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Abstract: In their seminal work (in 1932), Lev Landau and Clarence Zener derived a non-perturbative prediction for the transition
probability between the two energy states. This paper is dedicated to the coupled Schrödinger system :

h̄
i

dψ(t)
dt

=

(
t2−z2 2zt

2zt −t2+z2

)
ψ(t) ,

and we aim to compute a local expansion of the transition coefficient a(z) in the adiabatic limitz→ 0.

Keywords: Schrödinger system, 2-state transition, Stokes geometry, phase-integral methods, asymptotic series, Heun triconfluent
function

1 General framework

The Landau-Zener model of a quantum mechanical
2-level system driven with a linearly dependent
Hamiltonian is a classic paradigm of quantum dynamics.
In the so-called conical intersection, the dispersion
relationE(k) is actually a linear function with respect to
the Bloch wave vectork - or equivalently the impulsionp.

Nevertheless, for convenience (and consistency with the
notations in our previous papers [2]-[5]), the independent
variable shall be denoted by the symbolt, and still be
referred as ”time”. We are about to explore in the two
upcoming sections the case of a quadratic
dispersion relation. Hence the terminology ”parabolic
intersection” in the title. Let’s get started. Consider the
Schödinger equation with the matrix-valued Hamiltonian
:

H2(t,z) =

(
t2− z2 2zt

2zt −t2+ z2

)
, (1)

whose eigenstates are given by

|+〉= exp

[
+

i
h̄

(
t3

3
+ z2t2

)]
and

|−〉= exp

[
− i

h̄

(
t3

3
+ z2t2

)]
. From the system of

coupled differential equations, one obtains :

h̄2 ∂ 2ψ1(t,z)
∂ t2 − h̄2

t
∂ ψ1(t,z)

∂ t
+

(
t2+z2− ih̄

t

)
(t2+z2)ψ1(t,z) = 0

and h̄2 ∂ 2ψ2(t,z)
∂ t2 − h̄2

t
∂ ψ2(t,z)

∂ t
+

(
t2+z2+

ih̄
t

)
(t2+z2)ψ2(t,z) = 0 .

Throughout this paper, we shall use extensively the 2 next
results :

Lemma 1.Let T be a fixed positive real. For anyα ∈R∗
+ :

+∞

∑
k=0

αk

Γ (k+1)
Tk =

∫ +∞

0

αx

Γ (x+1)
Txdx= eαT as T→+∞ .

Proof.After replacingk by a continuous variablex, then
applying the Stirling approximation toΓ (x+1), we obtain
:

∑+∞
k=0

αk

Γ (k+1)T
k ≃ 1√

2πx0

∫+∞
0 exp[x+ xlog(αT)− xlogx]dx

wherex0 is some value to be determined. The maximum
of the auxiliary functionϕ(x) = x+ xlog(αT)− xlogx is
achieved atx0 = αT. The result follows readily from the
Laplace method. The discrepancy between the series and
the integral decreases asT →+∞.

With the above assumptions, the next corollary is
immediate :

∗ Corresponding author e-mail:shell intheghost@hotmail.com

c© 2017 NSP
Natural Sciences Publishing Cor.

http://dx.doi.org/10.18576/qpl/060209


132 C. Wong: Quantum transitions in a parabolic...

Corollary 1.If P is at most of polynomial growth, then we
have :

+∞

∑
k=0

αk

Γ (k+1)
P(k)Tk = P(αT)eαT as T→+∞ .

The Borel summation correctly extends the series to the
whole complex plane.

2 In the diabatic limit : strong coupling
z→+∞

From [4], we learned that the transition probabilities in
theS-matrix are related to the Stokes phenomenon. In the
limit of a strong coupling, the SDE framework is relevant.
Put it differently, the second-order differential equation is
reduced to :

h̄2d2φ
dt2

+(t2+ z2)2φ = 0 .

This is also the model for the anharmonic oscillator.
Given thatQ(t,z) = (t2 + z2)2, there are 2 second-order
zeroes located at±iz, and infinity is an essential
singularity. A closed form of the above equation involves
the Heun triconfluent function. More precisely :

φ (t) = c1 HeunT

[
0,0,

(
2
h̄

)2/3
31/3e

i π
3 z2;−

(
2
3h̄

)1/3
e
i π

6 t

]
exp

[
i
h̄

(
t3

3
+z2t2

)]

+ c2 HeunT

[
0,0,

(
2
h̄

)2/3
31/3e

i π
3 z2;

(
2
3h̄

)1/3
e
i π

6 t

]
exp

[
− i

h̄

(
t3

3
+z2t2

)]
.

Edmund T. Whittaker conjectured in 1914 that the Heun
functions can not be described in form of contour
integrals of elementary functions, even if it is the simplest
class of special functions. So any attempt of an integral
representation (as in the casep = 1) would likely fail in
view of our current knowledge of these functions.
Nevertheless, the asymptotic solutions forφ are :

φ±(t)∼
1
t

exp

[
± i

h̄

(
t3

3
+ z2t

)]
,

as a direct consequence of the WKB analysis.

2.1 Connecting the asymptotic solutions

From this point, we will use the terminology of ”Stokes
multiplier” instead of ”Stokes constant”. As we have seen
in [4], this complex-valued quantity may depend of the
variablet.
Embed the real line inC. In the Stokes diagram,
counterclockwise continuation in thet-plane gives :

1.start with a subdominant solution :(iz, t)s
2.crossing a Stokes line :(iz, t)s
3.crossing an anti-Stokes line :(iz, t)d
4.crossing a Stokes line :(iz, t)d +CS1(t, iz)s

5.crossing an anti-Stokes line :(iz, t)s+CS1(t, iz)d
6.crossing a cut emanating from a 2nd-order turning

point : (iz, t)s+CS1(t, iz)d
7.crossing a Stokes line :(1+CS2CS1)(iz, t)s+CS1(t, iz)d
8.crossing an anti-Stokes line :
(1+CS2CS1)(iz, t)d +CS1(t, iz)s
reconnecting iz to −iz :
(1+CS2CS1)[iz,−iz]ℓ(−iz, t)d +CS1(t,−iz)s[−iz, iz]ℓ

9.rename (formally) t into −t : (1 +
CS2CS1)[iz,−iz]ℓ(−iz,−t)d +CS1(−t,−iz)s[−iz, iz]ℓ

where the Stokes multipliersCS1 andCS2 are associated
with the upper turning pointt2 = iz. The value of the action
W is defined byeW = [−iz, iz]ℓ :

W =− i
h̄

∫ iz

−iz
(t2+ z2)dt =

4z3

3h̄
,

as it involves the Wallis integralI3 =
∫ π

2

− π
2

cosθdθ .

Subsequently, we have :

(1+CS2CS1)e−W(−iz,−t)d +CS1eW(−t,−iz)s ! (iz, t)s

for φ . And we can infer the 2 transition probabilities :
aSDE= (1+CS2CS1)e

−W

andbSDE=CS1eW ,

should we are able to compute the Stokes multipliers.

2.2 Compatibility relation

Assume thatφ can be defined by two different expressions
:

φ(t) = [A f1(t)+B f2(t)]exp

[
− i

h̄

(
t3

3
− z2t

)]

= [Cg1(t)+Dg2(t)]exp

[
i
h̄

(
t3

3
− z2t

)]

as in the forthcoming subsection. Then the conditions of
compatibility forφ and its first derivative att = 0 yield :




Ac[ f1]0 =Cd[g1]
0

Ac[ f1]1 +
iz2

h̄
Ac[ f1]0 +Bc[ f2]0 =Cd[g1]

1 − iz2

h̄
Cd[g1]

0 +Dd[g2]
0

.

(2)
It seems easier to track one function instead of two, hence
the first choiceB= D = 0 - or equivalentlyν = 0. Taking
A = C is natural. Ifg1 is set to reproduce the dominant

exponential behaviour for Argt =
π
6

, then we have to
request :

d0 = 1 , d1 = d2 = 0 =⇒ d3 =− 1
3!

2i
3h̄

.

The compatibility relation imposes thus the condition :

c[ f1]1 =−2iz2

h̄
.
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2.3 Power series solutions

Extract the asymptotic behaviour by writing

φ(t) = f (t)exp

[
− i

h̄

(
t3

3
− z2t

)]
. Then f satisfies :

f ′′− 2i
h̄
(t2− z2) f ′+

(
4z2t2

h̄2 − 2it
h̄

)
f = 0 . (3)

As before, we can find two independent power series

solutions by takingf (t) = tν
+∞

∑
k=0

ckt
k. Substituting in (3)

yields :

1
t2

+∞

∑
k=0

(ν + k)(ν + k−1)ckt
k

+
2iz2

h̄t

+∞

∑
k=0

(ν + k)ckt
k− 2it

h̄

+∞

∑
k=0

(ν + k+1)ckt
k

+
4z2t2

h̄2

+∞

∑
k=0

ckt
k = 0 .

Equating to 0 the respective coefficients of powers oft
implies the indicial equation :

ν(ν −1) = 0 =⇒
{

ν = 0
or ν = 1 ,

and for the 3 next coefficients :

•order −1 :

(ν +1)νc1+
2iz2

h̄
νc0 = 0 =⇒ c1 =−2iz2

h̄
to

ensure the compatibility withg1
•order+0 :

(ν +2)(ν +1)c2+
2iz2

h̄
(ν +1)c1 = 0 =⇒ c2 =

1
2!

(
− 2iz2

h̄

)2

•order+1 :

(ν +3)(ν +2)c3+
2iz2

h̄
(ν +2)c2− 2i

h̄
(ν +1)c0 = 0 =⇒ c3 =

1
3!



(
− 2iz2

h̄

)3
+

2i
h̄




as well as the recurrence relation :

∀k> 4, ck = − 2iz2

h̄
1

ν +k
ck−1+

2i
h̄

ν +k−2
(ν +k)2

ck−3−
4z2

h̄2

1
(ν +k)2

ck−4

= − 2iz2

h̄
1

ν +k
ck−1+

2i
h̄
(ν +k−2)2

(ν +k)3
ck−3−

4z2

h̄2

(ν +k−2)2

(ν +k)4
ck−4 .

Fork> 4, the recurrence relation can be rewritten as :

ck =−2iz2

h̄

[
1
k

ck−1−
2i
h̄
(k−2)2

k4
ck−4

]
+

2i
h̄
(k−2)2

k3
ck−3 .

(4)
The computation of the coefficientsck (respectivelydk)
proves to be horrendous, because they are polynomials.
The sequences even depend on the choice of their four

initial terms. The reader can grasp the inherent difficulty
by examining the excerpts in the appendix. Nonetheless,
we may not need to explicit them in their fullness - by
performing a truncation after the leading term.
DefineF = {0,1,2}. Let j ∈ F. Then fork > 1, we set

c3k+ j =
k

∑
ℓ=0

γ [3k+ j ]
ℓ z6ℓ+2 j . By inspection of (4), it is clear

that the coefficient of the term of highest degree inz2 is :

γ [3k+ j ]
k =

1
(3k+ j)!

