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Abstract: Molodtsov introduced the concept of soft sets, which candem s a new mathematical tool for dealing with uncertainty.
In this paper, we introduce and study soft subnear-ringsidaals and sofN-subgroups of near-rings by using Molodtsov’s definition
of the soft sets. Some related properties are investigatetdlastrated by a great deal of examples.
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1 Introduction defined and studied soft groups, soft subgroups, normal
soft subgroups and soft homomorphisms. Feng e8lal.[

Researchers studying to solve complicated problems introduced and investigated soft = semirings, soft
subsemirings, soft ideals, idealistic soft semirings aftl s

economics, engineering, environmental  science, g h hi The alaebraic struct f set
sociology, medical science and many other fields deaP€M!"Ng NOMOMOrphISMS. The algebraic structure of se

with the complex problems of modeling uncertain data theories dealing with uncertainties has also been studied

While some mathematical theories such as probability?y S0me authors. Rosenfeldll] proposed the concept of
theory, fuzzy set theor?f4, 25], rough set theory18, 19] fuzzy groups in order to establish the algebraic structures
vague set theoryg| and the interval mathematics@ are ~ ©f fuzzy S;ts' Apou—Za%ll] mtr(jngcefd the ".‘g“oln of fa
useful approaches to describing uncertainty, each of thesi¥22y subnear-ring and studied fuzzy ideals of a
theories has its inherent difficulties as mentioned byN€&rTing. This concept s also discussed by many authors

.g., B,7,14,22]). Rough groups were defined by Biswas
Molodtsov [L7]. Consequently, Molodtsovi[] proposed  (€:9-: B .
a completely new approach for modeling vagueness an§t @l-¥1 and some other authors (e.g, 11]) have studied

uncertainty. This approach callebft set theonyis free } e ;Igegraic'propelrti'es ogrou%h sets as \?’e"'b :
from the difficulties affecting existing methods. Soft set 'nd[ ?] efzgln etal. intro u%e union Sof;[ Sl'(ll nebar-rlngs
theory has potential applications in many fields, including(I eals) of a near-ing and union so ~subgroups

the smoothness of functions, game theory, operation$\-idéals) of an N-group by using Molodtsov's definition
of soft sets and investigated their related properties with

research, Riemann integration, Perron integration, f . f o dql
probability theory and measurement theory. Most of thesd €SPECt 0 soit set operations, soft anti-image and lower
-inclusion of soft sets. Throughout this study, applying

applications have already been demonstrated irft ; .
Molodtsov's paper{7]. to soft set theory, we define the notions of soft

At present, works on soft set theory are progressingSUbne.ar'rings' S.Oﬁ ideals. and §oNl-subgroups of
rapidly. Maji et al.[L5 investigated the applications of nearrings, and give severalillustrating examples. We als
soft set theory to a decision making problem. Ma6[ establish the bi-intersection and product operation df sof

defined and studied several operations on soft sets. JuftPnearrings, soft ideals and soN-subgroups  of
[12] introduced and investigated the notion of soft N€arrings.

BCK/BCI algebras. Jun and Parklj discussed the

applications of soft sets in ideal theory of BCK/BCI

algebras. Aktas and Cagma?] fompared the soft sets to

the related concepts of fuzzy and rough sets. They also
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2 Preliminaries

By a near-ring, we shall mean an algebraic system

(N,+,.), where

i) (N, +) forms a group (not necessarily abelian)
i) (N, .) forms a semi-group and
i) (a+b)c=ac+ bcfor all a,b,c € N (i.e., we study on
right near-rings.)

Throughout this paperN will always denote a right
near-ring. A subgroup of N with MM C M is called a
subnear-ring oN. A normal subgroup of N is called a
right ideal if IN C | and denoted by <, N. It is called a
left ideal if n(s+1i) —nse | for all n,se N andi € | and
denoted byt < N. If such a normal subgroupis both left
and right ideal inN, then it is called an ideal itN and
denoted byl <<N. A subgroupH of N is called a left
N-subgroup ofN if NH C H andH is called a right
N-subgroup ofN if HN C H. For all undefined concepts
and notions we refer to Pil2)].

Molodtsov [17] defined the soft set in the following
manner: LetU be an initial universe set be a set of
parameters?(U) be the power set df andA C E.

