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Abstract: In this paper, a new analytical method called the Natural btopy Perturbation Method (NHPM) for solving linear and
the nonlinear fractional partial differential equationnigroduced. The proposed analytical method is an eleganbowtion of a well-
known method, Homotopy Perturbation Method (HPM) and theuNé Transform Method (NTM). In this new analytical methdoke
fractional derivative is computed in Caputo sense and timdimear terms are calculated using He’s polynomials. Exatition of
linear and nonlinear fractional partial differential etjaas are successfully obtained using the new analyticéhatk and the result is
compared with the result of the existing methods.

Keywords: Natural homotopy perturbation method, He’s polynomialgtdg-Leffler function, linear and nonlinear fractionalrpal
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1 Introduction

In recent years, there is a rapid development in the condefpactional calculus and its applications,2,3,4]. The
fractional calculus which deals with derivatives and imég of arbitrary ordersS] plays a vital role in many field of
applied science and engineering. The linear and nonlimaeatiénal partial differential equations have wide apgtiicns

in fluid mechanics, acoustic, electromagnetism, signatgssing, analytical chemistry, biology and many othersacéa
physical science and engineerirj.[In last few decades, many analytical and numerical meth@s been developed
and successfully applied to solve linear and nonlineartivaal partial differential equations such as, Adomian
Decomposition Method7,8,9,10,11], G'/G-Expansion Method12], Homotopy Analysis Method13], Jacobi Spectral
Collocation Method14], Laplace Decomposition Method %], and New Spectral Algorithmifg]. Moreover, Homotopy
Perturbation Method1[7,18], Yang— Laplace Transformlp], Local Fractional Variational Iteration Metho@(,21],
Cylindrical-Coordinate Method?P], Modified Laplace Decomposition Methodj], Spectral Legendre-Gauss-Lobatto
Collocation Method 23,24], Homotopy Perturbation Sumudu Transform Meth@&b,p6], and Fractional Complex
Transform MethodZ27] are applied to linear and nonlinear fractional partiafetiéntial equations.

However, despite the potential of the numerical methodsy ttan not be considered as universal methods for solving
linear and nonlinear fractional partial differential etjoas because of many deficiencies and some computational
difficulties such as unnecessary linearization, discagittn of variables, transformation or taking some resuect
assumptions.

In this paper, a new analytical method called the Natural bty Perturbation Method (NHPM) for solving linear and
nonlinear fractional partial differential equations vdtit the above-mentioned deficiencies is introduced. The
constructive analytical method is applied directly to inend nonlinear fractional partial differential equatioifhe
proposed analytical method gives a series solution whictvexges rapidly to an exact or approximate solution with
elegant computational terms. In this new analytical metltioel nonlinear terms are computed using He's Polynomials
[28,29,30]. Exact solution of linear and nonlinear fractional pdrtdferential equation are successfully obtained using
the new analytical method. Thus, the proposed analytic#thoaeis a powerful mathematical method for solving linear
and nonlinear fractional partial differential equationslés a refinement of the existing methods.
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2 Natural transform

In this section, the basic definition and properties of thaula transform are presented.
Definition: The Natural Transform of the functiaut) for t € (0, ) is defined over the set of functions,

A={v(t):3IM, 1, T2 >0, [v(t)| < Me%, ifte(—1) x [o,oo)},
by the following integral:
N* [V(t)] = V(s.u) = %/ome%“ v(t)dt; s> 0, u> 0. )
Heresandu are the Natural transform variablexl[32].
The basic properties of the Natural transform method arengbelow.
Property 1: IfV (s u) is the Natural transform and () is the Laplace transform of the functiofitf € A, thenN™ [f (t)] =
V(su) =1 [@e ft)dt=1F (3).
Property 2: IfV( u) is the Natural transform and @) is the Sumudu transform of the functiqii\e A, thenN™ [v(t)] =
Visu) =gl etv(s) dt=3G(g).
Property 3: If N* [v(t)] =V (s,u), thenN™ [v(at)] = %V(s, u).

\./\./

Property 4: If NT [v(t)] =V (s,u), thenN*T [V (t)] = SV(S, u) — Ll?).

