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Abstract: In this paper, a new model based on exponentiated genet&\ieddull-Gompertz distribution is introduced. This newarb

is both useful and practical in many fields such as relighiiite testing, agriculture, industry, energy, human rabty, medicine and
the world of the seas and oceans. Some statistical anditigjiguooperties of this model are presented including mateg(reversed)
hazard rate, mean residual life and mean inactivity timetions, among others. Finally, applications to real dats.@e= given to show
the flexibility based on complete sample.
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1 Introduction

In analyzing lifetime data, we can use Weibull, Gompertz,ibt-Gompertz, generalized Gompertz, exponential
Weibull-Gompertz distribution and etc. The Weibull distrtion has been used in many different fields with many
applications see7]. For many years, researchers have been developing vagidaasions and modified forms of the
Weibull distribution. [L2] introduced Weibull extension model and a detailed siatistvas given in 9]. [5] introduced
exponentiated flexible Weibull extension distribution.

On the other hand, The Gompertz distribution is importardéscribing the pattern of adult deaths s&#.[ For low
levels of infant mortality, the Gompertz force of mortaléytends to the whole life span seéd] of populations with no
observed mortality deceleratior] [introduced generalized Gompertz distribution.

Also, [2] introduced beta-Gompertz distribution. It includes somvell-known lifetime distributions such as
beta-exponential and generalized Gompertz distributamspecial sub models3][proposed exponentiated modified
Weibull extension distribution. MoreoveB][proposed a generalized Weibull-Gompertz distribution.

2 Exponentiated Generalized Weibull-Gompertz Distribution

The random variablX is said to be has exponentiated generalized Weibull-Gomgestribution (EGWGD) if the CDF
fora,b,c,d, 0 > 0 as follows:

¢}
Flxab.0.0.0) = [1-e 3] (2.1)

whereb, 6 andd are shape parametessis scale parameter ammds an accelerating parameter. The fidfx; a,b,c,d, 8)
of EGWGDa,b,c,d, 0) is

¥ cd d 18t
fx (x;a,b,c,d, §) = abgxP~le~ @ (" ~D+of (1+ de — e”") {1 G

(2.2)
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The survival function can be obtained as follows

6
R(x;a,b,c,d,8) =1— [1 _e @@l g (2.3)

The hazard functioh(x) is

6-1
abexb—le—axb(ecxd ~1)+od (1+ %Xd _ e—cﬁ) [1 _ e_axb(ecxd _1)}

h(x;a,b,c,d,8) = (2.4)
1— {1 _ o ab(e —1)} 0
Also the reversed hazard functiofx) is
-1
r(x;ab,c,d,8) = ab@xP—le- @0 o <1+ %de — e‘”‘d) [1 gt 1>] . (2.5)

Figures 1 and 2 provide the PDF of EGWGD(a,b,8)dpr different parameter values, also Figures 3 and 4 pothié
failure rate function of EGWGD(a,b,c @) for different parameter values.
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Figure 1. Plots of the pdf of the EGWG distribution for some values of the
parameters.
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Figure 3. Plots of failure rate of the EGWG distribution for some values ofthe
parameters.
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Figure 4 Plots of failure rate of the EGWG distribution for some values of the
parameters.

Remark 2.1.From EGWGD(a,b,c,d), we get:

1.Generalized Weibull - Gompertz distribution GWGD(a,8)cwhenf = 1.

2.Gompertz distribution GD (a,c), whéh=1,b =0 andd = 1.

3.Generalized Gompertz distribution GGD (&);whenb = 0 andd = 1.

4. Exponentiated modified Weibull extension, whesa 0,c = (1/a)?, a > 0.

5.Exponential power distribution EPD(a,d,c), whge- 1 andb = 0.

6.Generalized exponential power distribution GEPD(a&J,evhenb = 0.

7.Weibull extension model of Chen (2000), wheéa= 1,b =0 andc = 1.

8.Weibull extension model of Xie et al. (2002), whigg- 0.