Definition 1.([17]) A pair (F,A) is called a soft set over
U, where F is a mapping given by

F:A—PU).

In other words, a soft set overis a parameterized family
of subsets of the univerdd. For € € A, F(g) may be
considered as the set efelements of the soft s¢F,A),

or as the set of-approximate elements of the soft set. To
idea, Molodtsov considered several

illustrate this

s1)F(x—y) 2 F(x)NF(y) and
s2)F(xy) 2 F(x) NF(y),

then the soft seff, M) is called a soft subnear-ring of N
and denoted byF,M)<N or simply fy<N.

Example 31(cf.,[3]). Let the additive group(Zs,+).
Under a multiplication given in the following table,
(Zs,+,.) is a (right) near-ring.

b wNEF O
WO WwWwowOo|o
b wWNEF OF
P NWSOIOIN
WO Wowow
b wWwNEF O D
P NWhAOTO O

Let the soft setF,N) over N=Zs , where F: N — P(Zg)
is a set-valued function defined by

F(X) ={y€Zs|xay < xye{0,3}}

forallx e N. Then HO) =F(3) =Zs and F(1) = F(2) =
F(4) = F(5) = {0,3}. Hence, it is seen thaty<N.
Let the subnear-ring M= {0, 2,4} of N and let the soft set
(G,M) over N, where GM — P(N) is defined by

G(x) ={yeM|xay < xye {0,1,2}}
for all x € M. Then G0) = {0,2,4}, G(2) = {0,4} and
G(4) = {0,2}. Since GO — 4) = G(2) = {0,4} 2 G(0) N
G(4) ={0,2}, (G,M) is not a soft subnear-ring of N.

examples in 17]. These examples were also discussed infFor a near-rind\, the zero-symmetric part &f denoted by

[12], [16]. Maji et al.[16] introduced and investigated

No is defined byNy = {n € N | n0 = 0}, and the constant

several binary operations such as intersection, unionpart ofN denoted byN is defined byN; = {neN|N0=
AND-operation, and OR-operation of soft sets. Feng etn}. It is well known thatNg and N, are subnear-rings of

al.[8] defined the bi-intersection of two soft sets.

Definition 2.([8]) The bi-intersection of two soft sets

(F,A) and(G,B) over a common universe U is defined to

be the soft sefH,C), where C= AnBand H: C — P(U)
is a mapping given by k) = F(x) NG(x) for all x € C.
This is denoted byF, A)r1(G,B) = (H,C).

3 Soft Subnear-rings of Near-rings

In the sequel, leN be a near-ring ané be a nonempty

set.a will refer to an arbitrary binary relation between an

element ofA and an element dfl, that is,a is a subset of

A x N without otherwise specified. A set-valued function

F:A—P(N) can be defined &(x) = {ye N | (x,y) e a}
for all x e A. Then the pai(F,A) is a soft set oveN, which
is derived from the relationr.

Definition 3.Let M be a subnear-ring of N and 1€, M)
be a soft set over N. If for ally € M,

N [20]. For a near-ring\, we can obtain at least two soft
subnear-rings oN usingNg and N;. We give these soft
subnear-rings by the following example:

Example 32.et N be a near-ring and letg= No — P(N)
be a set-valued function defined
Fo(X) = {y € No | xy € No} for all x € No. Then(Fp, No) is
a soft subnear-ring of N. In fact, for all, x € Ny assume
that ac Fy(x) NFo(y). Then xae Ng and yace Np. Since
Np is a subnear-ring of N, then xaya= (x—y)a € N.
Hence (x—Yy) 2 Fo(x) NFo(y), i.e., the conditior{s;) is
satisfied. Since x€ Np and ya € Ny, then
((xy)a)0 = x((ya)0) = x0 = 0, i.e. (xy)a € Np. Hence

a € Fo(xy), i.e. l(xy) D Fo(x) NFo(y) and this shows us
that the conditior(s,) is satisfied. Thereforé, No)<N.

