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Abstract: In their seminal work (in 1932), Lev Landau and Clarence Zelegived a non-perturbative prediction for the transition
probability between the two energy states. This paper icdestl to the coupled Schrodinger system :

hdy(t) (t?-Z2 2zt
TT*( 22t —t2+22) v,

and we aim to compute a local expansion of the transitionficteit a(z) in the adiabatic limiz — 0.

Keywords: Schrodinger system, 2-state transition, Stokes geomeigse-integral methods, asymptotic series, Heun tricentl
function

1 General framework coupled differential equations, one obtains :
ﬁzdz‘glt(;’z) - HTZ wt;tt’z) + (t2+227 ?) 2+ 2)(t,2) =0

The Landau-Zener model of a quantum mechanical X _

2-level system driven with a linearly dependent andm?’ vl ﬁwaf;tt"z)+(t2+22+?>(t2+22)w2(t,z):0.

Hamiltonian is a classic paradigm of quantum dynamics.
In the so-called conical intersection, the dispersion
relationE(k) is actually a linear function with respect to
the Bloch wave vectdk - or equivalently the impulsiop.

Throughout this paper, we shall use extensively the 2 next
results :

Lemma 1Llet T be afixed positive real. For amyc R7 :
Nevertheless, for convenience (and consistency with the+ ) )
notations in our previous paperg{5]), the independent = «a K T a X T
variable shall be denoted by the symlpland still be Z r(k+ 1)T ~Jo I (x+ 1)T dx= as T— +eo.
referred as "time”. We are about to explore in the two ©
upcoming sections the case of a quadraticProofAfter replacingk by a continuous variablg, then
dispersion relation. Hence the terminology "parabolic applying the Stirling approximation t6(x+ 1), we obtain
intersection” in the title. Let's get started. Consider the :
Schodinger equation with the matrix-valued Hamiltonian

5o T k+1 Tk~ \/7[ * exp[x+xlog(aT) — xlogx] dx

t2—72 2zt
Ha(t,2) = ( ot —tzi-zz) : (1)  wherexg is some value to be determined. The maximum
of the auxiliary functionp (x) = x+ xlog(aT) — xlogx is

whose ei enstates are iven py achieved ako = aT. The result follows readily from the
g g Laplace method. The discrepancy between the series and
|[+) = exp[ ( + Zt? )} and theintegral decreases @s— +.

With the above assumptions, the next corollary is

|_>_exp[——< +2t? )} From the system of ;. diate:

h
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Corollary 1.1f P is at most of polynomial growth, then we  5.crossing an anti-Stokes lingiz,t)s+ Cg (t,iz)g

have : 6.crossing a cut emanating from a 2nd-order turning
e ‘ point: (iz,t)s + Ca(t,iz)q . .
z a P(KTK=P(aT)eT asT— +o. 7.crossing a Stokes ling1+CeCs1)(iz,t)s+Csi(t,i2)q
S (k+1) 8.crossing an anti-Stokes line
(14 CgCsq)(iz,t)g +Ca(t,iz)s
The Borel summation correctly extends the series to the reconnecting iz to —iz
whole complex plane. (14 CxCq )iz, —i2)¢(—iz,t)g + Ca(t, —iz)s[—iz,izZ],
9.rename (formally) t into -t : (1 +
CeCa )iz, —iz]¢(—iz, —t)q + Ca1(—t, —i2)s[—iz,iZ],
2 In the diabatic limit : strong coupling where the Stokes multipliei8y andCs are associated
Z— 400 with the upper turning poirty = iz. The value of the action
W is defined byeV = [—iz,izZ, :
From [4], we learned that the transition probabilities in i iz 43
the Smatrix are related to the Stokes phenomenon. In the =—— [ (+2)dt=—-,
limit of a strong coupling, the SDE framework is relevant. h/-iz 3h
Put it differently, the second-order differential equatis 3
reduced to : as it involves the Wallis integrallz =/ _cosBd6.
-2
2 Subsequently, we have :
ﬁzd—(p+(t2+zz)2(pzo. ) Y

dt? (l+CSZCgL)e‘W(—iz, —t)qg +C516W(7t,7i2)3 e (iZ,t)s

This is also the mozdelzgozr the anharmonic oscillator. for ¢. And we can infer the 2 transition probabilities :
Given thatQ(t,z) = (t©+ z°)%, there are 2 second-order acne = (14C e W

zeroes located attiz, and infinity is an essential spe = ( +W52C51)

singularity. A closed form of the above equation involves andbspg = Cg €™ ,

the Heun triconfluent function. More precisely : should we are able to compute the Stokes multipliers.
pt) = o1 HeunT[voA (%)2/331/33 gzz; - (%)Msei gt} exp[iFI (g +22t2>}
+c HeunT[O.o. (%)2/331/33%22; (%)1/33%[1} exp{—iﬁ (2 +2212)} . 22 Compat|b|l|ty I’e|a'[I0n

Edmund T. Whittaker conjectured in 1914 that the Heun ) . )
functions can not be described in form of contour Assume that can be defined by two different expressions
integrals of elementary functions, even if it is the simples -
class of special functions. So any attempt of an integral i /13
representation (as in the cape= 1) would likely fail in Q(t) = [Afi(t) + Bfa(t)] exp{—— (— —zztﬂ
view of our current knowledge of these functions. h

Nevertheless, the asymptotic solutions §oare : i /13
" = ~ [Cau(t) + Dga (1) exp[ﬁ (5 - zztﬂ

1 i [t3
@ (t) ~ T exp [iﬁ <§ +22t)] ; as in the forthcoming subsection. Then the conditions of
compatibility for @ and its first derivative at= 0 yield :

as a direct consequence of the WKB analysis. A (%fl] —C d([)gl]

2 2 )
. . . ACT:L] + %Acgl] + BCgZ] _ Cdggl] o %Cd([)gl] + Dd([)QZ]
2.1 Connecting the asymptotic solutions @)

It seems easier to track one function instead of two, hence

. . : . ., the first choiceB = D = 0 - or equivalently = 0. Taking
From t_hls point, we will use the terminology of "Stokes A _ ¢ is natural. Ifgs is set to reproduce the dominant
multiplier” instead of "Stokes constant”. As we have seen

. . 8
in [4], this complex-valued quantity may depend of the €XPonential behaviour for Atg= =, then we have to

variablet. request:
Embed the real line inC. In the Stokes diagram, 1 9
counterclockwise continuation in theplane gives : do=1 , di=dh=0 = dsg= BT
1.start with a subdominant solutiortiz,t)s The compatibility relation imposes thus the condition :
2.crossing a Stokes lingiz,t)s -
3.crossing an anti-Stokes lingiz, t)g ] 2z .
4.crossing a Stokes lingiz,t)g +Csi (t,i2)s 1 h
(@© 2017 NSP
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2.3 Power series solutions initial terms. The reader can grasp the inherent difficulty
by examining the excerpts in the appendix. Nonetheless,
we may not need to explicit them in their fullness - by

Extract the asymptotic behaviour by writing performing a truncation after the leading term.