9.Exponential distribution ED(a), when c tends to zete; 1,6 = 1 andb = 0.
10.Generalized exponential distribution GEBgwhen c tends to zero,= 1 andb = 0.

3 Statistical Properties

3.1 The median and the mode

We cannot get the quartile; of EGWGD(a,b,c,dd) in a closed form by using the equatiéR(xq;a,b,c,d,8) —q= 0.
Thus, by using Equatior2(1), we find that

(Xq)Pest)? = %1 In [1— qﬂ , 0<qg<1 (3.1)
The mediarm(X) of EGWGD(a,b,c,d9) can be obtained from Equatio®.(), wheng = 0.5, as follows
(%.5)Pec005)" — ;ln [1— (o.5)ﬂ . (3.2)
Moreover, the mode of EGWGD(a,b,d)) can be obtained as a solution of the following nonlinearatign.

d
&fx(x,a,b,c,d,e)_o

% [Xbleaxb(ecxdl)Jrcxd <1+ %ixd 3 ecxd> [1 T

6-1
1 =0. (3.3)

3.2 Moments

Lemma 3.1If X has EGWGD(a,b,c,d), ther™ moment ofX, sayL,, is given as follows fom,b,c,d > 0,x > 0 and6 is
positive integer.
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4T SRR S ()

[(uﬂ)é_j[)l_ (r+b( +13+d(| - )+1> +d(1|:;j)ér <r+b(jj;1)+£d+1)]. (3.4)

Proof:
u}:/ X fx (x;a,b,c,d, 6)dx
0

@ o-1
= ab@/ X D-1gab(e 1o <1+ %de -~ ecxd) [1 et l>] dx
0

= abfbl, — abhbl,+ abcdls, (3.5)
where

W 1gal(@d 1ol || ke 1) ot
I1 :/0 d)(7

6-1

*© xd xd
|2:/0 b1l 1) [1_eaxb<ec = —

6-1

|3:/0 -1 1) of [1 —axb(ecxd—l):| dx.

since 0< e ~1) _ 1 forx> 0 and8 i positive integer, then

55 5 U W ()6 o st
gii%i lﬂzd ;:&ﬁni))i (IJ<) (ei_l)l_ <r+b(J +13+d(4_1)+1). )

Similarly, we find that

5585 N ()07 (R ) o

$'5 ¢ o G ) (e +) (0)(077)r (s )
e zoz()k O; jlerd(ck) e k i )" d +1). (3.8)

Substituting from Equation8(6), (3.7) and (3.8) into Equation 8.5), we get Equation3.4). This completes the proof.

4 Reliability Analysis
4.1 Mean time to failure (repair)

Lemma 4.1.I1f T is a random variable has EGWGD(a,b,@}l,then the mean time to failure (repair) is given as follows
fora,b,c,d > 0 and@ is positive integer.

abg 0t e L 2 (—ytitkda+i)l () (61
MTTFMTTR) = % z()k 0;0 jrond ok o Lib( 1+ (k) ( i ) X
{((1+J) ior <1+b(1+10)|+d(é—1)+1> +d(1|:;j)fl_ <1+b(jgl)+éd+1>} . (@.1)

Proof. We have “ -
MTTF(MTTR):/ R(t)dt:/ tf(t;ab,c,d, 8)dt = u,
0 0

then from Equation3.4), whenr = 1, it is easy to prove Lemma 4.1.
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4.2 Availability At)

Lemma 4.2.If the reliability function for a component is given B (t) = 1 — Fr(t), whichT has EGWGD(a,b,c,8),
and the distribution of a repair time density is the P@F of EGWGD(a,b,c,d), then the availabilityA(t) is given as
t=0.5.