Let R : Nc — P(N) be a set-valued function defined by
Fe(X) = {y € Nc | xy € Nc} for all x € Ne. Then(Fe, N¢) is

a soft subnear-ring of N. In fact, for all ¥ € N; assume
that a€ F:(x) N (y). Then xac N; and yae N;. Since
N is a subnear-ring of N, then xaya= (x—y)a € N..
Hence E(x—y) 2 Fe(X) NF:(y), i.e. the conditior(s;) is

by
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satisfied. Since ya N, then
((xy)a)0 = x((ya)0) = x(ya) = (Xy)a i.e., (xy)a € Ne.
Hence ac Fe(xy), i.e. R(xy) 2 Fe(X) N FC( ) and this
shows us that the conditiofs,) is satisfied. Therefore
(Fe,N)<N.

Theorem 33f Fy<N and G¢<N, then MGk <N.

ProofBy Definition 2.2, letFul1Gk = (F,M)MN(G,K) =
(H,MNK), whereH (x) = F(x) N G(x) for all x e MNK.
Then for allx,y € MNK,
SIHX — y) = F(x
(Fx) n F(y) n (GX
(F(X)NG(X) N (F(y)NG(y)) =H(x)NH(y) and
S2H (xy) B Fixy) N
(Fx) n Fy) n (G n  Gy)
(FX)NGX)) N (F(y)NG(y)) =HXx) NH(y).
ThereforeFyMGk = Hmnk <N.

Definition 4.Let N, and N> be near-rings and letf<N,
Gk <N. The product of soft subnear-ring#&, M) and
(G,K) is defined agF,M) x (G,K) = (H,M x K), where
H(x,y) = F(x) x G(y) for all (x,y) € M x K.

Theorem 34f Fy<N; and Gc<Ny, then Fy x Gk <Nj x
N>.

ProofSince M and K are subnear-rings olN; and N,
respectively, the x K is a subnear-ring dfl; x N,. By
Definition 3.5, let
Fu x Gk = (F,M) x (G,K) = (H,M x K), where
H(x,y) = F(x) x G(y) for all (x,y) € M x K. Then for all
(X1,¥1), (X2,¥2) € M x K,

SlH((X17YI) — (x2,¥2)) = H(X1 — X2,y1 — Y2)

|
<
D
20
<

|
<
Il U

@
x
<
[NV,

F(x1—x2) x G(y1—Y2) 2 (F(x1) NF(x2)) x (G(y1) N
G(y2)) = (F(x1) x G(y1)) N (F(x2) x G(y2)) =
H(x1,y1) "H(Xz,Y2) and

S2H((X1,¥1)(X2,¥2)) = H(xwxe,y1y2) = F(XaXe) x
G(yry2) 2 (F(x1) N F(x2)) x (G(y1) N G(y2)) =
(F(xa) x G(y1)) N (F(xe) x G(y2) =

H (X1, y1) NH (X2, Y2).
Hencely x Gk = HMXKEN]_ X N2.

Lemma 33f Fy<N, then F0) D F(x) for all x € M.

ProofSince (F,M) is a soft subnear-ring ofN,
F(0) =F(x—x) 2 F(x)NF(x) = F(x) forall x € M.

Proposition 36f Fy<N, then M- = {x€ M|F (x) = F(0)}
is a subnear-ring of N.

ProofWe need to show that—y € Mg andxy € Mg for
all x,y € Mg and then to show tha& (x—y) = F(0) and
F(xy) = F(0) for all x,y € Mg. Sincex,y € Mg, then
F(x) = F(y) = 0. By Lemma 3.7F(0) 2 F(x—y) and
F(0) D F(xy) for all x,y € M. Since (F,M) is a soft
subnear-ring oN, thenF(x—y) 2 F(x) N F(y) = F(0)
andF (xy) D F(x)NF(y) = F(0) for all x,y € Mr. Hence
F(x—y) = F(0) and F(xy) = F(0) for all x,y € M.
ThereforeMg is a subnear-ring of N.