V(o
T

Property 5: If N* [v(t)] = V(s,u), thenN* [V/(t)] = $V(s,u) — 3v(0) —

Remark: The Natural transform is a linear operator. That igy éind3 are non—zero constants, then
N*[a f(t) £Bg(t)] = aN* [f(t)] = BNT [g(t)] = aF*(s,u) £ G (s.u).
Moreover,F T (s,u) andG™ (s,u) are the Natural transforms éft) andg(t), respectively 31].

Table 1. List of some special Natural transforms

Functional Form| Natural transform Form
1 <
t 3
eat 571 u
=12, o
sin(t) T

3 Basic Definitions of Fractional Calculus

In this section, the basic definitions of fractional calcuéue presented.

Definition 1: A function f(x), x > 0 is said to be in the spa@¥’, me N J{0}, if f(™ e C,.

Definition 2: A real functionf(x), x > 0 is said to be in the apa€® o € R if there exist a real numbegy (> a) such
that f (x) = xPf1(x) wheref;(x) € C[0,). ClearlyCy C Cgif B < a.

Definition 3: The left sided Riemann-Liouville fractional integral optar of orderu > 0, of a functionf(t) € C,4, and
a > —1is define as10,33).

. 1t f
Dt“f(t):r(u)/o (t_(TT))ludT,u>O,t>O, @)
DOf(t) = f(t). 3)

Definition 4: The (left sided) Caputo fractional derivatife fe C™, , me NJ{0}, is defined as4,5].

D“_m O] m-1<pu<m me N,
0tm ) H=m
Note that p,10,4,5]:
_ riy+1) .,
DHY = — VT ¥l 50 y> —1,t>0. (5)

ry+u+1)
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k

E,m—1<u§m,meN. (6)

D HDMf(t) = f(t)— mfv<'<>(o+)
k=0

Definition 5: The Natural transform of the Caputo fractional derivativdéfined as:

< m-1 o —(k+1)
N [Dfv(t)] = U—GV(% u) — 20 Wv(k)(m—), (7)

(m-—1<a<m).
Definition 6: Mittag-Leffler functionE, with a > 0 is defined by the following series representation, valithenwhole
complex planej]:

& P
4 Analysis of the Method

In this section, the basic idea of the Natural Homotopy Rbdtion Method is clearly illustrated by the standard rosdir
fractional partial differential equation of the form:

DIV(x,t) +M(v(x,t)) + F(v(x,t)) = g(x,t), 9)

subject to the initial condition
V(x,0) = f(x). (10)

where F(v(x,t)) represent the nonlinear termBf = gt—‘f, is the Caputo fractional derivative of the functim),
M(v(x,t)) is the linear differential operator, argdx,t) is a source term.

Applying the Natural transform to EgQ) subject to the given initial condition we get:
1 u® oy u® oy
Vxsu) = S0+ N[ n] - N M) + Fvx )] (12)
Taking the inverse Natural transform of EG1y, we have:
a
v(xt) = G(xt) ~N ! [%N* MV D) +F(v(x )] | (12)

whereG(x,t) is a term arising from the source term and the prescribedligiondition.

Now we apply the Homotopy Perturbation Method.

vixt) =S p'va(xt). (13)
2
The nonlinear termB (v(x,t)) is decomposed as:
F(v(x,1)) = Z}p”Hn(v), (14)
n=
whereHp(Vv) is the He’s polynomial and be computed using the followingrfola:
Hn( ) Lo [F(n J)] 0,1,2 (15)
n(V1,V2, -+, Vn :_I—n pV] ,nN=0,1,2,---
n! gp JZO o0
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Substituting Eq.13) and Eq. 14) into Eq. (L2), we get:

PVn(x,t) = G(x,t) —p [ N"1 | =N*
2P s

ip"M(v(x,t)) + ip”Hn(v)] ] ) . (16)

Using the coefficient of the likes powers of p in E@6), the following approximations are obtained:

po: VO(X7t) = G(Xat)a
Ul

pt:vi(x,t) = -N71 < VM) + Ho(v)]|
- a 2
PP va(x,t) = N | SN M(vx,t) + Ha()]
- a 2
P Va(x,t) = =N | SoNF M(vx,t)) + Ha(v)
and so on.
Hence, the series solution of E®) (s given by:
) N
v(x,t) = ,L@m Zovn(x,t). 7)

5 Applications

In this section, the application of the Natural Homotopyt&dration Method to linear and nonlinear fractional pdrtia
differential equations are clearly demonstrated to shewiiplicity and high accuracy.