; 2 DefineF = {0,1,2}. Let j € F. Then fork > 1, we set
Q exp[—— <— - t)] . Thenf satisfies : k . : ) ) o
B="1 h Caksj = ;)yfk*”ze”zl. By inspection of 4), it is clear

- 2 2_pyp (422;2 B 2|t> f=0. (3 that the (;oefficient of the term of highest degree?is :
A h Yl 2i

i (
As before, we can find two independent power series 3k+1) h
the term of lowest degree i is :

3k+j
> . In cz, the coefficient of

solutions by takingf (t) =t" z itk Substituting in 8)

yields : VX (2_ﬁ.>k (3k72)2((2l|<()7!5)2...1260
12+Z°°(V+|<)(V+k—1)th" 2\k g 2\ a2k e r<k+%> 2
“ & - (%) @ (<3).= (%) m ) ©
Z'Z”zm v+ K)otk 2it+§(v+k+1)ctk i
k' — &= k!
ht F 4

4 t2 o Assuming thatk is large enough, let us compare the
z " = magnitudes 0V|£3k] P andy([fk] in the coefficients :

Equating to O the respective coefficients of powers of

. . T . . 2 2
implies the indicial equation : o (ﬁ)Zk a|r (H %) ( 3ﬁ>2k r (H g)
v=0 W] \2) F |0 \Z k(%
v(v—l)—0:>{0rv:1, - (3> <3>
kv (&
and for the 3 next coefficients : ~ <3J>2k <e> - e (ﬂfk ks o] 4o,
pre o ( 3) sl (DY) \2e2
eorder -1 ; 3 [r <5>]
2iz? 2iz?
(V+1)VC]_+?VCOZO — (:]_:_T to
ensure the compatibility wit, Introduce the quantity :
eorder+0 :
o o\ 2 2
(v+2)(v+1)c+ 2'%(\#1)01:0 = o= % (*%) X = ZE [3&1 - Zﬁl gZE v 1)]]

2

1
eorder+1: i /9N F<f+§>
TR (ﬁ) (3r+1)! 1
222 2 1| 22\° 2 r 3
(v+3)(v+2)03+?(v+2)c2—ﬁ(v+1)c0:0 = Q=3 {(7?) +ﬁ}

. (3-1) r(nn%)
as well as the recurrence relation : 1= 2 i
Koo o 22 1 Gy Avik=2 421 r(“é)
S v R vikz X% R (vikp** ( 2
_ 22 1 Avrk=2® 42 (vik—2) a2 2\ @ |7 ”é) 31
TR vk TR vk KT R (vike :*'—,13(%) D r<1> {1*53{»,2)5]
3
Fork > 4, the recurrence relation can be rewritten as : 1\ 12
> N 20 F<€+—>
iz2 [1 2i (k—2) 2i (k—2)? :Zl_hz(%) (3/3 1)1[ 13 ] 3/12
2iz —2)2 — [+ 1)! -
Ck=—— | —Ck1— = Cy— — Ck_3- f(—)
k F k%17 R/ ke k—4 F ke k—3 3
(4)

The computation of the coefficientg (respectivelydy)
proves to be horrendous, because they are polynomiallow the coefficient of the term of lowest degreeziin
The sequences even depend on the choice of their fourz; can be computed by means of a discrete convolution.
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Therefore :
3k+1] [3k+1] klraine 32 1N\2 3k-0)+1],
Vé - (kHél(ﬁ) (3k+1)z <k7 é)ixo k=0
2
2\k g r(“%) 1
+<ﬁ> @ | (2 Vé
(3)

iz2
3k+1] 2i
= xg Mo+ 22

) o] r(ks 2 : rik=
& S |
! k
'3(k—1i)72+(gﬁl>k(3lik1)' {’l((:))} V[l

r<k+ ) : r<

2 ok 22k k-1

= X([)3k+1](k)+2|*é(%l> (slirl). [ r(g; } {[zl[r(
2

whereB(x,y) =
the quantity :

X[lsuz]w _ 72%2{% [[)3xf+1] ?(;[3%4 V[y z)}
e o [ D))
_ ,(?) (gﬁ.)‘(;ﬁ‘z)! r((l;)} {&1(@7(3(1 % Foa(-1)
3
By inserting :
[e(2mi 2T
F1() - gr—gFea(t-1) = {mfngf :?H 3mlzl}
3’ 3
O [ L]
3—-1 e B(%,erg) 3m-2
ol [BGm R L [eGed)
T a1 2)) T2 E o(1002)
into x> "2 (¢), we finally obtain :
2
3+ <2izz) (g)‘ @ r<"*§>
R ) @+2) r(g)

Again, the coefficient of the term of lowest degreedrin
Cak:2 can be computed by :

£ B ) g P 0 (3 g e
- (%)k(Skf;) 2y +X3k+2]()+<¥> (%) 32k([3l;($)z1)]
) T [y [
[; r(%)r(hul) k-0-1 mgl B(%,m+§> milim m
()G e
o) o [ [oGm )] 0w [PGed]
1';1 B(g.[+1> a1 mgl B(%.m+§> sm-2 -2 B(%.Hg)

222\ 2 1 20 \K 32| (k4 12
- (T) (ﬁ) ez ek ™

whereF,, : N* — R is defined by :

k
Fpo(k) =1+
“ le{

43
Similarly, if we placeg(t) = g(t)exp['—ﬁ (% — zzt)} , we
obtain the following ODE foqg :

q Z'(12 2y + <42:—212+%t)g:0
which looks like the ODE defining the functiofy but i
+o0
being swapped te-i. By writing downg(t) =tV z at,
K=0

we get :

B3RV k= Dt~ 22 3 (v + K+ 2 3V ke D+ 2 5tk =0,

as well as the conditions :
eorder—2:v(v—1)=0
2iz?
eorder—1: (v+1)vd; — ?vdo =0

if v=0:d;is arbitrary

= . 1 2z
otherwiseifv=1:dj= —— "’
wisettv “ Wiy R
2iz2
eorder+0: (v+2)(v+1)dy — T(‘H_ 1)d; =0
if v=0:d, depends on the choice df
Lo\ 2
= otherwiseifv =1:d, = ﬁ <2ITZ> ’
eorder +1
2i7? 2i
(V+3)(V+2)d3—T(V+2)d2+ ﬁ(v-l-l)do:O
{ if v=0:d3 depends on the choice df
1 22\ 2i(v+1)?
otherwiseifv =1:d3 = m <T> — ﬁ(V+3)3
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And for k > 4, the recurrence relation is given by :

2iz2 1 EN 2 (v+k—2)2 42 (Vv+k—2),

“TTR Vik ﬁ V+Ks TR vtk

Fork> 1, we setg. j = /Z)(S [3+116+2] The coefficient

of the term of highest degree A can be easily deduced :

] _ 1 2i 3k—3+j
-1 TGk \ R '

The above recurrence relation can be rewritten as :

2iz? 2i (k—2), 2i (k—2)?

