−Dα1−1

0+ Φ(t)| : i ∈ INm
0

}

≤
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)|A22|
m
∑

i=1
|a1i|Eα1,2

(|λ1|)||p1||1

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)|A12|||p1||1Eα1,1
(|λ1|)

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)|A12|||p1||1
m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11|||p1||1Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11|||p1||1

m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A21|

m
∑

i=1
|a1i|||p1||1Eα1,2

(|λ1|)

|∏1 |

2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+||p1||1Eα1,α1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j + ||p1||1Eα1,1(|λ1|)
2
∑
j=1

A j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A22|
m
∑

i=1
|a1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12||λ1|
m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12||λ1|Eα1,α1(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11||λ1|

m−1
∑

i=0
|b1i|Eα1,α1(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j
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+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)|A11||λ1|mEα1,α1(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A21|

m
∑

i=1
|a1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+mEα1,α1−1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j +m|λ1|Eα1,α1(|λ1|)
2
∑
j=1

C j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A22|
m
∑

i=1
|a1i|Eα1,2

(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12|
m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+
Eα1,α1(|λ1|)+Eα1,1

(|λ1|)m|A12|Eα1,1
(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11|

m−1
∑

i=0
|b1i|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A11|Eα1,1

(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+
Eα1,α1−1(|λ1|)+|λ1|Eα1,α1(|λ1|)m|A21|

m
∑

i=1
|a1i|Eα1,2

(|λ1|)

|∏1 |

2
∑
j=1

D j [r2+ ||Ψ ||]σ j

+mEα1,1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j +mEα1,α1(|λ1|)
2
∑
j=1

D j [r2+ ||Ψ ||]σ j

=
2
∑
j=1

Pj[r2+ ||Ψ ||]σ j .

It follows that

||T1x−Φ|| ≤
3
∑
j=1

Pj[r2+ ||Ψ ||]σ j ≤ [r2+ ||Ψ ||]σ
3
∑
j=1

Pj||Ψ ||σ j−σ . (3.7)

Similarly we can get

||T2x−Ψ || ≤
3
∑
j=1

Q j[r1+ ||Φ||]τ j ≤ [r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ . (3.8)

From (3.7), (3.8), we will seekr1,r2 > 0 such that

[r2+ ||Ψ ||]σ
3
∑
j=1

Pj||Ψ ||σ j−σ ≤ r1, [r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤ r2. (3.9)

Then one hasT Ωr1,r2 ⊆ Ωr1,r2. By Schauder’s fixed point theorem,T has at least one fixed point(u1,u2) ∈ Ωr1,r2 which
is a solution of BVP(1.10)-(1.12). It suffices to get positive solutions of the following inequality:

[r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤ r2 ≤







r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

−||Ψ || (3.10)
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or

[r2+ ||Ψ ||]σ
3
∑
j=1

Pj||Ψ ||σ j−σ ≤ r1 ≤







r2
3
∑

j=1
Q j ||Φ ||

τ j−τ







1/τ

−||Φ||. (3.11)

Case 1. στ < 1.
It is easy to see that

[r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤







r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

−||Ψ ||

has a positive solutionr1 > 0 sufficiently large. Chooser2 satisfies

[r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤ r2 ≤







r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

−||Ψ ||.

Then (3.10) has positive solutionsr1 > 0 andr2 > 0. ThenT (u1,u2) ∈ Ωr1,r2 for (u1,u2) ∈ Ωr1,r2. By Schauder’s fixed
point theorem (Lemma 2.2),T has at least one fixed point(x,y) ∈ Ωr1,r2. Then(u1,u2) is a solution of BVP(1.10)-(1.12).

Case 2.1.στ = 1 and
3
∑
j=1

Q j||Φ||τ j−τ

(

3
∑
j=1

Pj||Ψ ||σ j−σ

)1/σ

< 1.

Since

lim
r1→+∞

[r1+||Φ ||]τ
3
∑

j=1
Q j ||Φ ||

τ j−τ









r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ









1/σ

−||Ψ ||

=

3
∑

j=1
Q j ||Φ ||

τ j−τ









1
3
∑

j=1
Pj ||Ψ ||

σ j−σ









1/σ < 1,

we know that there existsr1 > 0 sufficiently large such that

[r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤







r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

−||Ψ ||

Chooser2 satisfies

[r1+ ||Φ||]τ
3
∑
j=1

Q j||Φ||τ j−τ ≤ r2 ≤







r1
3
∑

j=1
Pj ||Ψ ||

σ j−σ







1/σ

−||Ψ ||.

Then (3.10) has a positive solutionr1,r2. ThenT (u1,u2) ∈ Ωr1,r2 for (u1,u2) ∈ Ωr1,r2. By Schauder’s fixed point theorem
(Lemma 2.3),T has at least one fixed point(x,y) ∈ Ωr1,r2. Then(u1,u2) is a solution of BVP(1.10)-(1.12).