4 Soft Ideals of Near-rings

Definition 5.Let | <N and let(F, ) be a soft set over N. If
forall x,y € I and for all n,se N,

i)F(x—y) 2 F(X)NF(y),
i2)F(n+x—n) 2D F(x),
i3)F (xn) D F(x),

i2)F (n(s+Xx) —ns) O F(x),

then (F,1) is called a soft ideal of N and denoted by
(F,1)<N or simply F<N. If I <N, (F,1) is a soft set
over N and if the conditions jio and iy are satisfied, then
(F,1) is called a soft left ideal of N and denoted by
(F,)<yN or simply F</N. If I <¢ N, (F,1) is a soft set
over N and if the conditions jio and iz are satisfied, then
(F,1) is called a soft right ideal of N and denoted by
(F,1)<¢N or simply F</N

f\AAf\

Example 41et N = (Zs,+,.) be the near-ring given in
Example 3.2 and let the ideaH {0,2,4} of N. Then(F, 1)
is a soft set over N, where H — P(N) is a set-valued
function defined by

F(x)={yel|xy=0}

forallx el. Then H0) ={0,2,4} and F(2) = F (4) = {0}.
Hence it is seen that&N. Let the ideal 3= {0,3} of N
and let the soft s€iG,J) over N, where GJ — P(N) is a
set-valued function defined by

G(x)={yeJd|xye {0,2,4}}

forall x € J. Then we have ®) = {0,3} and G3) = 0. It
is easily seen that §IN.

Example 42.et N be the near-ring onsSwith two binary
operations as given in table below

+|/0 1 2 3 4 5
00 1 2 3 4 5
111 0 5 4 3 2
212 4 0 5 1 3
3(]3 5 4 0 2 1
414 2 3 1 5 0
5(5 3 1 2 0 4
.10 1 2 3 4 5
00 0 0 O O O
171 1 1 1 1 1
211 1 3 2 2 3
3|1 1 2 3 3 2
4,0 0 5 4 4 5
5/0 0 4 5 5 4

Let the soft sefG,N) over N , where GN — P(N) is
a set-valued function defined by

G(x)={yeN|xay<xye{0,1}}

(@© 2018 NSP
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for all x € N. Then GO0) = G(1) = N and ProofWe needto showthat®—ye€ g, (i) n+x—nelg,

G(2) = G(B) = G4) = G(B) = {0,1}. Since (i) xne lg and (iv)n(s+x) —nse I forall x,y € I¢ and
G(4+1-4)=G(3)={0,1} 2G(1) =N, then(G,N)is  n,se N. If x,y € Ig, thenF(x) = F(y) = 0. By Lemma
not a soft ideal of N. 3.7,F(0) D F(x—y),F(0) 2 F(n+x—n), F(0) > F(xn)

~ — — ~ andF(0) 2 F(n(s+x) —nsg) for all x,y € | andn,s € N.

Theorem 43f F <N (resp., <N, F<rN ) and G<N  gince(F 1) is a soft ideal ofN, then for allx,y € I and
(resp., G<IN, Gy<N ), then RGN (resp.,  nse N, (i) F(x—y) D F(x)NF(y) = F(0), (i) F(n+

RGN, RNGy<irN). x—n) 2 F(x) = F(0), (iii) F(xn) 2 F(x) = F(0) and (iv)
ProofWe give the proof for soft ideals; the same proof an(ji X)n)_ n?z (%)FI(:X()X ;) E(Ig)(bl;gr?ggié)((s:—)%irﬁ S()Ol

can be seen for soft left ideals and soft right ideals. Smcq: 0) forall x,y € | ,andn s_e N. Thereforde is an ide_al
I, J <N, then 1| N J < N. By Definiton 2.2, OfN =R ’ : F

F||‘|GJ = (FDAGI) = (H,I n J), where
H(x) = F(x) N G(x) for all x € 1 nJ. Then for all

x,y € INJand foralln,se N: .
5 Soft N-subgroups of Near-rings

Ve A Fy) h G ew)
X) N y n X) 0 y - Definition 7.Let H be a right (resp., left) N-subgroup of N
|2)|(-|((nzrx (ng):ﬂélzrglx %)% G(?Er)xﬂ ':)(g (F(X)N :r:]medl\llet(F,H) be a soft set over N. If for all,y € H and
G(x)) =H(x), '
iz)H (xn) = F(xn) N G(xn) 2 (F(x)NG(x)) = H(x), g1l)F(x—y) 2 F(x)NF(y) and
ia)H(n(s+x) —ns) = F(n(s+ X) —ns) N G(n(s+ x) — g2)F(xn) D F(x) (resp. Anx) D F(x) ),
ns) 2 (F(x)NG(x)) =H(x).