- { Ok—1+ Tk dk—4} R dk—3-
(8)

In dz, the coefficient of the term of lowest degreezhnis

[ 2\ (3k-2?2(3K-5)2...1

) ) r<k+l> ’
2i\ K 3% 2\2 2i\* 3% 3
- (%) @ (<3).= (%) @ Eelk ©
3
Assuming thatk is large enough, let us compare the
magnitudes 05k 1zGk 6and5[3k} in the coefficients

TN L CH I P LGP
qOLbE & | A

Ox =

3K]
o

s

Introduce the quantity :

[B+1,, _ 22 1 3] 2 (3(-1) [3([ 1))
X 0= 5 {3{7“. 0 "R @D, 1) }

el
T (0w [ S(ﬂ =
- (Y e

1 a1

Now the coefficient of the term of lowest degreezhin

dsk1 can be computed by means of a discrete convolution.

Therefore :

[3k+1) _ [3k+1] k17 2 32 1\2 [3(k-0)+1)
3 K+ g <7ﬁ) Ty (k ) X (k—10)

1) 12
et 222 [ k 3% k 1 k’” 5) 1
=X T ﬁ (3k+1)' k 1+ (1) 3k—0) -2

) r<k+
) r

2
= a3l 2% (7

R

(3Kk+1)!

= ——— (10)

_ znz( 2i>k a2 [r<"*§>r

"R \U R/ (3t 2
r(3)

Gz 1(K)=1+F; 1 (k)

Whenx is fixed, for large values oy : B(x,y) >~

Consequently, the general term in

for ¢ large enough.
Evaluate the quantity :

[34 +2

2i72 , T
[3+1) 20 (30)p ([30-2)]
= {3“250 TR @2, 0 }

%)

3
2

3m-2  (3r-1)2 nEl

2 1
B(s"’”%)} 1 @y ler 3
1

I (x)
y<
1

the sum & 655/3

\_/

Again, the coefficient of the term of lowest degreedrin

dsk2 can be computed by :

[3k+2 [3k+2] kol i 2 o [Bk-0)+2)
% = 0+ 21 (’ﬁ) B+ 23 KExy

3 2|z 2 k 3%
ﬁ [z

(k—

0

w

2 T |2

B<3 m-+
_ [3k+]k> <2|z> (7ﬁ>k%
k—1-l'<k—f+ g)r(k+1) 2 1
[§1> r@)r(kd,ﬂ) } 3k—0-1
k¢ B(g.m%)
. B(%,m%)

k-1 l’ k {+§)} k;[B( m+1>
2

2
1 3(k—0)
3m—2 3k-0)-2 a( L

2
222 \% 1 2\ 3kr )2 koL r(”é)
R (’ﬁ) @k+2)! gl -

The general term in the sum is@

enough.

1
(44/3> for ¢ large

(@© 2017 NSP
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, : : I

2.4 Dominant exponential solutions in tI%e
S, .

andg directions

+o0
For the serieg); = z dt¥, whenk becomes large, the
K=0
summands in the polynomial expansion of are

negligible before the ternﬁc[)k]zﬁ{m} of lowest degree.
Moreover :

:g)dktk: 1+z(d3k+d3k+1t+d3k+2t2>t3 *z ( FEl +5[3|<+1]H5[3k+2] ) (3

2 2
e 17@(;11“() F(%)I’(kJré) t+<ﬁ> Gya(K) F(%)r(k+l) 2
,kzl R 3k+1 r(g) (k+3> R (3k+2)2 r(k+%>

sl
(

1 2 1 2
222 7 {B 343 } 2|z Gz2 {B(S’lwl)} 2
T 2. 1 312, 1
B(g k+§ B(Lk+§>
1\ 12
ak e r( 3) t3k
Uw) |, J
3

with the numerical values :

G = lim Gzi(k)~3, 67.101
Gz = lim Ga(k) ~—7,1102 °
"’ —-00

For Argt = E ie.t=Tds (allowing T — + as usual) :

detk:
o
1 2
+z°° 22 % r(s’“s)
N
K1 2,1
(2 D)

(z)kﬁ {’(”i)_zﬁk

“\R

1 o d E 2 o 124 ¥
Gy, Te . 2i22 (1 263,T%
*L/3 A 3 ok2/3

o 1d B 2 g0 124 5
e 1 222 1 GT°° (22" GzpT"e
P {F<3)r R P(g)}z /3 m o2/3
3 3

g)k kD% 3
R) TF(Ek+1)  4/3

———

~ 1 27@ 1 ZGW1T78+<£)ZGmT2/LE|3
OGO S

~ { 1 ,ﬁ 1 G;lTei%[ +<Lzz)2ﬂ
FOF TFEF A T e

o e G;lTeg+<@)ZG;zTZJ§ 1
G RRH A A T

213 . . s
wherexo:ﬁ by using Corollaryl. So in theg

direction, we have asymptotically :

3y 4 ;;;;rgW;W

3
N 7i4”Gz,zz4 (IR d3 Spaln, [ ad
- 3/3R 2 z)}z [SF Pl

by recalling thatz is large. Similarly in the%n direction,
we have asymptotically :

. i
o _ 2w (a1 ¥ 2\2/3 ie'sGlez 2\Y3 8 0 a1 2it3
a0 - 5 (3) RE (&) Tt (w) e el

’(é)r

: . . I

2.5 Dominant exponential solutions in tlae
mo,.

andf directions

+o0
For the seriesf; = z cktk whenk becomes large, we

shall neglect every summand in the polynomial expansion
of ¢, but y[k 2k/3} Hence :

o0 2\2 , te o0
K 2iz2 1 2iz 2 2\ .3k . 3k 3k+1] 3k+2].2 .3k
Y =1ty (’T t +kzl<03k+d3k+1t+d3k+zt )t kzl [ [ ]t+v[ i2) ¢

B WH]() Skl

1
aye [k 3) &
CUAREE g
3
1. 2\12 1 2
N*i" .22 P21 B(é"‘*é) t+<2|z> P B(é"‘“) 2
2 F 31 B(g_H;) R @2, B<1_k+g>
3%t3 3
2
)| &

with the numerical values :

Frp= lim F5~4,9.10°

For Argt = 7—2T ie.t=iT:

Eccklk - +z°° 22 B
Zo 0 N

= n B(l.k+%> :
S 2 pw 248
R TR e i

(@© 2017 NSP
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213 _ .
wherexo:ﬁ by using Corollaryl. So in the
direction, we have asymptotically :

0- i ) e () e 304l

Hg)f [’(éﬂz

el PIVE DG LIRS EU S
T 3Vah 2 {r<2)r Fp 2 [t Pl 3
3

+o0 oo i2 Fo
Yok~ 3 1’2% 3th11 2. 1
fl=) [l=] + B(é.k+§>

by using Corollaryl. In the %T direction, we have

asymptotically :

o i,
2m [ 3m\1/3 e6 2\2/3¢e 6F3 2\43 i1 1
- A . (£ (£ ZER AN 2
o = (%) (%) e () ¢ e e

[’(éﬂz [’(é)r

el POVE ACATIE L B EU
= e 2 {r 2)}2 2 (1P
3

sincezis large.