(
−2i

h̄

)3k+ j

. In c3k, the coefficient of

the term of lowest degree inz2 is :

γ [3k]
0 =

(
2i
h̄

)k (3k−2)2(3k−5)2 . . .12

(3k)!
c0

=

(
2i
h̄

)k 32k

(3k)!

(
k− 2

3

)2

k
=

(
2i
h̄

)k 32k

(3k)!




Γ
(

k+
1
3

)

Γ
(

1
3

)




2

. (5)

Assuming thatk is large enough, let us compare the

magnitudes ofγ [3k]
k z6k andγ [3k]

0 in the coefficientc3k :

∣∣∣∣∣
γ [3k]

0

γ [3k]
k z6k

∣∣∣∣∣=
(

h̄
2

)2k 32k

z6k




Γ
(

k+
1
3

)

Γ
(

1
3

)




2

≃
(

3h̄
2z3

)2k




Γ
(

k+
4
3

)

kΓ
(

1
3

)




2

≃
(

3h̄
2z3

)2k




k1/3
√

2πk

(
k
e

)k

kΓ
(

1
3

)




2

=
2π

k1/3

[
Γ
(

1
3

)]2

(
3h̄k
2ez3

)2k [

k→ +∞]−→+∞ .

Introduce the quantity :

χ [3ℓ+1]
0 (ℓ) = − 2iz2

h̄

[
1

3ℓ+1
γ [3ℓ]0 − 2i

h̄

(3ℓ−1)2

(3ℓ+1)4
γ [3(ℓ−1)]

0

]

= − 2iz2

h̄

(
2i
h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2

.





1− (3ℓ−1)2

32




Γ
(
ℓ−1+

1
3

)

Γ
(
ℓ+

1
3

)




2




=− 2iz2

h̄

(
2i
h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2

[
1− (3ℓ−1)2

(3ℓ−2)2

]

=
2iz2

h̄

(
2i
h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2

1
3ℓ−2

.

Now the coefficient of the term of lowest degree inz2 in
c3k+1 can be computed by means of a discrete convolution.
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Therefore :

γ[3k+1]
0 = χ[3k+1]

0 (k)+
k−1
∑
ℓ=1

(
2i
h̄

)ℓ 32ℓ

(3k+1)3ℓ

(
k− 1

3

)2

ℓ
χ[3(k−ℓ)+1]
0 (k− ℓ)

+

(
2i
h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2

γ[1]0

= χ[3k+1]
0 (k)+

2iz2

h̄

(
2i
h̄

)k 32k

(3k+1)!

k−1
∑
ℓ=1




Γ
(

k+
2
3

)

Γ
(

k− ℓ+
2
3

)




2


Γ
(

k− ℓ+
1
3

)

Γ
(

1
3

)




2

.
1

3(k− ℓ)−2
+

(
2i
h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2

γ[1]0

= χ[3k+1]
0 (k)+

2iz2

h̄

(
2i
h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2


k−1
∑
ℓ=1




Γ
(

2
3

)
Γ
(
ℓ+

1
3

)

Γ
(

1
3

)
Γ
(
ℓ+

2
3

)




2

1
3ℓ−2

−1





=
2iz2

h̄

(
2i
h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2


k
∑
ℓ=1




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2

1
3ℓ−2

−1





︸ ︷︷ ︸
Fz,1(k)

, (6)

whereB(x,y) =
Γ (x)Γ (y)
Γ (x+ y)

is the Beta function. Evaluate

the quantity :

χ[3ℓ+2]
1 (ℓ) = − 2iz2

h̄

[
1

3ℓ+2
γ[3ℓ+1]
0 − 2i

h̄

(3ℓ)2
(3ℓ+2)4

γ[3ℓ−2)]
0

]

= −
(

2iz2

h̄

)2(
2i
h̄

)ℓ 32ℓ

(3ℓ+2)!




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)




2[
Fz,1(ℓ)−

(3ℓ)2
(3ℓ−1)2

Fz,1(ℓ−1)

]
.

By inserting :

Fz,1(ℓ)−
3ℓ

3ℓ−1
Fz,1(ℓ−1) =





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1





− 3ℓ
3ℓ−1





ℓ−1
∑

m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1





=
1

3ℓ−1





1−
ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

+
3ℓ

3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


into χ [3ℓ+2]
1 (ℓ), we finally obtain :

χ[3ℓ+2]
1 (ℓ) = −

(
2iz2

h̄

)2(
2i
h̄

)ℓ 32ℓ

(3ℓ+2)!




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)




2

.
1

3ℓ−1





1−
ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

+
3ℓ

3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


=

(
2iz2

h̄

)2(
2i
h̄

)ℓ 32ℓ

(3ℓ+2)!




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)




2

.
1

3ℓ−1





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


.

Again, the coefficient of the term of lowest degree inz2 in
c3k+2 can be computed by :

γ[3k+2]
0 = χ[3k+2]

1 (k)+
k−1
∑
ℓ=1

(
2i
h̄

)ℓ 32k

(3k+2)3ℓ

[
Γ (k+1)

Γ (k− ℓ+1)

]2
χ[3(k−ℓ)+2]
1 (k− ℓ)+

(
2i
h̄

)k 32k

(3k+2)3k
[Γ (k+1)]2 γ[2]0

=

(
2i
h̄

)k 32k

(3k+2)3k
[Γ (k+1)]2 γ[2]0 +χ[3k+2]

1 (k)+

(
2iz2

h̄

)2(
2i
h̄

)k 32k [Γ (k+1)]2

(3k+2)!

k−1
∑
ℓ=1




Γ
(

k− ℓ+
2
3

)

Γ
(

2
3

)
Γ (k− ℓ+1)




2

1
3(k− ℓ)−1





k−ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1− 3(k− ℓ)

3(k− ℓ)−2




B

(
2
3
,k− ℓ+

1
3

)

B

(
1
3
,k− ℓ+

2
3

)




2


=

(
− 2iz2

h̄

)2(
2i
h̄

)k 32k

(3k+2)3k2!
[Γ (k+1)]2

+

(
2iz2

h̄

)2(
2i
h̄

)k 32k [Γ (k+1)]2

(3k+2)!
.

k
∑
ℓ=1




B

(
1, ℓ+

2
3

)

B

(
2
3
, ℓ+1

)




2

1
3ℓ−1





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


=

(
2iz2

h̄

)2(
2i
h̄

)k 32k [Γ (k+1)]2

(3k+2)!
Fz,2(k) , (7)

whereFz,2 : N∗ →R is defined by :

Fz,2(k)=1+
k
∑
ℓ=1




B

(
1, ℓ+

2
3

)

B

(
2
3
, ℓ+1

)




2

1
3ℓ−1





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

−1− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


.

Similarly, if we placeφ(t) = g(t)exp

[
i
h̄

(
t3

3
− z2t

)]
, we

obtain the following ODE forg :

g′′ + 2i
h̄
(t2−z2)g′+

(
4z2t2

h̄2 +
2it
h̄

)
g= 0

which looks like the ODE defining the functionf , but i

being swapped to−i. By writing downg(t) = tν
+∞

∑
k=0

dkt
k,

we get :

1
t2 ∑+∞

k=0(ν + k)(ν + k−1)dktk− 2iz2

h̄t ∑+∞
k=0(ν + k)dktk+ 2it

h̄ ∑+∞
k=0(ν + k+1)dktk+ 4z2t2

h̄2 ∑+∞
k=0dktk = 0 ,

as well as the conditions :

•order−2 : ν(ν −1) = 0

•order−1 : (ν +1)νd1−
2iz2

h̄
νd0 = 0

=⇒





if ν = 0 : d1 is arbitrary

otherwise ifν = 1 : d1 =
1

(ν +1)
2iz2

h̄
,

•order+0 : (ν +2)(ν +1)d2−
2iz2

h̄
(ν +1)d1 = 0

=⇒





if ν = 0 : d2 depends on the choice ofd1

otherwise ifν = 1 : d2 =
1

(ν +2)2

(
2iz2

h̄

)2
,

•order +1 :

(ν +3)(ν +2)d3−
2iz2

h̄
(ν +2)d2+

2i
h̄
(ν +1)d0 = 0

=⇒





if ν = 0 : d3 depends on the choice ofd1

otherwise ifν = 1 : d3 =
1

(ν +3)3

(
2iz2

h̄

)3

− 2i
h̄
(ν +1)2

(ν +3)3

.
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And for k> 4, the recurrence relation is given by :

dk =
2iz2

h̄
1

ν +k
dk−1 −

2i
h̄
(ν +k−2)2

(ν +k)3
dk−3−

4z2

h̄2

(ν +k−2)2

(ν +k)4
dk−4 .

Fork> 1, we setd3k+ j =
k−1

∑
ℓ=0

δ [3k+ j ]
ℓ z6ℓ+2 j . The coefficient

of the term of highest degree inz2 can be easily deduced :

δ [3k+ j ]
k−1 =

1
(3k+ j)!

(
2i
h̄

)3k−3+ j

.

The above recurrence relation can be rewritten as :

dk =
2iz2

h̄

[
1
k

dk−1+
2i
h̄
(k−2)2

k4
dk−4

]
− 2i

h̄
(k−2)2

k3
dk−3 .

(8)
In d3k, the coefficient of the term of lowest degree inz2 is
:

δ [3k]
0 =

(
− 2i

h̄

)k (3k−2)2(3k−5)2 . . .12

(3k)!
d0

=

(
− 2i

h̄

)k 32k

(3k)!

(
k− 2

3

)2

k
=

(
− 2i

h̄

)k 32k

(3k)!




Γ
(

k+
1
3

)

Γ
(

1
3

)




2

. (9)

Assuming thatk is large enough, let us compare the

magnitudes ofδ [3k]
k−1z6k−6 andδ [3k]

0 in the coefficientd3k :
∣∣∣∣∣∣∣

δ [3k]
0

δ [3k]
k−1z6k−6

∣∣∣∣∣∣∣
=

(
2
h̄

)3( h̄
2

)2k 32k

z6k−6




Γ
(

k+
1
3

)

Γ
(

1
3

)




2

≃
(

2
h̄

)3( h̄
2

)2k 32k

z6k−6




Γ
(

k+
4
3

)

kΓ
(

1
3

)




2

≃
(

2
h̄

)3( h̄
2

)2k 32k

z6k−6




k1/3√2πk

(
k
e

)k

kΓ
(

1
3

)




2

=

(
2z2

h̄

)3
2π

k1/3
[

Γ
(

1
3

)]2

(
3h̄k

2ez3

)2k [
k→+∞]−→+∞ .

Introduce the quantity :

χ[3ℓ+1]
0 (ℓ) =

2iz2

h̄

[
1

3ℓ+1
δ [3ℓ]0 +

2i
h̄

(3ℓ−1)2
(3ℓ+1)4

δ [3(ℓ−1)]
0

]

=
2iz2

h̄

(
− 2i

h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2


1− (3ℓ−1)2
32




Γ
(
ℓ−1+

1
3

)

Γ
(
ℓ+

1
3

)




2


=
2iz2

h̄

(
− 2i

h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2[
1− (3ℓ−1)2

(3ℓ−2)2

]

=− 2iz2

h̄

(
− 2i

h̄

)ℓ 32ℓ

(3ℓ+1)!