Example 1Consider the following linear fractional partial differéial equation of the form:
DtaV_ZVXX_ZVyy:O, _°0<X,y< 00, t>07 (18)
subject to the initial condition
V(x,y,0) = sin(x)sin(y), w(x,y,0)=0, a & (1,2). (19)
Applying the Natural transform to Eq1®) subject to the given initial condition, we get:
sin(x)sin u?
V(X,Y,8,U) = w + §N+ [2Vyx+ 2vyy] . (20)
Taking the inverse Natural transform of EQQ], we get:
ud
v(x,y,t) = sin(x)sin(y) + N1 [§N+ [2vxx + 2vyy] | - (1)
Now we apply the Homotopy Perturbation Method.
V(X yt) = Zop”vn(x, y,t). (22)
n=
Then Eq. 21) will become:

S a
zo P"Vn(X,y,t) = sin(x)sin(y) + p <N‘1 U Nt
n=

25 pPVax+2y p'Vv, H) (23)
nZO nxx nZO nyy
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Using the coefficients of the like powers of p in E2B), the following approximations are obtained:
p°: Vo(x,y,t) = sin(x)sin(y),
uC{
pliva(xyt) =Nt {§N+ [2voxx + 2V0yy]}

(4t%)

= —sin(x)sin(y)m,

uC{
P2 vo(x,y,t) =N 1{§N+[2V1xx+2V1W]:|

(4t%)2

= Sin(X)Sin(y) m 5

a
p3: va(X,y,t) = N1 {%N* [2Voxx+ 2V2yy]:|

(4)°

= —Sin(X)Sin(y) m 5

uC{
p4: (X y, ) = -1 |:§N+ [2V3xx+ 2V3yy]:|

(4)*

= sin(x)sin(y)m,

and so on.
Then, the series solution of EA.§) is given by:

N
v(x,y,t) = lim Zovn(x, y.t) (24)
n=

=Vo(X, ¥, 1) + vi(X, ¥, 1) + Va(X, Y, t) + va(X, Y, t) +

L . (4t%) (4t%)2 (4t%)3 (4t9)4

— sin(x)sin(y) (1— Flatl) TF2a+1) T@a+l) ra+l) )
o (—4)™

= sin(x)sin(y z ,_ (ma 1)

= sin(x)sin(y)Eq (—4t%).

Whena = 1, we obtained the following result:

N
vixyt) = lim %vn(x, y.t) (25)
n=

= VO(Xayat) +V1(X Y, ) +V2(X7y7t) +V3(X7y7t) +

2 3 4
= sin(x)sin(y) (1 (itl) + (4;) — (‘gl) + (L:[I) +)

= sin(x)sin(y)e %,

which is the exact solution of EdL).
The exact solution is in close agreement with the resultiobthby (HPSTM) 26].
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Example 2Consider the following nonlinear fractional partial diffntial equation of the form:

DV — VW + Vyxx = O, (26)
subject to the initial condition
V(x,0) = :—é(x— 1). (27)
Applying the Natural transform on both sides of E2g)( we get:
V(X,SU) = 1 (x—1)+ fNJr [BVVi — Vi (28)
6s sa

Taking the inverse Natural transform of E&8), we get:
1 L fud
v(x,t) = é(x— 1)+N ?N [6VV — Vi | - (29)
Now we apply the Homotopy Perturbation Method.
vxt) =S p'Va(xt). (30)
27
Then, Eq. 29), will become:

b 1 ud
nzo P Vn(x,t) = E(X_ 1)+p <N1 §N+

6 iann(V) - i}anHXXX(Xat)] 1 ) ) (31)

where H(v) is a He's Polynomial which represent the nonlinear terny, vv

Some few components of the He’s Polynomials are given below:

Ho (V) = VoVox,

H1(V) = V1Vox + VoVix,

H2(V) = VoxV2 + V1xV1 + VaxVo,

H3(V) = VoxV3 + VixV2 + VaxV1 + VaxVo,

and so on.
Using the coefficient of the like powers of p, in 4), we obtained the following approximations:
1
pO: VO(th) = é(x_ 1)7
1. [ U
p :vi(x,t)=N ?N [6Ho(V) — Voxxx