2.6 Stokes multipliers

Recall that o(t)
i t3 3

fl(t)exp[—ﬁ <§ = zzt)] = gl(t)exp{i—ﬁ (% - zztﬂ :

Let us recap our results :

anG®, 2 2/3 48 o2 /3
o, A0 3R e3d 211 (1 it
-forArth.w(t)|W{1+(2) 263, 2 Yexp{—ﬁ<§+22t>

anF, 2/3 F /3
m, o ATy o [am\ 1 2111 i
oforArgtfi.q)(t)flis\[ {1 (72> Z—FZ,Z Zz}texp{ﬁ<3+zzt>

4

nGY, 2 23 1§ o i (3
sm T 3n\%/3 e '3 z1 1|1 it
. forArgtff6 Lo(t) = —i eV {1+(2> ﬂz &, 2 te><p[ ﬁ<3 22t

AT a\2/3 a1 [ife
o for Argt = <= (1) =i e 1+<7> e 7ES 7 Yexp[ﬁ (5 +zztﬂ
r(3)]

T

in the sense of asymptotic series. So the Stokes multipliers
are approximated by :

_ o (35)2//3 e dicn1

_ (3_ﬁ>2/3 I\/é Gozol 1
2

T

3ﬁ>2/3 é3 11 Fz°11_7<3ﬁ>2/3 V3t G 1

FEI=T AN

2
43 o il o\ 2
3ie' 6 Gzl 1
F5 P

)
FZZ

2.7 Scattering coefficients

Once the Stokes multipliers obtained, it follows that the
S-matrix components can be expressed as :

o | (33 (en 2 ool 2
spe(2)” = *(3) K @ Z Xp(*ﬁ)
)

3\ V3 Gl 48

2 2Fs 2P\ 3w )
r(3)

3

Recall the validity domain of our computations, that is
z> h. The absence of exact expressions for the series
coefficients ¢, (respectively di) ends up in the
2/3

clearly fails

and bSDE(Z) = (

discrepancy obspg(z) : the factor =

to prevent the exponential growth. This phenomenon was
previously observed in Section 5 af|[

Define the adimensional parametgs = é The next

figure displays the graphs agpg andbspg with respect
to L.
Anyway : Zﬂ)rp aspe(z) =0". So we can reasonably

conclude that :

lim S(z) = (_01 é) . (12)

z—+4o0
3 In the adiabatic limit : weak coupling z— 0

From this point, we shall assume that<0z <« h. All

turning points are collapsing towards the origin, though

with different paces. Let us return to the original

second-order ODE :

2 h? in
ﬁZd lﬂl dllfl |:(t2+22) . IT:| (t2+22)w1 -0.

(13)

Our main result is :

(@© 2017 NSP
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Proposition 1 Let us consider the following vector-valued 0 is a pole
Schibdinger equation : o2u = —Z7 is a first-order zero
3 new first-order zeroes appear approximatively at :
Rdy(t)

bt VA d(F AR Lei(getn 2
WhenO < z <« h, the two transition probabilities in a 3 A/
parabolic intersection are :

= [Re(t +iz)%05 + Im(t +iz)201] (1) .

by performing a Kruskal-Newton iteration

a<z>:exp{*3*ff(§)3<ziﬁ)m +3 ‘%"e;_i(g)mf(%‘)wshrnff(g) (fﬁ” (?) Going back in the-plane, aside the "inner” zeroesiz,

i 2y v T (3) sy - we find 3 extra "outer” first-order zeroes locatedt at
o) 57 () () ]@ﬂe(ﬁ) (5§ %")RY/3 wherek e F. Moreover :

(14) . 1/2
where G, is the constant defined by : (2U+22)\/Z—'h_(2u+22) du
’ 2uv/2u
3¢ 1 2 . 1/2
K B<2 _) 1 = {W(t%zﬂ dt = Q(t)¥/dt .
Z .

The above figure, viewed on a very large scale, is not
distinguishable from a simplified Stokes plot obtained by

Co1 = fim |1 4; ()

Corollary 2. The S-matrix is given by : using asymptotically largg|, as shown in Figur@?. The
- local structure near the origin is not relevant for the globa

S20 |~ ’ ’ continuation at infinity.

{exp[—s—fﬂ'(g) ( ) } 601<2) / (g)cosh[ (g) (;) i }(%) i }12

/ / . . .
vy (3) " (3ol 22 (37 (5) ] (5) 3.1 Connecting the asymptotic solutions
2/3 4 1/3
+'f001cosh[ 2 (3) (*) } Eg) ( ) Continuation through the upper half-plane gives :

This expression holds in a small neighbourhood0pf 1.start.on.the positive real axis with the subdominant
yielding :lim S(z) = 1,. solution :(tz,t)s
z—-0 2.crossing a Stokes lingty, t)s

The rest of this paper is devoted to the proof of 3.crossing an anti-Stokes lingt, t)q

Proposition1. We will follow the same strategy as in  4.stepping on a Stokes Iin<1§t'2,t)d+%(t,t2)S
Section2. Let us start in determining the singularities of reconnecting t, to 2 ta

the differential equation1@) in the complex plane. After o il Cq -
a suitable change of variables, it is always possible to €3 [tz,0]¢[0,t3] (ts, 1) + —= (. ta)s[ts, O [0, to] €3
eliminate the first derivative inl@). The Wronskian is :

5.stepping the Stoke line e~ "o‘[tz, 0]¢[0,t3)r (t3,t)g
Wr(t) :eXp(—/t—d—S> =t. +%{[t370] [0,t5],€/% + e [t,0],[0 t3]r} (t,ta)s
S 6.crossing an anti-Stokes Ilne“’o‘[tz,o] [0,t3]y (t3,1)s
Introduce a new variable : +C751{[t370] 0, tz]/ég +e 3 [t2,0],[0,ts r}(t t3)q
u:/tWr(s)ds:g — t=+v2u. %rossing a Riemannian cute '3 [tp, 0],[0,ts); (t,ta)s
? = {ta.01[0.t2)€ % + & 3 [t2, 00 [0.t3]s } (ta.1)e
Setyn (t) = y(u). Then the ODE transforms as : 7.crossing a Stokes line :
R2(2uy’ +y) — P2y + {(2u+22) - \}%} (2u+2)y=0 [e’ig[tz,O];:[O,h]r + CSZZCSI {[ts.,o],[o,tz];;e‘%' +e’ig[t2,0]4[0,t3],}] (t.ta)s
oy LEUEANVAR o + S 6.0 0 T+ e E [, 04(0,15) } 1)

A2 2uv/2u

The singularities in thei-plane are the poles and zeroes

(2u+2)v2u—ih
e (2u+Z%). Thus we shall

8.crossing an anti-Stokes line :

CsCs1

[o3te.0ul0) + 2= {0 0L 0.0 o Bl 010 ] (-t

of the function

discover that : +C751 {[tSsO]r ot)e? +e'3 [tz-,O]f[O-,ts]r} (t3;—t)s
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with the Stokes multipliers CSL:CS(%T) and

Co :CS<%7T>. As in Section 5 of 4], we also add a

The next one is wheh=0 :

dT = 2 (“1KK o (2P (—1)k(2K)!
72 2 Ak—3 2X(2k— 1)k12<lz)32_2< ) 2. 2% (4k—3)(2k— DKIZ”

phaseejFi%T — BB 1o compensate the additional The nextone is the sum of three contributions :

presence of a root t¥%/2  before

w1 (5]

3.2 Computing the left action W

square

Besides, the actiow is defined bye" = [t3,0];[0,t2], :

we - { [ ] e [ [ )] )
3

e whenk=0, m=0:

i D @) (N yreya ¥ in
32 2%(26—1)0—2<ﬁ> () e =IE

i n z3 2B (20
—_—_¢g'3 _\=r
3 2, 22(20— 1)(1?

e whenk =1, m_O.