Γ
(
ℓ+

1
3

)

Γ
(

1
3

)




2

1
3ℓ−2

.

Now the coefficient of the term of lowest degree inz2 in
d3k+1 can be computed by means of a discrete convolution.
Therefore :
δ [3k+1]
0 = χ[3k+1]

0 (k)+
k−1
∑
ℓ=1

(
− 2i

h̄

)ℓ 32ℓ

(3k+1)3ℓ

(
k− 1

3

)2

ℓ
χ[3(k−ℓ)+1]
0 (k− ℓ)

= χ[3k+1]
0 (k)− 2iz2

h̄

(
− 2i

h̄

)k 32k

(3k+1)!

k−1
∑
ℓ=1




Γ
(

k+
2
3

)

Γ
(

k− ℓ+
2
3

)




2


Γ
(

k− ℓ+
1
3

)

Γ
(

1
3

)




2

1
3(k− ℓ)−2

= χ[3k+1]
0 (k)− 2iz2

h̄

(
− 2i

h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2
k−1
∑
ℓ=1




Γ
(

2
3

)
Γ
(
ℓ+

1
3

)

Γ
(

1
3

)
Γ
(
ℓ+

2
3

)




2

1
3ℓ−2

= − 2iz2

h̄

(
− 2i

h̄

)k 32k

(3k+1)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2
k
∑
ℓ=1




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2

1
3ℓ−2

︸ ︷︷ ︸
Gz,1(k)=1+Fz,1(k)

. (10)

When x is fixed, for large values ofy : B(x,y)≃ Γ (x)
yx .

Consequently, the general term in the sum is aO

(
1

ℓ5/3

)

for ℓ large enough.
Evaluate the quantity :

χ[3ℓ+2]
1 (ℓ) =

2iz2

h̄

[
1

3ℓ+2
δ [3ℓ+1]
0 +

2i
h̄

(3ℓ)2
(3ℓ+2)4

δ [3ℓ−2)]
0

]

= −
(

2iz2

h̄

)2(
− 2i

h̄

)ℓ 32ℓ

(3ℓ+2)!




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)




2

.





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− (3ℓ)2
(3ℓ−1)2

ℓ−1
∑

m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2





=

(
2iz2

h̄

)2(
− 2i

h̄

)ℓ 32ℓ

(3ℓ+2)!




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)




2

1
3ℓ−1

.





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


.

Again, the coefficient of the term of lowest degree inz2 in
d3k+2 can be computed by :

δ [3k+2]
0 = χ[3k+2]

1 (k)+
k−1
∑
ℓ=1

(
− 2i

h̄

)ℓ 32ℓ

(3k+2)3ℓ
k2
ℓ χ[3(k−ℓ)+2]

1 (k− ℓ)

= χ[3k+2]
1 (k)+

(
2iz2

h̄

)2(
− 2i

h̄

)k 32k

(3k+2)!

k−1
∑
ℓ=1




Γ
(

k− ℓ+
2
3

)

Γ
(

2
3

)




2

k2
ℓ

3(k− ℓ)−1





k−ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3(k− ℓ)

3(k− ℓ)−2




B

(
2
3
,k− ℓ+

1
3

)

B

(
1
3
,k− ℓ+

2
3

)




2


= χ[3k+2]
1 (k)+

(
2iz2

h̄

)2(
− 2i

h̄

)k 32k

(3k+2)!

k−1
∑
ℓ=1




Γ
(

k− ℓ+
2
3

)
Γ (k+1)

Γ
(

2
3

)
Γ (k− ℓ+1)




2

1
3(k− ℓ)−1

.





k−ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3(k− ℓ)

3(k− ℓ)−2




B

(
2
3
,k− ℓ+

1
3

)

B

(
1
3
,k− ℓ+

2
3

)




2


=

(
2iz2

h̄

)2(
− 2i

h̄

)k 32k

(3k+2)!




Γ
(

k+
2
3

)

Γ
(

2
3

)




2

1
3k−1

.





k
∑

m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3k
3k−2




B

(
2
3
,k+

1
3

)

B

(
1
3
,k+

2
3

)




2


+

(
2iz2

h̄

)2(
− 2i

h̄

)k 32kΓ (k+1)2

(3k+2)!

k−1
∑
ℓ=1




Γ
(
ℓ+

2
3

)

Γ
(

2
3

)
Γ (ℓ+1)




2

1
3ℓ−1

.





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


=

(
2iz2

h̄

)2(
− 2i

h̄

)k 32kΓ (k+1)2

(3k+2)!

.
k
∑
ℓ=1




B

(
1, ℓ+

2
3

)

B

(
2
3
, ℓ+1

)




2

1
3ℓ−1





ℓ

∑
m=1




B

(
2
3
,m+

1
3

)

B

(
1
3
,m+

2
3

)




2

1
3m−2

− 3ℓ
3ℓ−2




B

(
2
3
, ℓ+

1
3

)

B

(
1
3
, ℓ+

2
3

)




2


︸ ︷︷ ︸
Gz,2(k)

. (11)

The general term in the sum is aO

(
1

ℓ4/3

)
for ℓ large

enough.
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2.4 Dominant exponential solutions in the
π
6

and
5π
6

directions

For the seriesg1 =
+∞

∑
k=0

dkt
k, when k becomes large, the

summands in the polynomial expansion ofdk are

negligible before the termδ [k]
0 z6{k/3} of lowest degree.

Moreover :
+∞
∑

k=0
dktk = 1+

+∞
∑

k=1

(
d3k +d3k+1t +d3k+2t2

)
t3k ≃

+∞
∑

k=1

(
δ [3k]
0 +δ [3k+1]

0 t +δ [3k+2]
0 t2

)
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=
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∑
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

Γ
(

1
3

)
Γ
(

k+
2
3

)

Γ
(

2
3

)
Γ
(

k+
1
3

)




2
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.
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

2

t3k

≃
+∞
∑

k=1



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.
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)
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(

1
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)
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2

t3k ,

with the numerical values :




G∞
z,1 = lim

k→+∞
Gz,1(k)≃ 3,67.10−1

G∞
z,2 = lim

k→+∞
Gz,2(k)≃−7,1.10−2 .

For Argt =
π
6

i.e. t = Tei π
6 (allowingT →+∞ as usual) :

+∞
∑

k=0
dktk ≃

+∞
∑
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


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2
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3
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.
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2
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
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1
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Γ
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1
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[
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+
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.
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2
3

)]2
G∞

z,1Te
i π

6

3x
1/3
0

+

(
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.
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+
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0
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+
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ex0 ,

where x0 =
2T3

3h̄
by using Corollary1. So in the

π
6

direction, we have asymptotically :

g1(t) =




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3

(
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2
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T
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(
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)
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(
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1
t
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)
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3
√

3h̄





1+

(
3h̄
2

)2/3 e
i π

3
[

Γ
(

2
3

)]2
G∞

z,1
G∞

z,2

1

z2





1
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by recalling thatz is large. Similarly in the
5π
6

direction,

we have asymptotically :

g1(t) =
2π√
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(
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.

2.5 Dominant exponential solutions in the
π
2

and
7π
6

directions

For the seriesf1 =
+∞

∑
k=0

ckt
k, when k becomes large, we

shall neglect every summand in the polynomial expansion

of ck but γ [k]0 z6{k/3}. Hence :
+∞
∑

k=0
cktk = 1− 2iz2

h̄
t +

1
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(
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t2+
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∑
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.
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with the numerical values :



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z,1 = lim

k→+∞
Fz,1(k) = G∞
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z,2 = lim
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For Argt =
π
2

i.e. t = iT :
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ex0 ,
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where x0 =
2T3

3h̄
by using Corollary1. So in the

π
2

direction, we have asymptotically :

f1(t) =
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)

sincez is large. Similarly for Argt =
7π
6

i.e. t = Tei 7π
6 :
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by using Corollary1. In the
7π
6

direction, we have

asymptotically :

f1(t) =
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sincez is large.

2.6 Stokes multipliers

Recall that φ(t) =
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Let us recap our results :

• for Argt =
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z,2z4

3
√

3h̄





1+

(
3h̄
2

)2/3 e
i π

3
[

Γ
(

2
3

)]2
F∞
z,1

F∞
z,2

1

z2





1
t

exp

[
i
h̄

(
t3

3
+z2t

)]

in the sense of asymptotic series. So the Stokes multipliers
are approximated by :

C̃S1 = −
G∞

z,2

F∞
z,2

(
3h̄
2

)2/3 e−i π
3 −ei π

3
[
Γ
(

2
3

)]2

G∞
z,1

G∞
z,2

1
z2

=

(
3h̄
2

)2/3 i
√

3
[
Γ
(

2
3

)]2

G∞
z,1

F∞
z,2

1
z2

andC̃S2 = −
F∞

z,2

G∞
z,2

(
3h̄

2

)2/3 ei π
3 +1

[
Γ
(

2
3

)]2

F∞
z,1

F∞
z,2

1
z2 =−

(
3h̄

2

)2/3 √
3ei π

6
[

Γ
(

2
3

)]2

G∞
z,1

F∞
z,2

1
z2

while C̃S1C̃S2 = −
(

3h̄
2

)4/3 3iei π
6

[
Γ
(

2
3

)]4

(
G∞

z,1

F∞
z,2

)2
1
z4 .

2.7 Scattering coefficients

Once the Stokes multipliers obtained, it follows that the
S-matrix components can be expressed as :

aSDE(z)
∗ =


1−

(
3h̄

2

)4/3 3iei π
6

[
Γ
(

2
3

)]4

(
G∞

z,1

F∞
z,2

)2
1
z4


exp

(
− 4z3

3h̄

)

and bSDE(z) =

(
3h̄
2

)2/3 i
√

3
[

Γ
(

2
3

)]2

G∞
z,1

F∞
z,2

1
z2 exp

(
4z3

3h̄

)
.

Recall the validity domain of our computations, that is
z ≫ h̄. The absence of exact expressions for the series
coefficients ck (respectively dk) ends up in the

discrepancy ofbSDE(z) : the factor

(
h̄
z3

)2/3

clearly fails

to prevent the exponential growth. This phenomenon was
previously observed in Section 5 of [4].

Define the adimensional parameterµ2 =
z3

h̄
. The next

figure displays the graphs ofaSDE andbSDE with respect
to µ2.
Anyway : lim

z→+∞
aSDE(z) = 0+. So we can reasonably

conclude that :

lim
z→+∞

S(z) =

(
0 1
−1 0

)
. (12)

3 In the adiabatic limit : weak coupling z→ 0

From this point, we shall assume that 0< z ≪ h̄. All
turning points are collapsing towards the origin, though
with different paces. Let us return to the original
second-order ODE :

h̄2 d2ψ1

dt2
− h̄2

t
dψ1

dt
+

[
(t2+ z2)− ih̄

t

]
(t2+ z2)ψ1 = 0 .