Proof. It is easy to prove that.
Moreover, the mean time between failures (MTBF) is an imgartmeasure in repairable system (component).
Mathematically,

MTBF=MTTF+MTTR (4.2)

4.3 Maintainability \(t)

If the repair timeT is a random variable has a repair time density funagi@hof EGWGD(a,b,c,d), then the probability
that the failed system will be back in service by titrie defined as

d 6
V() =P(T<t) :/Otg(s)ds: {1—e—atb<e°' —1>] . (4.3)

4.4 The Mean Residual (Past) Lifetime MRL (MPL) for EGWGD

Assuming that each component of the system has survived tipéd, the survival function ofl; —t given thatT; > t,
i=12---.n. Thisis the corresponding conditional survival functidritee components at age

Lemma 4.3If T is a random variable has EGWGD(a,b,6)dthen the mean residual lifetime (MRL), is given as follows
for a,b,c,d > 0 and@ is positive integer.

m(t) = % 1), (4.9)

0
R(t) = 1- [1— e 2 td‘”} :

y abf ot & L & (-1t (a1 +i))! (]) (9_1)
. X
l 20 z & 0;0 |€'d Ck 1+b(1+1)+1d k i

{((1“) i9r (1+b(1+13+d(€ 1)+1>+d(1:bj)e||/_ <1+b(jgl)+éd+1>]’

j |+J+k+/( k)( ) i 0 citd . 4 bjed—d+1
_t_%zo;/% jled(c)) e 'Cﬁd“ ('i)(i>ejt [(Cjtd) i

bj+¢d—d+1
T BIHO-dHy g g
(—1)mm!( d )(Cjt ya M.
m=1 m
Proof. Since

m(t) = @/tm R(x)dx= RO [l —10)],
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where
t

1) = [ Rogdx=t- /Ot [1_e—axb<e°*"—1>]9dx

0 o | o (_a\i+jtk+lial\ (ai] /i ‘ |
“353 3 SR ()(0) e

J

bj+/d—d+1
et

j 1)k (ck i\ [0\ .y . gy Ditfd—dil
—t— %ZO;% EHZH(I ) (lj() (i>e‘”t (Cithy T+ Y (1"
jled(cj) a m=1
o <%md+1> (Cjtd)bj+éd—d+l_m .

Lemma 4.4.1f T is a random variable has EGWGD(a,b,d9), then the mean past lifetime (MPL), is given as follows
fora,b,c,d > 0 and@ is positive integer.

- iee ] (§ 585 S () (e

bj+/d—d+1 bj+fd—d+1
bj+éd—d+1 d —_ bj+éd—d+1
(cjith) e+ o™i 9 () e |, (4.5)
m=1 m
Proof. Since
1 —at(et® 1) oo —ad(ed 1) ¢
P(t):m/o Fxdx=|1—e /0 1-e dx (4.6)

Now, the value of

/t [1—eaxb ecxdl>] i i |+J+k+/ ck J )( > bj*“ecjxddx,
: 2325

—ziii.gﬁtmwl><>w

bj+éd d+1
[(Cjtd) bj+ed—d+1 n mm| bj+ éd d+ 1) m(cjtd) bj+édd+1m] 7

4.7)

from Equations4.7) and @.6), we get Equation4.5).

5 Parameters Estimation

In this section, we derive the maximum likelihood estimatasthe unknown parameters a,b,c,d ad of
EGWGD(a,b,c,d), based on a complete sample. Consider a random safapte, - - - , X, from EGWGD(a,b,c,®).
The likelihood function of this sample is

n
¢=1[1f(:ab,c,d,6). (5.1)
M

By substituting from Equatior2(2) into Equation §.1), we get

n -1
(= |'lab9xblea"éo(ecxd1)Jrcxd <1+ %de — e‘”‘d) [1— ea’P(ecxd”] . (5.2)

The log-likelihood function becomes
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n n

.Z:nln(a)+nln(b)+nln(9)+czi( -)d—azi( -)b( ) (b 1zi|n

Zln(l g 2P (#f l) Zln<1+ <'>“>. (5.3)