+oo 1\ 4 - )
621 1225((22.) 1) (ifz) (ﬁ) (elgﬁl/g)y 222

h t 2/3 +00
— W iei¥ 23 (20)!
o 2. 22060 — 1) (20— 1)01?
Write down : e whenk = O, m= 1 :
. zZ t3 7 +°° 20 (—1)f  (20)! ¢, 30-2
t)=—iht|{1+ =) |1—- 1+ )| . ]
o ( tz) [ ﬁ( ﬂ 2, 60— 12200 (20— 1) (12 <ﬁ> (éaﬁ ) z
2/3 1o
Sincez < |t| < A/, let us try a Taylor expansion of the ~ _ 5 —i¥ z A ((20)!
square root : A 220 (60— 1)(20— 1)012°

ot stenelg 0. 8] [£0) ()., 002

k
- ileZﬁl/Z%(KmQ(:—zl) (%) (‘)W(ﬁ> " 2lkim) F+30-2(kem)
5. (w3

pktt Y 1.,
- +ie zﬁl/zg - 2k)2‘(2£)v <l) 2l 3 +30-2(kim)
T0<m< *” (k-1)(20-1) K202 \R

. (1 (-1 (2K)!
by using the identit ) =
y. using y (2)k 2% (k1)K
Therefore :
¢ ] kel 1(20)!
e ﬁiz Brocner 3 S 12(k+m (i>22<k+“(<zi>—1><2f—1> i

(ﬁ) Zz(ker)t 3 +3{—2(k+m)

iz
: 44 1 (;) (—1)ktt (2K)1(20)! (7>f
ﬁl/zk%o<m<1 53t 2krm) 2kt (k1) 20 -1) k202 \R

R2lktm) {ei K /2 (ei z ﬁ1’/3>3{72(k+m) <

1 |" 2 )2+31—2(k+m)

3 o _ (iz)%+3f—2(k+m)}
A</

a7 1 <(> (—p)k+t (2K)1(20)! (7)
- ﬁl/zkifo<m<{ S vaaeem W 2K @1 WaZ AR

s 3(—2(k+m) 173 inm 2
eZﬁl/Z(e6ﬁ1/3> <1—§[5+3I—2(k+m)} '3 2

2(k+m)

) _ (iz)%+3f—2(k+m)

The dominant term iM\ is obtained fok=m=0:

2 1 (=l (i rae\ ¥
3 L 20127 (20— 1)(”2(ﬁ) (e7°)
i (20)!

T3 42220+ 1)(20—1)012

L) igaey i
YA H%’ 3°\22) 7 6

yielding :
L / B 2/3 A
ie '3 (?) [ ~ S e (3 et - 6 1)}*@9 i (7212) S e T

It is left to the reader (as an exercise on the
hypergeometric functiogF;) to show that :

|n2 3 11 231/23|Tr 2\3/A\*®
"% 32F1< z*z’z'*l)(ﬁ) T r(s) (2_ﬁ> o).

For ther part :

W =

44 1 ‘ (ot (2k>'(24>'< )‘

Wy >~ - —— _

R %o%« §+31'72(k+m) <m) 220+ (2k-1)2r 1) k202 AR

30—-2(k-
2kem) [ejﬁuz <e i ﬁus) e (17 2 raauem] ' F 2 )7 (iz)%+3f—2(k+m)}
3|2 w273

in 2 3 11 A\Y2 3 m a3\

- €+§2F1<’71”2’Z"1)<F) aeEr(3) (?ﬁ) o).

Finally, we find that :
zZ
(’) (2R

. 3
W:7T+§co7jl‘<2> Z o _im 33,
is almost an imaginary complex number as expected.

3 7% \3) e 3t (19

- Subsequently, we have :

{e Weis 4 Cszzcﬁ < evd3 +e’i§efw)} (—t,t3)g

+L (eFreife W)t - (t2t)s,
Take the reference point for the phase to be-= 0.

Formally divide both sides b, 0], then :

{e’w e s 4 Cszzcﬁ < eVd3 +e’i§efw)} (—t,0)g

+C751 (eWei%r +e*ige*W> (0,—t)s e (O,t)s
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since[t, 0], [0,tz]r = 1+ &(Z). Therefore, we can infer

the 2 transition probabilities :
33, (2)°(2 2/3
. \3) \2h
\/7 23 2/3
+C52C&cosh{—l' (3) (%_)

s —eaeon 57 (5)'(5)' |

accordingly to Rule 1 off].

a(z* = exp[—

3.3 Compatibility relation

Assume that ¢y can be defined by two different
expressions :

Alt) = [ARE) + BToO]exp| (§ =3

- (catt) + e exp (5 22|

as in the forthcoming subsection. Then :
Y (t) = (A S (:k kg z (:k k+2>exp[—iﬁ (2—221)}

o - {33

| 4(3-5)

W = A{z o/ hi-2_ B2 5

k({jl k12— zz> *z A s[5 e 2kt i(rzgzz) 5 dfalkez
k=0

k=0

}

[f1 k-1 (12-2)?2 22)2 Ry

z d! z exp{—%(?—zzt)}

2 o 222 4w
[falk Lt 2) :Z(k 2)ch2]1‘<+1, (‘ *ﬁzzz), :z cl[(fz]tk+2

z (k+2)2c

i)
by Liebniz formula. The conditions of compatibility fgn
and its first two derivatives at= 0 yield :

ad1]_cqlo

[f], i22 [f4]
A cy +?c0

2 2
l N é Cgﬂ) cd? e <2d[2911 22 o) é d([Jgﬂ) +20dl92

o) i o]
=cat *ﬁdol D)

For convenience, we chooge=C=0andB=D =1 (or
equivalentlyy = 2).

3.4 Power series solutions

/13
By setting yu(t) = f(t)exp[—'—ﬁ <t§ —zzt)], we find
that f satisfies :

£/ — [Ei(tz—zzH—}} f/+ {ﬁ—a(ﬁ

= : PR +zz)]f:0.

(17)

+o00
Write f as a normalized power serieg (t) =t" z ctk,
K=0
with ¢p = 1. Substituting in {7) :
12 z v+k)2q<tk (2;—%+t%>:zo(v+k)cktk (422( —%[72;2%; cktk 0

k 2iz2 K 2|t k 4221 k
— t72kzo(wrk)(wrk—2)ckt +— z (V+k=1)gt" — z (V+k+1)gtt + —— z ctt =0,

that is a recurrence relation over 5 ranks. Asndelet us
find the 3 next coefficients :

eorder —2 : the necessary condition(v —2) =0
T v=0
implies orv—2

i2
eorder—1: (v+1)(v— 21z

1)C]_+ ?(V—l)cozo

e 1 2iz2
1= V+1 h 3
2iz2
eorder+0: (V+2)vcp+ Tvcl =0

if v=0:c,is arbitrary
1 2i72\ %
(V+2)2 <_T>
+1

,
(v+1)02—ﬁl(v+1)co:0

if v=0: c3 depends on the choice of
2\ 3
= otherwise ifv =2: c3 = ; (—Z—hf> +

(V+3)3
Fork > 4, the recurrence relation between the coefficients
Cx reads as:

otherwise ifv =2 : ¢, =

eorder
2iz?
(V +3)(V+ 1)03+ "

12 .
v+3h

2iz? 2i 42
(V+K)(v+k—2)c+ %(v+k72)ck,1f ﬁ'(v+k72)ck,3+ Zoca=0.