(13)
Our main result is :
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Proposition 1.Let us consider the following vector-valued
Schr̈odinger equation :

h̄
i

dψ(t)
dt

=
[
Re(t + iz)2σ3+ Im(t + iz)2σ1

]
ψ(t) .

When0 < z ≪ h̄, the two transition probabilities in a
parabolic intersection are :




a(z) = exp

[
−3

√
3

π
Γ
(

2
3

)3( z3

2h̄

)2/3
]
+3e−i 2π

3 G∞
0,1

(
3
2

)1/3

Γ
(

4
3

)
cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
](

z3

h̄

)2/3

b(z) = cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
] Γ

(
4
3

)

Γ
(

5
3

)
√

3G∞
0,1

(
2z3

3h̄

)1/3 ,

(14)
where G∞

0,1 is the constant defined by :

G∞
0,1 = lim

k→+∞


1− 1

4

k

∑
ℓ=1

B

(
2,

3ℓ
2
− 1

2

)

B

(
4
3
, ℓ

) 1
ℓ


 .

Corollary 2.The S-matrix is given by :

S(z)
[
0

+

]∼


exp


− 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3

−G∞

0,1

(
3
2

)4/3
Γ
(

4
3

)
cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3


(

z3

h̄

)2/3


12

−
√

3G∞
0,1

(
3
2

)4/3
Γ
(

4
3

)
cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3


(

z3

h̄

)2/3
σ3

+ i
√

3G∞
0,1 cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3



Γ
(

4
3

)

Γ
(

5
3

)
(

2z3

3h̄

)1/3
σ2 .

This expression holds in a small neighbourhood of0,
yielding : lim

z→0
S(z) = 12.

The rest of this paper is devoted to the proof of
Proposition1. We will follow the same strategy as in
Section2. Let us start in determining the singularities of
the differential equation (13) in the complex plane. After
a suitable change of variables, it is always possible to
eliminate the first derivative in (13). The Wronskian is :

Wr(t) = exp

(
−
∫ t

−ds
s

)
= t .

Introduce a new variable :

u=

∫ t
Wr(s)ds=

t2

2
⇐⇒ t =

√
2u .

Setψ1(t) = y(u). Then the ODE transforms as :

h̄2(2uy′′+y′)− h̄2y′+
[
(2u+z2)− ih̄√

2u

]
(2u+z2)y= 0

⇐⇒ y′′+
1

h̄2
(2u+z2)

√
2u− ih̄

2u
√

2u
(2u+z2)y= 0 .

The singularities in theu-plane are the poles and zeroes

of the function
(2u+ z2)

√
2u− ih̄

2u
√

2u
(2u+ z2). Thus we shall

discover that :

•0 is a pole
•2u=−z2 is a first-order zero
•3 new first-order zeroes appear approximatively at :

√
2u≃ ei( π

6+
2kπ
3 )h̄1/3− 1

3
e−i( π

6 +
2kπ
3 ) z2

h̄1/3

by performing a Kruskal-Newton iteration

Going back in thet-plane, aside the ”inner” zeroes±iz,
we find 3 extra ”outer” first-order zeroes located att ≃
ei( π

6+
2kπ
3 )h̄1/3 wherek∈ F. Moreover :

[
(2u+z2)

√
2u− ih̄

2u
√

2u
(2u+z2)

]1/2

du

=

[
(t2+z2)t − ih̄

t
(t2+z2)

]1/2

dt = Q(t)1/2dt .

The above figure, viewed on a very large scale, is not
distinguishable from a simplified Stokes plot obtained by
using asymptotically large|t|, as shown in Figure??. The
local structure near the origin is not relevant for the global
continuation at infinity.

3.1 Connecting the asymptotic solutions

Continuation through the upper half-plane gives :

1.start on the positive real axis with the subdominant
solution :(t2, t)s

2.crossing a Stokes line :(t2, t)s
3.crossing an anti-Stokes line :(t2, t)d

4.stepping on a Stokes line :(t2, t)d +
CS1

2
(t, t2)s

reconnecting t2 to t3 :

e−i π
3 [t2,0]ℓ[0, t3]r(t3, t)d +

CS1

2
(t, t3)s[t3,0]r [0, t2]ℓe

i π
3

5.stepping the Stoke line :e−i π
3 [t2,0]ℓ[0, t3]r(t3, t)d

+
CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}
(t, t3)s

6.crossing an anti-Stokes line :e−i π
3 [t2,0]ℓ[0, t3]r(t3, t)s

+
CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}
(t, t3)d

crossing a Riemannian cut :e−i π
3 [t2,0]ℓ[0, t3]r(t, t3)s

CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}
(t3, t)d

7.crossing a Stokes line :
[
e−i π

3 [t2,0]ℓ[0, t3]r +
CS2CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}]

(t, t3)s

+
CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}
(t3, t)d

8.crossing an anti-Stokes line :
[
e−i π

3 [t2,0]ℓ[0, t3]r +
CS2CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}]

(−t, t3)d

+
CS1

2

{
[t3,0]r [0, t2]ℓe

i π
3 +e−i π

3 [t2,0]ℓ[0, t3]r
}
(t3,−t)s
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with the Stokes multipliers CS1 =CS

(π
2

)
and

CS2 =CS

(
5π
6

)
. As in Section 5 of [4], we also add a

phasee∓i π
3 = e∓i 5π

12 e±i π
12 to compensate the additional

presence of a square root t±1/2 before

exp

[
± i

h̄

(
t3

3
+ z2t

)]
.

3.2 Computing the left action W

Besides, the actionW is defined byeW = [t3,0]r [0, t2]ℓ :

W = − i
h̄

{∫ iz

t3

[
(t2+z2)t− ih̄

t
(t2+z2)

]1/2

dt+
∫ t2

iz

[
(t2+z2)t − ih̄

t
(t2+z2)

]1/2

dt

}

=W1+W2 .

Write down :

Q(t) =−ih̄t

(
1+

z2

t2

)[
1− t3

ih̄

(
1+

z2

t2

)]
.

Sincez6 |t| 6 h̄1/3, let us try a Taylor expansion of the
square root :

Q(t)1/2 = ±ie
i π

4 h̄1/2√t



+∞
∑

k=0

(
1
2

)

k

1
k!

(
z2

t2

)k




+∞
∑
ℓ=0

(
1
2

)

ℓ

1
ℓ!

(
it 3

h̄

)ℓ
∑

06m6ℓ

(
ℓ

m

)(
z2

t2

)m



= ±ie
i π

4 h̄1/2 ∑
k,ℓ

∑
06m6ℓ

(
1
2

)

k

(
1
2

)

ℓ

(
ℓ

m

)
1

k!ℓ!

(
i
h̄

)ℓ
z2(k+m) t

1
2+3ℓ−2(k+m)

= ±ie
i π

4 h̄1/2 ∑
k,ℓ

∑
06m6ℓ

(
ℓ

m

)
(−1)k+ℓ

22(k+ℓ) (2k−1)(2ℓ−1)

(2k)!(2ℓ)!

k!2ℓ!2

(
i
h̄

)ℓ
z2(k+m)t

1
2+3ℓ−2(k+m)

,

by using the identity

(
1
2

)

k
=− (−1)k

22k

(2k)!
(2k−1)k!

.

Therefore :

W2 = − e
i π

4

h̄1/2 ∑
k,ℓ

∑
06m6ℓ

1
3
2
+3ℓ−2(k+m)

(
ℓ

m

)
(−1)k+ℓ

22(k+ℓ)(2k−1)(2ℓ−1)

(2k)!(2ℓ)!

k!2ℓ!2

(
i
h̄

)ℓ
z2(k+m)t

3
2+3ℓ−2(k+m)

∣∣∣∣∣

t3

iz

=− e
i π

4

h̄1/2 ∑
k,ℓ

∑
06m6ℓ

1
3
2
+3ℓ−2(k+m)

(
ℓ

m

)
(−1)k+ℓ

22(k+ℓ) (2k−1)(2ℓ−1)

(2k)!(2ℓ)!

k!2ℓ!2

(
i
h̄

)ℓ

z2(k+m)


e

i π
4 h̄1/2

(
e
i π

6 h̄1/3
)3ℓ−2(k+m)

(
1− 1

3
e
−i π

3 z2

h̄2/3

) 3
2+3ℓ−2(k+m)

− (iz)
3
2+3ℓ−2(k+m)




≃− e
i π

4

h̄1/2 ∑
k,ℓ

∑
06m6ℓ

1
3
2
+3ℓ−2(k+m)

(
ℓ

m

)
(−1)k+ℓ

22(k+ℓ) (2k−1)(2ℓ−1)

(2k)!(2ℓ)!

k!2ℓ!2

(
i
h̄

)ℓ

z2(k+m)

[
e
i π

4 h̄1/2
(

e
i π

6 h̄1/3
)3ℓ−2(k+m)

(
1− 1

3

[
3
2
+3ℓ−2(k+m)

]
e
−i π

3 z2

h̄2/3

)
− (iz)

3
2+3ℓ−2(k+m)

]
.

The dominant term inW2 is obtained fork= m= 0 :

2i
3

+∞

∑
ℓ=0

1
2ℓ+1

(−1)ℓ(2ℓ)!
22ℓ(2ℓ−1)ℓ!2

(
i
h̄

)ℓ(
ei π

6 h̄1/3
)3ℓ

=
2i
3

+∞

∑
ℓ=0

(2ℓ)!
22ℓ(2ℓ+1)(2ℓ−1)ℓ!2

=− i
3

+∞

∑
ℓ=0

(
ℓ− 3

2
ℓ

)
1

ℓ+
1
2

=− i
3

B

(
1
2
,
3
2

)
=− iπ

6
.

The next one is whenℓ= 0 :

ei π
4

h̄1/2

+∞

∑
k=0

2
4k−3

(−1)k(2k)!
22k(2k−1)k!2 (iz)

3/2 = 2

(
z3

h̄

)1/2 +∞

∑
k=0

(−1)k(2k)!
22k(4k−3)(2k−1)k!2 .

The next one is the sum of three contributions :

• whenk= 0, m= 0 :

− i
3

+∞

∑
ℓ=0

(−1)ℓ

22ℓ(2ℓ−1)
(2ℓ)!
ℓ!2

(
i
h̄

)ℓ(
ei π

6 h̄1/3
)3ℓ

e−i π
3

z2

h̄2/3

=− i
3

e−i π
3

(
z3

h̄

)2/3 +∞

∑
ℓ=0

(2ℓ)!
22ℓ(2ℓ−1)ℓ!2

• whenk= 1, m= 0 :

i
+∞

∑
ℓ=0

1
6ℓ−1

(−1)ℓ

22ℓ(2ℓ−1)
(2ℓ)!
ℓ!2

(
i
h̄

)ℓ(
ei π

6 h̄1/3
)3ℓ−2

z2

= ie−i π
3

(
z3

h̄

)2/3 +∞

∑
ℓ=0

(2ℓ)!
22ℓ(6ℓ−1)(2ℓ−1)ℓ!2

• whenk= 0, m= 1 :

i
+∞

∑
ℓ=1

2ℓ
6ℓ−1

(−1)ℓ

22(k+ℓ)(2ℓ−1)

(2ℓ)!
ℓ!2

(
i
h̄

)ℓ(
ei π

6 h̄1/3
)3ℓ−2

z2

= 2ie−i π
3

(
z3

h̄

)2/3 +∞

∑
ℓ=0

ℓ(2ℓ)!
22ℓ(6ℓ−1)(2ℓ−1)ℓ!2 ,

yielding :

ie−i π
3

(
z3

h̄

)2/3[
4
3 −∑+∞

ℓ=1
(2ℓ)!