So, the normal equations are

. Y R o Gl
0L _n T bl 1)y 1w Y (¢ ) _
da a £ () (e 1)+( 1)i; 1_efé(xi)5<eé(><if—l) 0 (5.4)
0L _ N a5 (x)b () (3)¢
35 = © ai: (%) ( 1) In(x; +Zln Xi) Zl (1+Qg(xi)&—e—é<m&) +
5( ex)d ap (1) \ 1
é(é—l)zi(xi)f)(eé(xi)&_l) e 1V G (1—e o (¢ 1)) _0 (5.5)
7 - -1
% — S x)i-ay b e 4@ 1)y (XI)5+ae—a<mb(eC< 1) e <1_ A G _1)>
n o (X d Q_’_e_é(x.)d
‘3 )éd(b FJpar )>a =0 (5.6)
21+ S (x)—e (% A
0L & bt and gy (0)PT9EE In(x)
o _CI;(XJ In(x;) aclz (%)PT9e™) In(x;) + &6(0 1)|Zl_ a0 (ecm)dfl)
e (x.)&(1+&In(x.)+6e‘é(x'>dln(>q))
= R —o. (5.7)
N DY

The MLE of 8, sayf(4,b, ¢,d) can be obtained as

>

S aod T L
6(a,b,¢,d)=—n <iln [1— e_é(mb<e6(X|)d w ) . (5.8)

So, the MLEs ofb, & andd can be obtained by solving four nonlinear Equatid?®+(5.4) by using Equation.8).

5.1 Asymptotic confidence bounds

We derive it for these parameters whei, c,d > 0 and6 > 0 as the MLEs of the unknown parametarb, c,d can not
be obtained in closed forms, by using variance covariandgexsee (Lawless(2003)), where

2y Rz Ry Ry Ryt
To2 Toawb ~omc ~oad ~daio
¢ _ 92y 9%y 32y _ 9%¢

~ dboa P ~9bac —obad — 9626
. _ 2y 2y 2y 32y
R e o “owd “owo | (5.9)
0 27 Ry g Ry 2y '

T 9dga ~adob — adoc o2 ~9do6
2y 2y _ 9’y 2y
T 060a ~d0ob  06dc  08dd  gg2

thus

var(d) couab) cova¢) covad) cov
cov(b,a) var(b) covb.¢) coub,d) covb,
= cov¢,d) covE, b) var(€) cov¢, d) ov(C,
® = | covd.a) covd.b) coud.¢) var(d) coud,
cov(8,4) covB,b) coud,¢) covb,d) var(@

=2

)
)
>) . (5.10)
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The elements iy are given as follows:

’2Z _ n
902 ~ o7
r2y (e e oPet o

IMz

d60a £ lea’ﬁbyidl

2L a><¢<e°4“71)e*a>ﬁ”<ey‘d*1)|n(x>
Lz D M

>

2. a)<o+dea>{’ o 1+of
96dc - Zl 1— e—a>ﬁb 4‘1 1) ’

02y _ " acp e af (e o Diof! In(x)
96ad i= 1- e—a>ﬁb %d 1)
PL 0 Do oed 2 2 HP(Lr i —e o) - (e o
i G (L, (oot
b

a(6-1) a I ot e ~ad (e Ay In(x
db 21 —a>ﬁb >€ -1)
l-e
2y P (e - l)e’a’?(ecyﬁj Din(x)
= -y ¥Eod)-1)nx)+aB-1)— Y n
dboa Z I Ja i:zl) 1— e*aﬁb(ec)ﬁj -1

2y T of d " 0d (e ot
£ - et g5 ) ST

a6 1>§C ix%ec% e Pt Ui <1fefa4’<9°*j *1>> :

od
L _acy et (In(x))*+a(6—1) 9 & X Gl e bt InG4)
dbad |Zl d Zl 1— e—a>ﬁ-b(ecyid -1