then the soft setF,H) is called a soft right (resp., left)
ThereforeR MGy = Hing<IN. N-subgroup of N and denoted byF,H)<nN
Definition 6.Let N, and N> be near-rings and let <IN, (resp(F,H)<yiN) or simply i <n'N (resp., &<y ).
Gy<IN;. The product of soft ideal¢F,1) and (G,J) is  proposition 511f (F,H) is a soft right (resp., left)
defined as (F1) x (GJ) = (H,I x J), where  N_subgroup of N, then H= {x € H|F(x) = F(0)} is a
H(x,y) = F(x) x G(y) for all (x,y) € I xJ. right (resp., left) N-subgroup of N.

Theorem 44f F<N; (resp., F<iNg, F.Eeri ) and
Gjy<aNy (resp.L9<1|N2, Gy<irNp )ihen fr x G3<INy x Np
(resp., Fx G3<qiN1 x No, i x G3<irNz x Ny).

ProofWe give the proof for soft righiN-subgroups of,
the same proof can be seen for soft ISfsubgroups of
N. It has to be showed that (§—y € Hg and (ii) xn €

ProofWe give the proof for soft ideals; the same proof can HF for allx,y € He andn € N. If x,y € Hg, thenF (x) =
be seen for soft leftideals and soft right ideals. Sinad; F(y) = 0. By Lemma 3.7F(0) 2 F.(x—y) andF(O) =2
andJ <INy, | x J <Ny x Ny. By Definition 4.5,/ x Gy — F(xn) for all x,y € H andn € N. Since(F,H) is a soft
(F.1) % (G,d) = (H,1 x J), whereH (x,y) = F(x) x G(y) right N-subgroup ofN, then for allx,y € He andn € N,
for all (x,y) € | x J. Then for all(x1,y1), (X2,y2) € | x J F(x—y) 2 F()NF(y) = F (0) andF (xn) 2 F(x) = F(0).
and for all(ng, n), (s1,) € Ny x No, HenceF (x—y) = F(0) andF (xn) = F(0) forall X,y € Hr
andn € N. ThereforeHr is right N-subgroup oN.
iDH((x1,y1) — (x2,¥2)) = H — Xo,y1 — Vo)

F(x1—%2) X G(y1 —¥2) 2 (F(x2) NF(x2)) x (G(y1) N Example 54 et the near-ring N= (&,+,-) given in
G(y2)) = (F(x1) x G(y1)) N (F(x2) x G(y2)) = Example 4.3. Let H= {0,1}. Then H is both left and
H (X1, y1) NH (X2, ¥2), right N-subgroup of N. Let the soft s€f,H) over N,

i2)H((n1,n2) + (X1,¥1) — (n1,n2)) = H(N1+ X1 — Ny, np + where F: H — P(N) is a set-valued function defined by
y1—nz) =F(Ny+X1—n1) x G(Nz+y1 —Nz) 2 F(x1) x

G(y1) =H(x1,y1), F(x)={yeN|xy=0}
i3)H ((x1,y1)(N1,n2)) = H (X1, y1np) = forall x e H. Then F0) = N and K1) = 0. It is seen
F(xan) x G(y1nz) 2 F(x1) x G(y1) = H (X1, Y1), that(F,H) is a soft right N-subgroup of N. SinceZ0) =

F(1) =02 F(0) =N, (F,H) is not a soft left N-subgroup
H(n(st + x1) — msi,Ma(s + y1) — ) of N. To illustrate Proposition 5.2., it is seen that H
F(m(sy + X1) — msy) x G(nz(sz + y1) — N2sp) {XeH|F(x) =F(0)} = {xe H|F (x) =N} = {0} is aright
F(x1) x G(y1) = H(x1,y1)- N-subgroup of N.

Thereforel x Gy = H, XJE]N]_ X Np.

(
|4)Hg(n1,n2)((81752) + (X1,y1)) — (n,n2)(s1,%2))

o

Theorem 53f Fy<N (resp., R<nN) and G<yN
Proposition 43f F; AN, then F = {x€ I|[F(x) =F(0)}is  (resp., G<nN), then RMGk<yN  (resp.,
an ideal of N. FuMGk <nrN).
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ProofSince every ideal ol is also a righiN-subgroup of References
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