22ℓ(2ℓ−1)ℓ!2

(
1
3 − 1

6ℓ−1 − 2ℓ
6ℓ−1

)]
= 4i

3 e−i π
3

(
z3

h̄

)2/3
∑+∞
ℓ=1

(2ℓ)!
22ℓ(6ℓ−1)(2ℓ−1)ℓ!2

.

It is left to the reader (as an exercise on the
hypergeometric function2F1) to show that :

W2 =− iπ
6
+

2
32F1

(
− 3

4
,− 1

2
,

1
4

;−1

)(
z3

h̄

)1/2

+
3
π

ei π
6 Γ
(

2
3

)3( z3

2h̄

)2/3

+O
(
z4) .

For theW1 part :

−W1 ≃ − e
i π

4

h̄1/2 ∑
k,ℓ

∑
06m6ℓ

1
3
2
+3ℓ−2(k+m)

(
ℓ

m

)
(−1)k+ℓ

22(k+ℓ) (2k−1)(2ℓ−1)

(2k)!(2ℓ)!

k!2ℓ!2

(
i
h̄

)ℓ

z2(k+m)


e

i 5π
4 h̄1/2

(
e
i 5π

6 h̄1/3
)3ℓ−2(k+m)(

1− 1
3

[
3
2
+3ℓ−2(k+m)

]
e
−i 5π

3 z2

h̄2/3

)
− (iz)

3
2+3ℓ−2(k+m)




=
iπ
6

+
2
3 2F1

(
− 3

4
,− 1

2
,

1
4

;−1

)(
z3

h̄

)1/2
− 3

π
e
−i π

6 Γ
(

2
3

)3
(

z3

2h̄

)2/3
+O

(
z4
)
.

Finally, we find that :

W =− iπ
3

+
6
π

cos
π
6

Γ
(

2
3

)3 z2

(2h̄)2/3
=− iπ

3
+

3
√

3
π

Γ
(

2
3

)3 z2

(2h̄)2/3
(15)

is almost an imaginary complex number as expected.
Subsequently, we have :[

e−We−i π
3 +

CS2CS1

2

(
eWei π

3 +e−i π
3 e−W

)]
(−t, t3)d

+
CS1

2

(
eWei π

3 +e−i π
3 e−W

)
(t3,−t)s ! (t2, t)s .

Take the reference point for the phase to beτ = 0.
Formally divide both sides by[t2,0]r , then :
[
e−We−i π

3 +
CS2CS1

2

(
eWei π

3 +e−i π
3 e−W

)]
(−t,0)d

+
CS1

2

(
eWei π

3 +e−i π
3 e−W

)
(0,−t)s ! (0, t)s
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since [t2,0]r [0, t3]r = 1+O(z2). Therefore, we can infer
the 2 transition probabilities :

a(z)∗ = exp

[
−3

√
3

π
Γ
(

2
3

)3( z3

2h̄

)2/3
]

+CS2CS1 cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
]

andb(z) =− t
z
CS1 cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
]

accordingly to Rule 1 of [5].

3.3 Compatibility relation

Assume that ψ1 can be defined by two different
expressions :

ψ1(t) = [A f1(t)+B f2(t)]exp

[
− i

h̄

(
t3

3
−z2t

)]

= [Cg1(t)+Dg2(t)]exp

[
i
h̄

(
t3

3
−z2t

)]

as in the forthcoming subsection. Then :

ψ1(t) =

(
A
+∞
∑

k=0
c
[ f1]
k tk +B

+∞
∑

k=0
c
[ f2]
k tk+2

)
exp

[
− i

h̄

(
t3

3
−z2t

)]

ψ′
1(t) =

{
A

[
+∞
∑

k=1
kc
[ f1]
k tk−1− i(t2−z2)

h̄

+∞
∑

k=0
c
[ f1]
k tk

]
+B

[
+∞
∑

k=0
(k+2)c

[ f2]
k tk+1− i(t2−z2)

h̄

+∞
∑

k=0
c
[ f2]
k tk+2

]}

exp

[
− i

h̄

(
t3

3
−z2t

)]

ψ′′
1 (t) = A

[
+∞
∑

k=2
k2c

[ f1]
k tk−2− 2i(t2−z2)

h̄

+∞
∑

k=1
kc
[ f1]
k tk−1− (t2−z2)2

h̄2

+∞
∑

k=0
c
[ f1]
k tk

]
exp

[
− i

h̄

(
t3

3
−z2t

)]

+ B

[
+∞
∑

k=0
(k+2)2c

[ f2]
k tk − 2i(t2−z2)

h̄

+∞
∑

k=0
(k+2)c

[ f2]
k tk+1− (t2−z2)2

h̄2

+∞
∑

k=0
c
[ f2]
k tk+2

]

.exp

[
− i

h̄

(
t3

3
−z2t

)]

by Liebniz formula. The conditions of compatibility forψ1
and its first two derivatives att = 0 yield :






Ac
[ f1]
0 =Cd

[g1]
0

A

(
c
[ f1]
1 +

iz2

h̄
c
[ f1]
0

)
=C

(
d
[g1]
1 − iz2

h̄
d
[g1]
0

)

A

(
2c
[ f1]
2 +

2iz2

h̄
c
[ f1]
1 − z4

h̄2 c
[ f1]
0

)
+2Bc

[ f2]
0 =C

(
2d

[g1]
2 − 2iz2

h̄
d
[g1]
1 − z4

h̄2 d
[g1]
0

)
+2Dd

[g2]
0

. (16)

For convenience, we chooseA=C= 0 andB= D = 1 (or
equivalentlyν = 2).

3.4 Power series solutions

By setting ψ1(t) = f (t)exp

[
− i

h̄

(
t3

3
− z2t

)]
, we find

that f satisfies :

f ′′−
[

2i
h̄
(t2− z2)+

1
t

]
f ′+

[
4z2t2

h̄2 − 2i
h̄t
(t2+ z2)

]
f = 0 .

(17)

Write f as a normalized power series :f (t) = tν
+∞

∑
k=0

ckt
k,

with c0 = 1. Substituting in (17) :
1

t2

+∞
∑

k=0
(ν +k)2cktk −

(
2it
h̄

− 2iz2

h̄t
+

1

t2

)
+∞
∑

k=0
(ν +k)cktk+

(
4z2t2

h̄2 − 2it
h̄

− 2iz2

h̄t

)
+∞
∑

k=0
cktk = 0

⇐⇒ 1

t2

+∞
∑

k=0
(ν +k)(ν +k−2)cktk +

2iz2

h̄t

+∞
∑

k=0
(ν +k−1)cktk − 2it

h̄

+∞
∑

k=0
(ν +k+1)cktk +

4z2t2

h̄2

+∞
∑

k=0
cktk = 0 ,

that is a recurrence relation over 5 ranks. Asidec0, let us
find the 3 next coefficients :

•order −2 : the necessary conditionν(ν − 2) = 0

implies

{
ν = 0

or ν = 2

•order−1 : (ν +1)(ν −1)c1+
2iz2

h̄
(ν −1)c0 = 0

=⇒ c1 =
1

ν +1

(
−2iz2

h̄

)
,

•order+0 : (ν +2)νc2+
2iz2

h̄
νc1 = 0

=⇒





if ν = 0 : c2 is arbitrary

otherwise ifν = 2 : c2 =
1

(ν +2)2

(
−2iz2

h̄

)2
,

•order +1 :

(ν +3)(ν +1)c3+
2iz2

h̄
(ν +1)c2−

2i
h̄
(ν +1)c0 = 0

=⇒





if ν = 0 : c3 depends on the choice ofc2

otherwise ifν = 2 : c3 =
1

(ν +3)3

(
− 2iz2

h̄

)3

+
1

ν +3
2i
h̄

.

Fork> 4, the recurrence relation between the coefficients
ck reads as :

(ν +k)(ν +k−2)ck +
2iz2

h̄
(ν +k−2)ck−1−

2i
h̄
(ν +k−2)ck−3+

4z2

h̄2 ck−4 = 0 .

The whole sequence is inductively obtained by :

ck =− 2iz2

h̄

[
1

ν+kck−1− 2i
h̄

1
(ν+k)(ν+k−2)ck−4

]
+ 2i

h̄
1

ν+kck−3 .

Since we decide to chooseν = 2 :

ck =−2iz2

h̄

[
1

k+2
ck−1−

2i
h̄

1
(k+2)k

ck−4

]
+

2i
h̄

1
k+2

ck−3 .

(18)
Let j ∈ F. Then for k > 1, we set

c3k+ j =
k

∑
ℓ=0

γ [3k+ j ]
ℓ z6ℓ+2 j . By inspection of (18), it is clear

that the coefficient of the term of highest degree inz2 is :

γ [3k+ j ]
k =

2
(3k+ j)!

(
−2i

h̄

)3k+ j

. In c3k, the coefficient of

the term of lowest degree inz2 is :

γ [3k]
0 =

(2i
h̄

)k 1
(3k+2)(3k−1)...2c0 =

( 2i
3h̄

)k
Γ
(

5
3

)

Γ
(

k+
5
3

) .

(19)
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Introduce the quantity :

χ [3ℓ+1]
0 (ℓ) = −2iz2

h̄

[
1

3ℓ+3
γ [3ℓ]0 − 2i

h̄
1

(3ℓ+3)(3ℓ+1)
γ [3(ℓ−1)]
0

]

=−2iz2

h̄

(
2i
3h̄

)ℓ Γ
(

5
3

)

Γ
(
ℓ+

5
3

) 1
3ℓ+3

[
1− 3ℓ+2

3ℓ+1

]

=
2iz2

h̄

(
2i
3h̄

)ℓ 1
(3ℓ+3)(3ℓ+1)

Γ
(

5
3

)

Γ
(
ℓ+

5
3

) .

Now the coefficient of the term of lowest degree inz2 in
c3k+1 can be computed by means of a discrete convolution.
Therefore :

γ[3k+1]
0 = χ[3k+1]

0 (k)+
k−1
∑
ℓ=1

(
2i
3h̄

)ℓ 1
(k+1)ℓ

χ[3(k−ℓ)+1]
0 (k− ℓ)+

(
2i
3h̄

)k 1
(k+1)k

γ[1]0

= χ[3k+1]
0 (k)+

2iz2

h̄

(
2i
3h̄

)k Γ
(

5
3

)

Γ (k+2)

k−1
∑
ℓ=1

Γ (k− ℓ+2)

[3(k− ℓ)+3][3(k− ℓ)+1]Γ
(

k− ℓ+
5
3

)

− 2iz2

h̄
1

3(k+1)!