The whole sequence is inductively obtained by :

2i 2' 1 2i 1
Ck = _% [v+kck 1~ R T Ck—“} + R 7RCk-3 -
Since we decide to choose=2 :
e 2Zr1 o2 1 121
TR [k+2 YT R kr2k Y T Rkg2 ¢
(18)
Let j € F. Then for k > 1, we set

k . _
Caksj = /Z)y,f:'}k“]ze”zl. By inspection of 18), it is clear

that the Eoefficient of the term of highest degreditis :
il 2i

3k+ (3k+j)! < h
the term of lowest degree &g is :

3k+j
) . In ¢z, the coefficient of

FIRACI )

3K] 2 1
V[ (%) mco
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Introduce the quantity : Again, the coefficient of the term of lowest degreedrin
Cak.2 can be computed by :

S I v = ! Bko+2, , (2a\K 1
)/ =X (k) + X k=0+{ 2= ) X%
0 1 V= 1<3ﬁ) ( ) 0

P A (ke 2
( 3>[ ( 3>k
[Be+1] )y _ 2'22 1 3(¢-1)] i r(3 22\ 2 A

Xo () = {3€+3Vé) ——myg) } - (%)kr<k<f2) %(*%2) +x[fk*2]<k>—<2*ﬁz) (%)i(ki%)

5 o

_ 27 (Zi ) " (3) 1 {1_ 3€+2} I:Zir<<k [zE)) IS gsz e (5med) Geprae ()
"R \3h 5\ 3¢+3 30+1
(143) & Bk A
3

5
ey 1 ((3)
~ h \3h) (3t+3)(3¢+1) r (£+§> ’ ,

3 ‘kilm 12y L B(ém+1>+z(“1)s(§.i+1>

Ay T(0+2) 3@BC+4)(E+2) 3 &, 3m+1 3(+1
7
_ 3(@)2@)* (5)
12 i 3n F<k+;>
e 9 . 7
Now the coefficient of the term of lowest degreezfin . - (@)Z(E)k r(é)
Csk.1 can be computed by means of a discrete convolution. VAR r(w%)
Therefore : () [
3 1 2 L 1 2 200+1) (2,
1211'(2)1'([) 3(3(+3)of {Lémzlms(é‘m*l)* 34,:1 B(é‘[ﬂ)
3
7
2\2 ok (3
k-1 ¢ k - (2%) (3519 ,—<532>F°=2(k)‘ (21)
k- k- - 2i 1 (k— 2i 1 + 3
AR H](m;:;(?lﬁ) k1) ST [”(mli) [ o
5 with :
B X[3k+1](k)+@ <5i>k r(é) k-1 r(k—0+2)
0 WA TRt Sy a4 o) ayak—o+1r (k—i+§> 4
Fo (k):} 3,% B(l7i+§> L [17g ﬁ ;B(g m+1>+2([+1)5(g i+1>}
222 1 (ii)k 2073 4 B(z'[> @+l |7 3, & 3me1 \ 3 30+1 \3 ‘
R 3(k+1)! \ 3R 3
5
_ Xl[)3k+1](k)+g<z.> <§> X (t+2) 7 i /13
PASRSTED S g (143) Similarly if we place (t) :g(t)exp{ﬁ<§—zzt)],
.2 Pk T
e (%) theng satisfies :
SR A (B) s e 7 1], 422
P () ¢+ 2e-2)-F|d+ Ee-0. @2
o h t
_ ?(%)kr(ém% —1+§/£13[—11B(§J+1> . (20)
- The slight asymmetry between the ODEsfoandg lies
Fo,1(k) ih
in the presence of the terncrT in the Schrodinger
equation 13). Write g as a normalized power series :
+00
, t) =ty dk(2)t%, with do = 1. Substituting in22) :
Evaluate the quantity : 9t kZO @ 9inZ?)
1 k(2 22 1\ @ « ‘
iz ZD(V+k)zdkt < PR §>é<v+k )t + Zjdkt
— li(v+k)(v+k 2)at iz“zbwkdtu va+kdtk
2 1 20 1 2 < TRt < TR K
[34+2]() _ 7£[3&+4V[3H1 '11(31+4 SH2))/[[)31 2]} t t 4

4722 =2

B 2iz2 2i 1 1 dith =
- ’(T) (?ﬁ) 3 ((+2) 30+4 R 20

{335 <§ met)| -4 135 e (Sme)]} Let us find the 4 first coefficients :
- ,<L> S S eorder—2 : the same necessary conditiofy —2) =0
[ ( (+z) 3(3(+4)(3(+2) V=0
ETHS cw»ﬁﬁ%“w< mples { o~
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2iz2
eorder—1:(v+1)(v—1)d;— —vdo = Therefore :
ﬁ 6é3k+1] _ X[[)3k+1]<k) +
fuv=0:d=0 , ko3
= v a2 K22\ 3k 4 1) r( "3) o
{OthEI’WIseIfVZ. dl*i(v+l)(v—l)? ‘;<7§5> 13 ,—<k+‘,‘> Xo (k—0)+
3
2iz2 4
.0rder+0 . (V+2)Vd2— ?(V‘Fl)dl: 0 2\¢ 3 r (é) )
(73?) 3k+3 - (k+§> %
{ if v=0: d; is arbitrary 8 (4)
= o 1 222\ 2 r(z
otherwiseifv =2: dy = — = | = 2 2iz% 2i\* 3 3 3k+1]
V+2)(v 1>< ﬁ) - 5?(73—5) mm% ®
3
eorder +1
2.22 2i s ’ 1 r <k7/4+4—1>l' (3(k7€) 75)
(v+3)(v+1)d3_T(v+2)d2+ﬁ‘}d0:0 72'_Z<7£> 1 z?’(k*é>+3 3 2 2
A S gk r <k+5> G k=0 r(s(k’(ﬁ?)
if v=0: d; depends on the choice of 3 2 2
— o , 1 2i2\° v 2i . o\ (3 1
{othen/vlselfv—z. d3:—(v+3)(v+l)(v—l) (ﬁ) TVi3viD R _ Xl[)3k+1]<k)*2|hz ( ;:_) 1 . I:23((’;1) ( +3>3[ (52 2) n
Fork > 4, the recurrence relation between the coefficients M3k +3)T (Hé) - r (?W)
dk reads as : - (4)
222 [ 2\ 2 3
(V4+K) (v +k— 2)dk—2T(v+k D 1+zﬁ(v+k 3)de 3+F22dk 4=0 n ( 3ﬁ> 3k+3r<k+g>
4 4 3 1
The whole sequence is then obtained by : 2.z2< z.)k r(ﬁ) 2 |, 1i3<”l>r<“3)r<22>
“F U= 4\ 3k+3 | 8L 4 3 5
4 _ 27[ vik-1 o a 1 . r(k+§) < r<e+1>r<§>r<5+§)
TR [(vtk(v+k—2) “YTR(v+Kk(vrk—2) <* k r(g) B<z%%)
_ai—v+k—3 _ZLI;z(*;TIi) 34 3k23 17?11/2 ’i : % ) (24)
RVik(vrk_2) «3 F<k+§> - “ B<§,(’,>
As v = 2, we shall deal with the recurrence relation : Go.1(K)
_ 222 [ k+1 La_1 _ 2 k-1 The general term in the sum is@ 5/3) for ¢ large
R (k+ 2k - h (k+2)k o h(k+2)k o enough. Evaluate the quantity : !
42, 272 3(+3 3y, 2 1 [3-2))
Fork > 1, we setly; | = ; 5IA2] The coefficient % () = T {(3“4)(3“2)60 R T ]
4
of the term of highest degree i can be easily deduced : <2|_zz>2<72_i>’ r<§> 2
“\n 3 r</+‘_‘> (30+4)(3(+2)
3k 3
5t£3k+j]: 2 <a> H- 3m 1 1 3m 1
(k+j+2)3k+)) \ R B( 775) 3<e+§> iy 13(2775