¢ A1+ D — e 9) (14 din(x)) — dxd[E (1+dIn(x +ce°#’|nx,

o4 ey

2 N 2he@ 12 —aﬁb(eoﬁd -1)
%=7§7(671>_21’“b(e ve
= (liefaxib(eoﬁd —1))
023 c>§j 1 a;ﬁb 4‘1 -1)

2 - geetio gt

c>§j _ 1)e—a><-°(ec>¢j -1)

>g X+ oof d .
)+ (09— g XET Ve n T
daﬁd Zi i d Zi 1 e—a>{’(ec’€—1)
°Z _ ozl ¢ Xde of (14 s —eof) (g +eof 2 a0 s Kprdgad (e i 1>+°4d_
< 21 Zi (u%’xf’fe*“‘j) Jac Zi _eobey

2y n o N b+d a>3b(e of 1)+c>§d Xd(g + e—C){’)
= Y ¢In(x xprd & (14+o@)In(x) +a(0—1)=— Y] ,
dcad iZl zi X1d o) 3 Zl 1- e—a>{’(e off -1 l+ %ij — e’c’e

4
od?

= c_ix?(ln(xi))z - ac_i¢+de°%’ 1+ (In(x)?+

29 %) od(1+din(x) +be  In(x))
ac(8—1) aaZ( —a>{)(e>¢j—1)+ (l+%’xidfe’°4d) )

So, we can get the (#)100% confidence intervals of the parameteyis,c,d, 8 asd+ Z;/var(a), b+ Z/var(b),
2 2

6+25/Var(e), d+ Zs\ /var(d) andf + Zs \ /var(8).
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6 Data Analysis and Discussion

We present the analysis of a real data set using the EGWGD,@@) model and compare it with the other fitted models
like: GED, ED, GD and GWGD. The data have been obtained frojmif represents the lifetimes of 50 devices. The
EGWGD model is used to fit this data set. The MLE(s) of the umkmparameter(s), the value of log — likelihood (L),
K-S, AIC, CAIC and BIC value and its respective p-values feefilifferent models are given in Tables 1 and 2.

Table 1: The MLE(s) of the parameter(s), (K-S) values and P-values.

MLEs
The Model a 6 b ¢ d K—S p—Value
GED 0.021 0.902 - - - 0.194  0.0502
ED 0.022 - - - - 0.191  0.0554
GD 0.011 - - 0.018 - 0.157  0.1650
GWGD 0.0025 - 0.001 0.187 0.869 0.151  0.1804

EGWGD 0.000085 0.246 0.128 0.401 0.699 0.125 0.371

Table 2: The log-likelihood, AIC, CAIC and BIC values.

The Model -L AIC CAIC BIC

GED 241.36 484.72 48496 488.54
ED 240.09 484.18 484.26 486.09
GD 235.39 474.78 475.024 478.60

GWGD 23481 470.73 471.62 473.38
EGWGD 220.76 451.52 452.88 461.08

Tables 1 and 2 show that EGWGD is the best among those digtrilsbecause it has the smallest value of (K-S), AIC,
CAIC and BIC . Figure 5 obtains the empirical and estimatdidhbgity functions of the EGWG model for devices data.

R(x)

[=- = EcweD Emprical |

Fig. 5: The Empirical and estimated reliability functions of the

The variance covariance matrix is

5.854x 10710 _1581x 104 8574x10°% 3987x108 4.158x 104
—1581x 104 3.101x10°°—-7.004x 104 —1.012x 10> 2.175x10°*

|-1_ | 8574x 106 -7.004x 104 3.215x 107 —5.254x 107> —2.158x 10°°
0 7| 3987x108-1.012x10°-5274x10* 9.257x10 9 —5.254x 10°°
4.158x 104 2.175x10*4—2.158x 10°® —-5274x 10 % 8.154x 10>

The approximate 95% two sided confidence interval of therpaters a,b,c,d ané are [0.000037, 0.000132],[0.11708,
0.13891], [0.39988, 0.40211], [0.69881, 0.69918] and28%, 0.26389] respectively.
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