(
2i
3h̄

)k

= χ[3k+1]
0 (k)+

2iz2

h̄

(
2i
3h̄

)k Γ
(

5
3

)

Γ (k+2)

k−1
∑
ℓ=1

Γ (ℓ+2)

(3ℓ+3)(3ℓ+1)Γ
(
ℓ+

5
3

) −

2iz2

h̄
1

3(k+1)!

(
2i
3h̄

)k

=
2iz2

h̄

(
2i
3h̄

)k 1
Γ (k+2)


Γ
(

5
3

) k
∑
ℓ=1

Γ (ℓ+1)

3(3ℓ+1)Γ
(
ℓ+

5
3

) − 1
3




=
2iz2

h̄

(
2i
3h̄

)k 1
Γ (k+2)

1
3

[
−1+

2
3

k
∑
ℓ=1

1
3ℓ+1

B

(
2
3
, ℓ+1

)]

︸ ︷︷ ︸
F0,1(k)

. (20)

Evaluate the quantity :

χ[3ℓ+2]
1 (ℓ) = − 2iz2

h̄

[
1

3ℓ+4
γ[3ℓ+1]
0 − 2i

h̄
1

(3ℓ+4)(3ℓ+2)
γ[3ℓ−2)]
0

]

= −
(

2iz2

h̄

)2(
2i
3h̄

)ℓ 1
3Γ (ℓ+2)

1
3ℓ+4

{[
−1+

2
3

ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)]
− 3(ℓ+1)

3ℓ+2

[
−1+

2
3

ℓ−1
∑

m=1

1
3m+1

B

(
2
3
,m+1

)]}

= −
(

2iz2

h̄

)2(
2i
3h̄

)ℓ 1
Γ (ℓ+2)

1
3(3ℓ+4)(3ℓ+2)

[
1− 2

3

ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)
+

2(ℓ+1)
3ℓ+1

B

(
2
3
, ℓ+1

)]
.

Again, the coefficient of the term of lowest degree inz2 in
c3k+2 can be computed by :

γ[3k+2]
0 = χ[3k+2]

1 (k)+
k−1
∑
ℓ=1

(
2i
3h̄

)ℓ 1(
k+

4
3

)

ℓ

χ[3(k−ℓ)+2]
1 (k− ℓ)+

(
2i
3h̄

)k 1(
k+

4
3

)

k

γ[2]0

=

(
2i
3h̄

)k Γ
(

7
3

)

Γ
(

k+
7
3

) 1
12

(
− 2iz2

h̄

)2
+χ[3k+2]

1 (k)−
(

2iz2

h̄

)2(
2i
3h̄

)k 1

Γ
(

k+
7
3

)

k−1
∑
ℓ=1

Γ
(

k− ℓ+
7
3

)

Γ (k− ℓ+2)
1

3[3(k− ℓ)+4][3(k− ℓ)+2]

[
1− 2

3

k−ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)
+

2(k− ℓ+1)
3(k− ℓ)+1

B

(
2
3
,k− ℓ+1

)]

=

(
2i
3h̄

)k Γ
(

7
3

)

Γ
(

k+
7
3

) 1
12

(
− 2iz2

h̄

)2
+χ3k+2]

1 (k)

−
(

2iz2

h̄

)2(
2i
3h̄

)k 1

Γ
(

k+
7
3

)

.
k−1
∑
ℓ=1

Γ
(
ℓ+

7
3

)

Γ (ℓ+2)
1

3(3ℓ+4)(3ℓ+2)

[
1− 2

3

ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)
+

2(ℓ+1)
3ℓ+1

B

(
2
3
, ℓ+1

)]

=
1
12

(
2iz2

h̄

)2(
2i
3h̄

)k Γ
(

7
3

)

Γ
(

k+
7
3

)

−
(

2iz2

h̄

)2(
2i
3h̄

)k Γ
(

7
3

)

Γ
(

k+
7
3

)

.
k
∑
ℓ=1

Γ
(
ℓ+

4
3

)

Γ
(

7
3

)
Γ (ℓ)

1
3(3ℓ+3)2ℓ

[
1− 2

3

ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)
+

2(ℓ+1)
3ℓ+1

B

(
2
3
, ℓ+1

)]

=

(
2iz2

h̄

)2(
2i
3h̄

)k Γ
(

7
3

)

Γ
(

k+
7
3

) F0,2(k) , (21)

with :

F0,2(k)=
1
3





1
4
−

k
∑
ℓ=1

B

(
1, ℓ+

4
3

)

B

(
7
3
, ℓ

) 1
(3ℓ+3)2ℓ

[
1− 2

3

ℓ

∑
m=1

1
3m+1

B

(
2
3
,m+1

)
+

2(ℓ+1)
3ℓ+1

B

(
2
3
, ℓ+1

)]




.

Similarly if we place ψ1(t) = g(t)exp

[
i
h̄

(
t3

3
− z2t

)]
,

theng satisfies :

g′′+

[
2i
h̄
(t2− z2)− 1

t

]
g′+

4z2t2

h̄2 g= 0 . (22)

The slight asymmetry between the ODEs off andg lies

in the presence of the term− ih̄
t

in the Schrödinger

equation (13). Write g as a normalized power series :

g(t) = tν
+∞

∑
k=0

dk(z)t
k, with d0 = 1. Substituting in (22) :

1
t2

+∞

∑
k=0

(ν +k)2dkt
k +

(
2it

h̄
− 2iz2

h̄t
− 1

t2

) +∞

∑
k=0

(ν +k)dkt
k +

4z2t2

h̄2

+∞

∑
k=0

dkt
k = 0

⇐⇒ 1
t2

+∞

∑
k=0

(ν +k)(ν +k−2)dkt
k − 2iz2

h̄t

+∞

∑
k=0

(ν +k)dkt
k +

2it
h̄

+∞

∑
k=0

(ν +k)dkt
k +

4z2t2

h̄2

+∞

∑
k=0

dkt
k = 0 .

Let us find the 4 first coefficients :

•order−2 : the same necessary conditionν(ν −2) = 0

implies

{
ν = 0

or ν = 2
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•order−1 :(ν +1)(ν −1)d1−
2iz2

h̄
νd0 = 0

=⇒





if ν = 0 : d1 = 0

otherwise ifν = 2 : d1 =
ν

(ν +1)(ν −1)
2iz2

h̄
,

•order+0 : (ν +2)νd2−
2iz2

h̄
(ν +1)d1 = 0

=⇒





if ν = 0 : d2 is arbitrary

otherwise ifν = 2 : d2 =
1

(ν +2)(ν −1)

(
2iz2

h̄

)2
,

•order +1 :

(ν +3)(ν +1)d3−
2iz2

h̄
(ν +2)d2+

2i
h̄

νd0 = 0

=⇒





if ν = 0 : d3 depends on the choice ofc2

otherwise ifν = 2 : d3 =
1

(ν +3)(ν +1)(ν −1)

(
2iz2

h̄

)3

− ν
(ν +3)(ν +1)

2i

h̄

Fork> 4, the recurrence relation between the coefficients
dk reads as :

(ν +k)(ν +k−2)dk −
2iz2

h̄
(ν +k−1)dk−1+

2i
h̄
(ν +k−3)dk−3 +

4z2

h̄2 dk−4 = 0 .

The whole sequence is then obtained by :

dk =
2iz2

h̄

[
ν +k−1

(ν +k)(ν +k−2)
dk−1+

2i
h̄

1
(ν +k)(ν +k−2)

dk−4

]

−2i
h̄

ν +k−3
(ν +k)(ν +k−2)

dk−3 .

As ν = 2, we shall deal with the recurrence relation :

dk =
2iz2

h̄

[
k+1

(k+2)k
dk−1+

2i
h̄

1
(k+2)k

dk−4

]
− 2i

h̄
k−1

(k+2)k
dk−3 .

Fork> 1, we setd3k+ j =
k

∑
ℓ=0

δ [3k+ j ]
ℓ z6ℓ+2 j . The coefficient

of the term of highest degree inz2 can be easily deduced :

δ [3k+ j]
k =

2
(3k+ j +2)(3k+ j)!

(
2i
h̄

)3k+ j

.

In d3k, the coefficient of the term of lowest degree inz2 is
:

δ [3k]
0 =

(
− 2i

h̄

)k 2
3k+2

1
3k(3k−3) . . .3

d0 =

(
− 2i

3h̄

)k 2
(3k+2)k!

. (23)

Introduce the quantity :

χ[3ℓ+1]
0 (ℓ) =

2iz2

h̄

[
3ℓ+2

(3ℓ+3)(3ℓ+1)
δ [3ℓ]0 +

2i
h̄

1
(3ℓ+3)(3ℓ+1)

δ [3(ℓ−1)]
0

]

=
2iz2

h̄

(
− 2i

3h̄

)ℓ 2
ℓ!(3ℓ+3)(3ℓ+1)

[
1− 3ℓ

3ℓ−1

]
=− 2iz2

h̄

(
− 2i

3h̄

)ℓ 2
ℓ!(3ℓ+3)(3ℓ+1)(3ℓ−1)

= − 2iz2

h̄

(
− 2i

3h̄

)ℓ 1
4ℓ!

Γ
(

3ℓ
2

− 1
2

)

Γ
(

3ℓ
2

+
5
2

) .

The coefficient of the term of lowest degree inz2 in d3k+1
can be computed by means of a discrete convolution.

Therefore :
δ [3k+1]

0 = χ [3k+1]
0 (k)+

k−1

∑
ℓ=1

(
− 2i

3h̄

)ℓ 3(k− ℓ+1)
3k+3

Γ
(

k− ℓ+
4
3

)

Γ
(

k+
4
3

) χ [3(k−ℓ)+1]
0 (k− ℓ)+

(
− 2i

3h̄

)k 3
3k+3

Γ
(

4
3

)

Γ
(

k+
4
3

) δ [1]
0

=
2
3

2iz2

h̄

(
− 2i

3h̄

)k 3
3k+3

Γ
(

4
3

)

Γ
(

k+
4
3

) +χ [3k+1]
0 (k)

− 2iz2

h̄

(
− 2i

3h̄

)k 1

4(3k+3)Γ
(

k+
4
3

)
k−1

∑
ℓ=1

3(k− ℓ)+3
(k− ℓ)!

Γ
(

k− ℓ+
4
3

)
Γ
(

3(k− ℓ)

2
− 1

2

)

Γ
(

3(k− ℓ)

2
+

5
2

)

= χ [3k+1]
0 (k)− 2iz2

h̄

(
− 2i

3h̄

)k 1

4(3k+3)Γ
(

k+
4
3

)
k−1

∑
ℓ=1

3(ℓ+1)
ℓ!