In d, the coefficient of the term of lowest degreezfnis

2\ 2
:(7§1‘> G @

-\ k
Eg_ [ 2 2 1
% *( ﬁ) 3k+23k(3k—3)...3d°

Introduce the quantity :

3041, a2 3 SB-1)]
X O EE) 34+1)60 +ﬁ(31+3 @ }

wli

R

_az i 2
’*( ?ﬁ) 0(30+3)(3(+1)(30—1)

._.

_ 2iz2 2i
- h 3R u31+3 M(3+3)(30+1) 31 1

-
e

an r (3{ R 5) :
The coefficient of the term of lowest degreezfin day, 1

2 2

can be computed by means of a discrete convolution.

4
T (%)2 (73%)[ ;(é%g) <3z+4)(234+2)3e
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The coefficient of the term of lowest degreezinin da.»
can be computed by :

6[[)3k+2] _ X:[l3k+2](k) +

5
H(,ﬂ)[ sk—0)+4 <k7£+ 5) K042y
1
W) k4| <k+g)

il

:<i22>2( 2i>k r@) 1

(252)
r (k—/ﬁ+ g) r (3<k;£> +3>

3m 1 3k—0) 1
lilk’[ B<2’ 2 75) 3+3<k7/:)+18<2’77§)
4 & B(%,m) m 4k—10) B(%,k%)

Goz(k) (25)

whereGo, : N* — R is the arithmetic function defined by ant)

Go,2(k) =

N
=1 r<§>r<f+g>F<7+s) m=1 B<§ m) B<§_/}>

R e R
St e(Geg)r(Fee) [ e(5m) 5(3)

The general term in the sum is@(

enough.

. : . I

3.5 Dominant exponential solutions in tI%e
Som . .

andf directions

For both series, since <« h, every summand in the
polynomial expansion are negligible before the leading
term i.e. the one of lowest degreezh Moreover, forg; :

too +oo +o0
Y a4 = 2 3 (dgerdgeiat+dgeat?) K y (‘5([13k]+‘5([)3k+1]‘+5[3k+2] ) 1%
K=2 =0} Ko
r(2 rk+1) r(3 r(k+1)
222 3k+2 ' \3 222\ 2 a2 (3
= — S Coakt+ | - —

2
=t°y |1+ = vt
Zo R 3k+3 r(k+f) 314 r<k+§>
3 3
a4\, 5

cayk 2
73R/ G2k
t2+z°° 1h 2i22 3K+2 (3 kH)G - <2|z ) 3K+2 <3>r(k+1) o2
= 0.1 —7 5\ %02
o R 3k+3 r( > 3K+4 r (k+ g)

2K 2
(’?Iﬁ) (3k+2)k!t3k‘
with the numerical values :
Gy, = lim Gg1(k) ~
01=1Im Goa(k)
G®, = lim Gga(k) ~
52= im_Goz(K

(3072(k)t2}

6,84.10°%
2,721071

For Argt = g ie.t=Tdb :

4 5
2 ( > (k+1) (—)r(k+1}
| 22 %42 601Te6+<2|z> K+2 \3

R 3k+3W 3k+4 r( )

k
(&) @™
~r2d 8|y 22 Liﬂeig+ 22)* (s L&ngg

LT (3 (),
213 , . 1

Wherexo:ﬁ by using Corollaryl. So in the6

direction, we have asymptotically :

-8 22(2) S (38" (2) S5 7o )
1+<§)z/3r<13‘)31/3631ie'522,( ) r g 2%g eugz}?ex <7§>
=i 1+<%>2/3,— g 3l/3ae e‘ }Yﬁ <,2L>

by recalling thaz — 0. Similarly in the% direction, we
have asymptotically :

2\ AN s Y35 (51
< 0o T > 2/3 0 i3
1+<ﬁ> r<3>3 Goie 82— <ﬁ> r(3>3 Gy.e 32
ﬁex _2i?
TP

2\?F _ra\ 2it3
~ i < /3w A o =
~ l+<ﬁ> F(3>3 Gy 1€ Tp xp( 3h_>

P I
2.1
GpoTee 3

o0 i o
Ttk ~ T3 5 1
K2 K=o

2
30

iSm i5m
t)=es6e3

-

. .
and — directions

6

By keeping only the leading terny!{z(</3} in the

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1 =D

C. Wong: Quantum transitions in a parabolic...

polynomial expansion aody :

400
3 ot

k=2

400
3, [3kl], | [3k+2],2
=iy <°3k+d3k+1‘+d3k+2‘2)‘3k:‘2 > (VL[) *VI " ‘*V[ 2 )
k=0 k=1
5 7 5
2|z2 I'<k+ 5) 2iz 2F<§)l’<k+§) 2
A 5y ot | =5 7\ 75 02kt Tﬁ
r(k+2)r(§> r(k+§>r(§>
5 7.5 5
2|ZZB<2'I(+§>Fm <2izz)2B<§‘k+§) Fo 2| (2 k F<§) 3
R (5 0L\ TR 5 7\ 02 3h 5
B(é,k+z> B(é.k+§> r(k+§>

with the numerical values :

Fou=lim Foi(k) ~ -2, 08.10°*
Foo = Jim F5~3,810°

T . .
For Argt = - i.e.t=iT :
2
L 2% 5 2z25°1 22 F02T2 2k 1oa
kzzck‘ =2 Jr 3)7 <T r 5 2/3 Tﬁ eyl
5\ 22FoaT (22 7\ Foe™?| 1
:,Tz[r@ H%N(T) <)T}TM

2T
where xg = R

3

direction, we have asymptotically :

PO
.

e (9)-(2) e ()" ()t oo )
SNEHRONCS

sincez — 0. Similarly for Argt =

i7r[ zi"
T | (5), 22 FoaTe S (22\2 o7\ FEpTeS | ok a1
Gl \3) TR Tan i 3) 23 E I

2it3
exp| =

7T e
—iet=Tds :
6 |

S IT S IT
T s\ 22 FuTe 'S (22\2 7\ FuT?e 3 |
= T2 [%é)*? 73 *(?) r(é)? ?exo

by using Corollaryl. In the %ﬂ direction, we have

asymptotically :

o g%‘@ﬁ)“ {r( )+(

5 2
3 R
5 2
3 R

ONICRORERE Y

sincez — 0.