Case 2.2.στ = 1 and
3
∑
j=1

Pj||Ψ ||σ j−σ

(

3
∑
j=1

Q j||Φ||τ j−τ

)1/τ

< 1.

Similarly to Case 2.1, use (3.11), we get solutions of BVP(1.10)-(1.12) by using the Schauder’s fixed point theorem
(Lemma 2.2).

Case 3. στ > 1.
Choose

r1 =
(

στ||Ψ ||
στ−1

)τ 3
∑
j=1

Pj||Ψ ||σ j−σ , r2 =
(

τσ ||Φ ||
στ−1

)σ 3
∑
j=1

Q j||Φ||τ j−τ .
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Since

στ−1
||Ψ ||

3
∑
j=1

Q j||Φ||τ j−τ






||Φ||+







στ||Ψ ||

(στ−1)
3
∑

j=1
Pj ||Ψ ||

σ j−σ







τ





σ

≤ 1,

στ−1
||Φ ||

3
∑
j=1

Pj||Ψ ||σ j−σ






||Ψ ||+







τσ ||Φ ||

(στ−1)
3
∑

j=1
Q j ||Φ ||

τ j−τ







σ





τ

≤ 1,

we know that both (3.10) and (3.11) hold. Then we haveT (u1,u2) ∈ Ωr1,r2 for (u1,u2) ∈ Ωr1,r2. By Schauder’s fixed point
theorem (Lemma 2.2),T has at least one fixed point(x,y) ∈ Ωr1,r2. Then(u1,u2) is a solution of BVP(1.10)-(1.12).

The proof of Theorem 3.1 is completed.⊓⊔

Theorem 3.2. Suppose that (a)–(d) hold,∏1 6= 0,∏2 6= 0 and there exist constantsM f ,Mg,MI1,MJ1,MI2,MJ2 ≥ 0 such
that

∣

∣

∣ f
(

t, y1
(t−ti)2−β ,y2

)∣

∣

∣ ≤ M f , t ∈ (ti, ti+1], y j ∈ IR( j = 1,2), i ∈ INm
0 ,

∣

∣

∣g
(

t, x1
(t−ti)2−α ,x2

)∣

∣

∣≤ Mg, t ∈ (ti, ti+1], x j ∈ IR( j = 1,2), i ∈ INm
0 ,

∣

∣

∣I1
(

ti,
y1

(ti−ti−1)2−β ,y2

)∣

∣

∣≤ MI1, i ∈ INm
1 ,

∣

∣

∣
J1

(

t, y1
(t−ti)2−β ,y2

)∣

∣

∣
≤ MJ1, i ∈ INm

1 ,

∣

∣

∣I2
(

ti,
x1

(ti−ti−1)2−α ,x2

)∣

∣

∣≤ MI2, i ∈ INm
1 ,

∣

∣

∣
J2

(

t, x1
(t−ti)2−α ,x2

)∣

∣

∣
≤ MJ2, i ∈ INm

1 .

Then BVP(1.10)-(1.12) has at least one solution inE.

Proof. In Theorem 3.1, chooseφ0(t) = ψ0(t) = 0, σ1 = σ2 = τ1 = τ2 = 0, A1 = M f ,B1 = Mg, C1 = MI1,D1 = MJ1,
E1 = MI2,F1 = MJ2, andA2 = B2 =C2 = D2 = E2 = F2 = 0. It is easy to see that (H1) and (H2) hold. We get Theorem
3.2 from Theorem 3.1. The proof is completed.⊓⊔

4 Conclusion

In this paper, we establish sufficient conditions for the existence of solutions of impulsive initial value problems for
singular fractional differential systems. We allow the nonlinearities p1(t) f1(t,x,y) and p2(t) f2(t,x,y) in fractional
differential equations to be singular att = 0,1. Both f andg may be super-linear and sub-linear. The analysis relies on
some well known fixed point theorems.

This paper contributes within the domain of impulsive fractional differential equations and adopts the traditional
one, the Riemann-Liouville’s integral, the Caputo’s fractional derivative and the Riemann-Liouville fractional derivative
definitions, which have many advantages and also have some shortcomings as discussed in some open literatures. These
kinds of definitions have been replaced he some new ones such as the He’s fractional derivative, the modified Riemann-
Liouville derivative, the Hadamard fractional derivative, the Erdélyi-Kober fractional derivative, the Hilfer fractional
derivative, and have been studied by many authors see for examples. The readers should study the similar problems for
fractional differential systems involving with the other kinds of fractional derivative. Although the present study provides
some insights in the equations encountered in the non-localexistence solutions of anti-periodic boundary value problems,
this existence theorem may be explored for other classes of boundary value problems for impulsive fractional differential
systems, that is a subject for future study.
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