Γ
(
ℓ+

4
3

)
Γ
(

3ℓ
2

− 1
2

)

Γ
(

3ℓ
2

+
5
2

) +

2iz2

h̄

(
− 2i

3h̄

)k 2
3k+3

Γ
(

4
3

)

Γ
(

k+
4
3

)

=
2iz2

h̄

(
− 2i

3h̄

)k Γ
(

4
3

)

Γ
(

k+
4
3

) 2
3k+3


1− 1

8

k

∑
ℓ=1

3(ℓ+1)Γ
(
ℓ+

4
3

)
Γ
(

3ℓ
2

− 1
2

)

Γ (ℓ+1)Γ
(

4
3

)
Γ
(

3ℓ
2

+
5
2

)




=
2iz2

h̄

(
− 2i

3h̄

)k Γ
(

4
3

)

Γ
(

k+
4
3

) 2
3k+3


1− 1

4

k

∑
ℓ=1

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
,ℓ

) 1
ℓ




︸ ︷︷ ︸
G0,1(k)

. (24)

The general term in the sum is aO

(
1

ℓ5/3

)
for ℓ large

enough. Evaluate the quantity :

χ [3ℓ+2]
1 (ℓ) =

2iz2

h̄

[
3ℓ+3

(3ℓ+4)(3ℓ+2)
δ [3ℓ+1]

0 +
2i
h̄

1
(3ℓ+4)(3ℓ+2)

δ [3ℓ−2)]
0

]

=

(
2iz2

h̄

)2(
− 2i

3h̄

)ℓ Γ
(

4
3

)

Γ
(
ℓ+

4
3

) 2
(3ℓ+4)(3ℓ+2)

.






1− 1

4

ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m


−

3

(
ℓ+

1
3

)

3ℓ


1− 1

4

ℓ−1

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m








= −
(

2iz2

h̄

)2(
− 2i

3h̄

)ℓ Γ
(

4
3

)

Γ
(
ℓ+

4
3

) 2
(3ℓ+4)(3ℓ+2)3ℓ


1− 1

4

ℓ

∑
m=1

B

(
2,

3m

2
− 1

2

)

B

(
4
3
,m

) 1
m

+
3ℓ+1

4ℓ

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
,ℓ

)




= −
(

2iz2

h̄

)2(
− 2i

3h̄

)ℓ Γ
(

4
3

)

Γ
(
ℓ+

4
3

)
Γ
(

3ℓ
2

)

Γ
(

3ℓ
2

+3

)

.
1
4


1− 1

4

ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m

+
3ℓ+1

4ℓ

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
,ℓ

)


 .
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The coefficient of the term of lowest degree inz2 in d3k+2
can be computed by :

δ [3k+2]
0 = χ [3k+2]

1 (k)+

k−1

∑
ℓ=1

(
− 2i

3h̄

)ℓ 3(k− ℓ)+4
3k+4

Γ
(

k− ℓ+
5
3

)

Γ
(

k+
5
3

) χ [3(k−ℓ)+2]
1 (k− ℓ)

+

(
− 2i

3h̄

)k 4
3k+4

Γ
(

5
3

)

Γ
(

k+
5
3

) δ [2]
0

=

(
2iz2

h̄

)2(
− 2i

3h̄

)k Γ
(

5
3

)

Γ
(

k+
5
3

) 1
3k+4

+χ [3k+2]
1 (k)−

(
2iz2

h̄

)2(
− 2i

3h̄

)k 1
3k+4

+
k−1

∑
ℓ=1

3(k− ℓ)+4
4

Γ
(

k− ℓ+
5
3

)

Γ
(

k+
5
3

)
Γ
(

4
3

)

Γ
(

k− ℓ+
4
3

)
Γ
(

3(k− ℓ)

2

)

Γ
(

3(k− ℓ)

2
+3

)


1− 1

4

k−ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m

+
3(k− ℓ)+1

4(k− ℓ)

B

(
2,

3(k− ℓ)

2
− 1

2

)

B

(
4
3
,k− ℓ

)




=

(
2iz2

h̄

)2(
− 2i

3h̄

)k Γ
(

5
3

)

Γ
(

k+
5
3

) 1
3k+4

+χ [3k+2]
1 (k)−

(
2iz2

h̄

)2(
− 2i

3h̄

)k Γ
(

4
3

)

Γ
(

k+
5
3

) 1
3k+4

k−1

∑
ℓ=1

3ℓ+4
4

Γ
(
ℓ+

5
3

)

Γ
(
ℓ+

4
3

)
Γ
(

3ℓ
2

)

Γ
(

3ℓ
2

+3

)


1− 1

4

ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m

+
3ℓ+1

4ℓ

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
,ℓ

)




=

(
2iz2

h̄

)2(
− 2i

3h̄

)k Γ
(

5
3

)

Γ
(

k+
5
3

) 2
3k+4

G0,2(k) , (25)

whereG0,2 : N∗ → R is the arithmetic function defined by

G0,2(k) =

1
2





1−
k
∑
ℓ=1

3ℓ+4
4

Γ
(

4
3

)

Γ
(

5
3

)
Γ
(
ℓ+

5
3

)

Γ
(
ℓ+

4
3

)
Γ
(

3ℓ
2

)

Γ
(

3ℓ
2

+3

)


1− 1

4

ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m

+
3ℓ+1

4ℓ

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
, ℓ

)








=
1
2





1−
k
∑
ℓ=1

3ℓ+4
4

B

(
4
3
, ℓ+

5
3

)

B

(
5
3
, ℓ+

4
3

)
Γ
(

3ℓ
2

)

Γ
(

3ℓ
2

+3

)


1− 1

4

ℓ

∑
m=1

B

(
2,

3m
2

− 1
2

)

B

(
4
3
,m

) 1
m

+
3ℓ+1

4ℓ

B

(
2,

3ℓ
2

− 1
2

)

B

(
4
3
, ℓ

)








.

The general term in the sum is aO

(
1

ℓ5/3

)
for ℓ large

enough.

3.5 Dominant exponential solutions in the
π
6

and
5π
6

directions

For both series, sincez ≪ h̄, every summand in the
polynomial expansion are negligible before the leading
term i.e. the one of lowest degree inz2. Moreover, forg1 :
+∞
∑

k=2
dktk = t2

+∞
∑

k=0

(
d3k+d3k+1t +d3k+2t2

)
t3k ≃ t2

+∞
∑

k=0

(
δ [3k]
0 +δ [3k+1]

0 t +δ [3k+2]
0 t2

)
t3k

= t2
+∞
∑

k=0


1+

2iz2

h̄
3k+2
3k+3

Γ
(

4
3

)
Γ (k+1)

Γ
(

k+
4
3

) G0,1(k)t +

(
2iz2

h̄

)2
3k+2
3k+4

Γ
(

5
3

)
Γ (k+1)

Γ
(

k+
5
3

) G0,2(k)t
2




.

(
− 2i

3h̄

)k 2
(3k+2)k!

t3k

= t2
+∞
∑

k=0


1+

2iz2

h̄
3k+2
3k+3

Γ
(

4
3

)
Γ (k+1)

Γ
(

k+
4
3

) G∞
0,1t +

(
2iz2

h̄

)2
3k+2
3k+4

Γ
(

5
3

)
Γ (k+1)

Γ
(

k+
5
3

) G∞
0,2t2




.

(
− 2i

3h̄

)k 2
(3k+2)k!

t3k ,

with the numerical values :



G∞
0,1 = lim

k→+∞
G0,1(k)≃ 6,84.10−1

G∞
0,2 = lim

k→+∞
G0,2(k)≃ 2,72.10−1 .

For Argt =
π
6

i.e. t = Tei π
6 :

+∞
∑

k=2
dktk ≃ T2e

i π
3

+∞
∑

k=0


1+

2iz2

h̄
3k+2
3k+3

Γ
(

4
3

)
Γ (k+1)

Γ
(

k+
4
3

) G∞
0,1Te

i π
6 +

(
2iz2

h̄

)2
3k+2
3k+4

Γ
(

5
3

)
Γ (k+1)

Γ
(

k+
5
3

) G∞
0,2T2e

i π
3




.

(
2
3h̄

)k 2
(3k+2)k!

T3k

≃ T2e
i π

3


1+

2iz2

h̄
Γ
(

4
3

) G∞
0,1Te

i π
6

x
1/3
0

+

(
2iz2

h̄

)2
Γ
(

5
3

) G∞
0,2T2e

i π
3

x
2/3
0


 2

3x0
ex0 ,

where x0 =
2T3

3h̄
by using Corollary1. So in the

π
6

direction, we have asymptotically :

g1(t) = e
i π

3


1+

2iz2

h̄
Γ
(

4
3

) G∞
0,1Te

i π
6

x
1/3
0

+

(
2iz2

h̄

)2
Γ
(

5
3

) G∞
0,2T2e

i π
3

x
2/3
0




h̄
T

exp

(
2T3

3h̄

)

= i

[
1+

(
2
h̄

)2/3
Γ
(

4
3

)
31/3G∞

0,1ie
i π

6 z2−
(

2
h̄

)4/3
Γ
(

5
3

)
32/3G∞

0,2e
i π

3 z4
]

h̄
t

exp

(
− 2it 3

3h̄

)

≃ i

[
1+

(
2
h̄

)2/3
Γ
(

4
3

)
31/3G∞

0,1e
i 2π

3 z2
]

h̄
t

exp

(
− 2it 3

3h̄

)

by recalling thatz→ 0. Similarly in the
5π
6

direction, we

have asymptotically :

g1(t) = ei 5π
6 ei 5π

3

[
1+

(
2
h̄

)2/3

Γ
(

4
3

)
31/3G∞

0,1iei 5π
6 z2−

(
2
h̄

)4/3

Γ
(

5
3

)
32/3G∞

0,2ei 5π
3 z4

]

.
h̄

t
exp

(
− 2it 3

3h̄

)

≃ i

[
1+

(
2
h̄

)2/3

Γ
(

4
3

)
31/3G∞

0,1e−i 2π
3 z2

]
h̄

t
exp

(
− 2it 3

3h̄

)
.

3.6 Dominant exponential solutions in the
π
2

and
7π
6

directions

By keeping only the leading termγ [k]0 z6{k/3} in the
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polynomial expansion ofck :

+∞
∑

k=2
cktk = t2

+∞
∑

k=0

(
c3k +d3k+1t +d3k+2t2

)
t3k ≃ t2

+∞
∑

k=1

(
γ[3k]
0 + γ[3k+1]

0 t + γ[3k+2]
0 t2

)
t3k

= t2
+∞
∑

k=1


1+

2iz2

h̄

Γ
(

k+
5
3

)

Γ (k+2)Γ
(

5
3

) F0,1(k)t +

(
2iz2

h̄

)2 Γ
(

7
3

)
Γ
(

k+
5
3

)

Γ
(

k+
7
3

)
Γ
(

5
3

) F0,2(k)t
2



(

2i
3h̄

)k Γ
(

5
3

)

Γ
(

k+
5
3

) t3k

= t2
+∞
∑

k=1


1+

2iz2

h̄

B

(
2,k+

5
3

)

B

(
5
3
,k+2

) F∞
0,1t +

(
2iz2

h̄

)2 B

(
7
3
,k+

5
3

)

B

(
5
3
,k+

7
3

) F∞
0,2t2



(

2i
3h̄

)k Γ
(

5
3

)

Γ
(

k+
5
3

) t3k ,

with the numerical values :




F∞
0,1 = lim

k→+∞
F0,1(k) ≃−2,08.10−1

F∞
0,2 = lim

k→+∞
F∞

0,2 ≃ 3,8.10−2 .