=N? [§N+ [6VoVox — vaxx]}
- (XED (I‘(otr+1)> ’

p2: va(x,t) =Nt EN* [6H1(V) —lexx]}

_1Tu
=N 1 [ENJF [G(V]_VOX + VonX) — lexx]}

- (Xgl) (r(zt;aﬂ)) ’
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P> va(x,t) =Nt [ENJF [6H2(v) —vaxxﬂ

_,TU
=N"1 [5 N [6(VoxV2 + VixVa + VaxVo) — szXX]}

- (Xgl) (r(;;“+1)> ’

and so on.
Therefore, the series solution of EQ€] is given by:

v(x,t) = I|m Zant

=Vo(X,t) +Vv1(X,t) + Vo (X, 1) +V3(X,t) + - -+

X—l tC{ tZCI t3(1
_ )(1+/_( + + +)

6 a+1) r2a+1) rBa+1)
)m
Z r( ma+ 1)
_ (X—G 1) Ea(t9).
Whena = 1, we obtained the exact solution of E2p) as:
v(x,t) = é (%) , <1 (32)

The exact solution is in close agreement with the resultinbthby (ADM) [L1] and (NDM) [34].

Example 3Consider the following nonlinear time-fractional Harry Byequation of the form:

DAV(x,t) —V3(x,t)Dyv(x,t) =0, 0< a <1, (33)
subject to the initial condition
2
3
v(x,0) = <a—%ﬁx> . (34)
Applying the Natural transform to E(3) subject to the given initial condition, we get:
2
3 a
V(X,5,U) = % (a— 37*/5x> + uyw [V3(x,t)Dyv(x, )] - (35)

Taking the inverse Natural transform of E8F, we get:

v(xt) = (a— ﬂx) +N71 [£N+ [V3(x,t)Dxv(x,t)] | . (36)

Now we apply the Homotopy Perturbation Method.

= i)p”vn(x,t). (37)

io p“Hn(v)l ] ) , (38)
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where H(v) is the He’s polynomials which represent the nonlinear tePixx) Dyv(x, t).
Some few components of the He’s polynomials are given below:

Ho(V) = VgDXVO,
Ha (V) = V3Dyv1 + 3v1v3DyVo,
Ha(v) = VngVZ + 3V1V%DXV1 + (3V0V% + 3VgV2) D):DZVo,

"

and so on.
Using the coefficients of the like powers of p in(B88§), we obtained the following approximations:

= N_l |:§N+ [\/ngv1+ 3V1V(2)DXV0:|:|
_4
b3 3vb | ° @
=——|a- X :
2 2 I (2a+1)

p3: va(x,t) =N1 [gN+ [Hz(v)]}

a
N_l [%N"_ [VSDXVZ + 3V1V(2)DXV1 + (3VOV§ + 3V(2)V2) DEVO} :|

7
3 3a
bl a_&ﬁx 15 r(2a+1) 16 t 7
2 2 2(MN(a+1))? rBa+1)
and so on.
Then, the series solution of E§J) is given by:
Vxt) =S vn(xt) (39)
2"

= Vo(X,t) +vi(X,t) + Vo (X, t) + va(X,t) + - -

(3B (. 3BT
“\am ) P T2 Faro

3vb | & . 3vb s r(2a+1) t3a
<a_ 2 X) Feasn P (a_TX> (72(r(a+1))2_16) rGaty
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Whena = 1, we obtained the exact solution of E2B) as:

v(x,t) = (a— 3—\2/B(x+ bt)) ’ . (40)

The exact solution is in close agreement with the resultinbthby (ADM) R5].

6 Conclusion

In this paper, Natural transform method (NTM) and Homotopyt&bation Method (HPM) are successfully combined
to form a powerful analytical method called the Natural Héopy Perturbation Method (NHPM) for solving linear and
nonlinear fractional partial differential equations. Tinew analytical method gives a series solution which coregrg
rapidly to an exact or approximate solution with elegant patational terms. In this new analytical method, the
fractional derivative are handle in Caputo sense and théneam term are computed using He’s Polynomials. The new
analytical method is applied successfully and obtained »attesolution of linear and nonlinear fractional partial
differential equations. The simplicity and high accuraéyte new analytical method is clearly illustrated. Thus th
Natural Homotopy Perturbation Method is a powerful anabjtimethod for solving linear and nonlinear fractional
partial differential equations.
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