3.7 Stokes multipliers

Recall

wwenl (5] awen{ {529

that Yn(t)

Let us recollect our results :

by using Corollaryl. So in theg

2/3 o 4/3 o it3
P B2 (2 7\ eed 4] exp( 2
) Fo.1e 2 (ﬁ) l'<3 Fpo€ 3 Z"| exp e

in the sense of asymptotic series. So the Stokes
multipliers are approximated by :

4
! / o r
— i (2 -i2r  j2m\ Gpg 1/2\13 ()
_ iz T _d3 |0l 1(2
Ca =~ (ﬁ (5) <e Al =ve t <Sﬁ> (5) (Eitts
r(z r(z
3 3
— it (3m\2/3 /5\/iT t 20 (3m\23 (5
o _tosn ) (d341)=_LtdT (N 5
andCg ﬁ<2) F<3)<e +1 ﬁe <2> <3>\/§
S j2m 1/3
whileCq1Cep = %e‘? (%ﬁ) r(%)eglzz

3.8 Scattering coefficients

Recall the formula (16). Finally, we find that :

a2* = exp{—s—‘ﬁr(§>3

(
Cgcacosh[ 33, <
(

+3e7i‘2§66°71(g> !/ r g>cosh{3—fr(§>3<2§ﬁ)2/1 (?)2/? (26)

and:

b()———cﬁcosh[_r (é 3( )2/3}
Ncosh[3fr (§> <23>2/T (3 >f601(223>1/3.

3h

-
/\
wl

v

Both expressions are plotted with respect to the
. . z
adimensional parametgp = T
To conclude this section, th&matrix is trivial in the
adiabatic limit, i.e. :
zZ

iz}~

4 Empirical Discussion

. forArgt:g:wl(t):i 1+ <%>2/3r<i‘)31/36 ?22} exp{,i( +221)
o for Argt = E Y (t) = ) [ = F01 }exp[— <7 +221)

2\2/3 " The Landau-Zener effect (occurring in a conical
»tor st 5 wn0 =11+ (£) (3 )3 i ?4 e*"["( “2‘> intersection) is characterized by the transition proligbil
o tor gt = % gy -d 5 (%ﬁ)z/s [r(g>+(ﬁ>2/3l=&’le"’a‘zz} exp{ﬁgﬂzt) ay(Hy) = exp(—%), with a slope—7—2T at the adiabatic
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Transition coefficients

B anti-Stokes 0 0.5 1 1.5 2

‘—— Stokes lines

a(SDE) —— b(SDE) |

Fig. 1: Stokes structure for 2 second-order turning points on the
imaginary axis.

Fig. 2

limit. In the case of a parabolic intersection :

3v3 _[(2)\°
a(Hz) = EXP{*T%T’_ <§> Isz}
ian o (3\YP_ /4 3v3 _/2\* L.l .
*39'7601(5) F<§>cosh 22/37_[1' (5) w??| pu?
3v3 2\ s aiBee (YL (4, 28
~1-omgl (g) 2 +Se'TGo,1<§> r(g)ﬂz’
1/2
32133 /2\° . (3\Y® _ra
= |a(k)] ~ {1* = F<§> H22/3*3GOA1<§) F<§)y22/3
3[213y3 _r2\% _ /3\Y® /a4 3
3[R (2 e (2) (2] e
=1-3,64u,%°. (27)

The slope at the origin isco, with :

djag| ([)*] C[2BVB 2\ e (3] L 242
duz n 3 o\ 2 3)| LB R

(28)
For a given value of, the energy gap in the vicinity of
p

— anti-Stokes
-~ Stokes lines

. . Z
the avoided level crossing, thatA&£ = — between the

conduction and valence bands, is lowered in the gase Fig. 3: Stokes structure for 5 first-order zeroes and 1 pole.
2. We recover the qualitative conclusion that the quantum

tunnelling becomes thus easier. But the new element in the
transition probabilitya; is the appearance of a small phase

Q h that : . . . .
sueniha Appendix : Tables of 12 first coefficientscy

V3G, <g>4/3r (g) 1,23 and dy
3
2

3[23v3 2\, . Vs raN] o
175{ - r<§> +GO_1(> r(§> po?

~ —1,8211%3 .

Q = —arctan

Before every polynomial, there is a prefactor

1/ 2i22\ W3 e { —1force
AN W E=1 +1fordy -
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Table 1: Strong couplindh <« z.

k (v = 0) polynomial part oty (v = 0) polynomial part of,

0 1 1

1 1 0

2 1 0

. 8,2 2

‘ 5e. :

. 8,12 2

7 e me i

8 i 2p+ 0

512 3584 13920 6272 128 1344 6272 1

o | -SgeTpten e O | (A5 NA SN

1o| 512 4608, 26720, 35450 128, 1600, 15744

st Hbpkea 51ﬁ; 57650 465ﬁ:2 1zzﬁzm 1268 18ﬁ;8 215720

=%~ Stokes lines 1 ’FZlS’ il 2127?26’ R 7F212’ ?26’ i

Fig. 4: Dezooming.
Observe also that odd index coefficients of both series are
pure imaginary, while even index coefficients are real.
Transition probabilities

1.25
Table 2: Weak coupling 6< z< h.
14 k (v = 2) polynomial part ofy (v =2) polynomial part ot
0 1 1
1 2
! 3 3
1 1
0.75 2 - F
2 2 8i 4i
3 1Tﬁ3zE tam —1fﬁgz6 i
i 17 i 5i
¢ & 1w i
i 23 2i 3i
050 ° e’ 1260 Tl
1 1 1 1 7 1
© 31556212 4211‘426 10/? asﬁ6212 am*‘zs 1872
7 J L g2 19 5 U 8 2 8 5 T
2835° 56707 567h? 28351 567 2833
0.25 s 1 41 5 203 1 e 3 5. 2
2835(0° 113406° " 9072(% 1500 14007 i
9 4 g__ 19 2_ 31 S 8i 28, 2 A2y 697 s
155924° 519757 8316° 551 31185° 891" 62370°  891R°
10 i s 1T, 100 g 11533 i e, MW g 251 5 1243
467775° 4677757 21384G°°  3742206° 42525° 4252817 13608G1° 3402061
0 T T T T 1 " i s 4 2 5179 45011 4 5, 2 g 139 . 449
0 0.05 0.10 0.15 0.20 0.25 0.30 6081075° 12162157 97297206%"  97297206° | 202702%° 5075 540546°"  49140G°
T
a(Stokes) b(Stokes) |
Before every polynomial, there is a prefactor
Fig. 5 o2\ 3/3) Y
. or ¢ .
£E— with £ = . No factorial.
h +1 for dy
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