For Argt =
π
2

i.e. t = iT :

+∞
∑

k=2
cktk ≃ −T2

+∞
∑

k=1


Γ
(

5
3

)
− 2z2

h̄

F∞
0,1T

k1/3
+

(
2z2

h̄

)2
Γ
(

7
3

) F∞
0,2T2

k2/3



(

2
3h̄

)k 1

k2/3k!
T3k

≃ −T2


Γ
(

5
3

)
− 2z2

h̄

F∞
0,1T

x
1/3
0

+

(
2z2

h̄

)2
Γ
(

7
3

) F∞
0,2T2

x
2/3
0


 1

x
2/3
0

ex0 ,

where x0 =
2T3

3h̄
by using Corollary1. So in the

π
2

direction, we have asymptotically :

f1(t) = −
(

3h̄
2

)2/3
[

Γ
(

5
3

)
−
(

2
h̄

)2/3
F∞
0,1z2+

(
2
h̄

)4/3
Γ
(

7
3

)
F∞
0,2z4

]
exp

(
2T3

3h̄

)

≃ −
(

3h̄
2

)2/3
[

Γ
(

5
3

)
−
(

2
h̄

)2/3
F∞
0,1z2

]
exp

(
2it 3

3h̄

)

sincez→ 0. Similarly for Argt =
7π
6

i.e. t = Tei 7π
6 :

+∞
∑

k=2
cktk ≃ T2e

i π
3

+∞
∑

k=1


Γ
(

5
3

)
+

2z2

h̄

F∞
0,1Tie

i 7π
6

k1/3
−
(

2z2

h̄

)2
Γ
(

7
3

) F∞
0,2T2e

i π
3

k2/3



(

2
3h̄

)k 1

k2/3k!
T3k

≃ T2e
i π

3


Γ
(

5
3

)
+

2z2

h̄

F∞
0,1Te

−i π
3

x
1/3
0

−
(

2z2

h̄

)2
Γ
(

7
3

) F∞
0,2T2e

i π
3

x
2/3
0




1

x
2/3
0

ex0

by using Corollary1. In the
7π
6

direction, we have

asymptotically :

f1(t) = e
i π

3
(

3h̄
2

)2/3
[

Γ
(

5
3

)
+

(
2
h̄

)2/3
F∞
0,1e

−i π
3 z2−

(
2
h̄

)4/3
Γ
(

7
3

)
F∞
0,2e

i π
3 z4

]
exp

(
2it 3

3h̄

)

≃ e
i π

3
(

3h̄
2

)2/3
[

Γ
(

5
3

)
+

(
2
h̄

)2/3
F∞
0,1e

−i π
3 z2

]
exp

(
2it 3

3h̄

)

sincez→ 0.

3.7 Stokes multipliers

Recall that ψ1(t) =

f1(t)exp

[
− i

h̄

(
t3

3
− z2t

)]
= g1(t)exp

[
i
h̄

(
t3

3
− z2t

)]
.

Let us recollect our results :

• for Argt =
π
6

: ψ1(t) = i

[
1+

(
2
h̄

)2/3
Γ
(

4
3

)
31/3G∞

0,1e
i 2π

3 z2
]

h̄
t

exp

[
− i

h̄

(
t3

3
+z2t

)]

• for Argt =
π
2

: ψ1(t) =−
(

3h̄
2

)2/3
[

Γ
(

5
3

)
−
(

2
h̄

)2/3
F∞
0,1z2

]
exp

[
i
h̄

(
t3

3
+z2t

)]

• for Argt =
5π
6

: ψ1(t) = i

[
1+

(
2
h̄

)2/3
Γ
(

4
3

)
31/3G∞

0,1e
−i 2π

3 z2
]

h̄
t

exp

[
− i

h̄

(
t3

3
+z2t

)]

• for Argt =
7π
6

: ψ1(t) = e
i π

3
(

3h̄
2

)2/3
[

Γ
(

5
3

)
+

(
2
h̄

)2/3
F∞
0,1e

−i π
3 z2

]
exp

[
i
h̄

(
t3

3
+z2t

)]

in the sense of asymptotic series. So the Stokes
multipliers are approximated by :

C̃S1 = − ih̄
t

(
2
h̄

)4/3 Γ
(

4
3

)

Γ
(

5
3

)
(

e
−i 2π

3 −e
i 2π

3

)
G∞

0,1

31/3
z2 =− 1

t

(
2
3h̄

)1/3 Γ
(

4
3

)

Γ
(

5
3

)
√

3G∞
0,1z2

andC̃S2 = − it
h̄

(
3h̄
2

)2/3
Γ
(

5
3

)(
e
i π

3 +1

)
=− t

h̄
e
i 2π

3
(

3h̄
2

)2/3
Γ
(

5
3

)√
3

whileC̃S1C̃S2 =
3
h̄

e
i 2π

3
(

3h̄
2

)1/3
Γ
(

4
3

)
G∞

0,1z2 .

3.8 Scattering coefficients

Recall the formula (16). Finally, we find that :

a(z)∗ = exp


− 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3

+

CS2CS1 cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3



≃ exp


− 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3



+3e
i 2π

3 G∞
0,1

(
3
2

)1/3
Γ
(

4
3

)
cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3


(

z3

h̄

)2/3

=⇒ a(z) ≃ exp


− 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3



+3e
−i 2π

3 G∞
0,1

(
3
2

)1/3
Γ
(

4
3

)
cosh


 3

√
3

π
Γ
(

2
3

)3
(

z3

2h̄

)2/3


(

z3

h̄

)2/3
, (26)

and :

b(z) =− t
z
CS1 cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
]

≃ cosh

[
3
√

3
π

Γ
(

2
3

)3( z3

2h̄

)2/3
] Γ

(
4
3

)

Γ
(

5
3

)
√

3G∞
0,1

(
2z3

3h̄

)1/3

.

Both expressions are plotted with respect to the

adimensional parameterµ2 =
z3

h̄
.

To conclude this section, theS-matrix is trivial in the
adiabatic limit, i.e. : lim

z→0
S(z) = 12.

4 Empirical Discussion

The Landau-Zener effect (occurring in a conical
intersection) is characterized by the transition probability

a1(µ1) = exp
(
−πµ1

2

)
, with a slope−π

2
at the adiabatic
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Fig. 1: Stokes structure for 2 second-order turning points on the
imaginary axis.

limit. In the case of a parabolic intersection :

a2(µ2) = exp

[
− 3

√
3

22/3π
Γ
(

2
3

)3

µ2
2/3

]

+3e−i 2π
3 G∞

0,1

(
3
2

)1/3

Γ
(

4
3

)
cosh

[
3
√

3
22/3π

Γ
(

2
3

)3

µ2
2/3

]
µ2

2/3

≃ 1− 3
√

3
22/3π

Γ
(

2
3

)3

µ2
2/3+3e−i 2π

3 G∞
0,1

(
3
2

)1/3

Γ
(

4
3

)
µ2

2/3

=⇒ |a2(µ2)| ≃
[

1− 3.21/3
√

3
π

Γ
(

2
3

)3

µ2
2/3−3G∞

0,1

(
3
2

)1/3

Γ
(

4
3

)
µ2

2/3

]1/2

≃ 1− 3
2

[
21/3

√
3

π
Γ
(

2
3

)3

+G∞
0,1

(
3
2

)1/3

Γ
(

4
3

)]
µ2

2/3

= 1−3,64µ2
2/3 . (27)

The slope at the origin is−∞, with :

d|a2|
dµ2

[

0
+

]∼−
[

21/3
√

3
π

Γ
(

2
3

)3

+G∞
0,1

(
3
2

)1/3

Γ
(

4
3

)]
1

µ2
1/3

=− 2,42
µ2

1/3
.

(28)
For a given value ofz, the energy gap in the vicinity of

the avoided level crossing, that is∆E =
2zp

h̄
between the

conduction and valence bands, is lowered in the casep=
2. We recover the qualitative conclusion that the quantum
tunnelling becomes thus easier. But the new element in the
transition probabilitya2 is the appearance of a small phase
Ω such that :

Ω =−arctan

√
3G∞

0,1

(
3
2

)4/3

Γ
(

4
3

)
µ2

2/3

1− 3
2

[
21/3

√
3

π
Γ
(

2
3

)3

+G∞
0,1

(
3
2

)1/3

Γ
(

4
3

)]
µ2

2/3

≃−1,82µ2
2/3 .

Fig. 2

Fig. 3: Stokes structure for 5 first-order zeroes and 1 pole.

Appendix : Tables of 12 first coefficientsck
and dk

Before every polynomial, there is a prefactor

1
k!

(
ε

2iz2

h̄

)3{k/3}
with ε =

{
−1 for ck
+1 for dk

.
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Fig. 4: Dezooming.

Fig. 5

Table 1: Strong couplinḡh≪ z.

k (ν = 0) polynomial part ofck (ν = 0) polynomial part ofdk

0 1 1

1 1 0

2 1 0

3
8i

h̄3 z6+
2i
h̄

−2i
h̄

4
8i

h̄3 z6+
6i
h̄

2i
h̄

5
8i

h̄3 z6+
12i
h̄

2i
h̄

6 −64

h̄6 z12− 160

h̄4 z6− 64

h̄2

(
16

h̄3 z6− 64
h̄

)
1
h̄

7 −64

h̄6 z12− 240

h̄4 z6− 284

h̄2
16

h̄3 z6+
116
h̄

8 −64

h̄6 z12− 336

h̄4 z6− 788

h̄2
16

h̄3 z6+
140
h̄

9 −512i

h̄9 z18− 3584i

h̄7 z12− 13920i

h̄5 z6− 6272i

h̄3

(
−128i

h̄6 z12− 1344i

h̄4 z6+
6272i

h̄2

)
1
h̄

10 −512i

h̄9 z18− 4608i

h̄7 z12− 26720i

h̄5 z6− 35456i

h̄3 −128i

h̄6 z12− 1600i

h̄4 z6− 15744i

h̄2

11 −512i

h̄9 z18− 5760i

h̄7 z12− 46592i

h̄5 z6− 122216i

h̄3 −128i

h̄6 z12− 1888i

h̄4 z6− 21720i

h̄2

Observe also that odd index coefficients of both series are
pure imaginary, while even index coefficients are real.

Table 2: Weak coupling 0< z≪ h̄.

k (ν = 2) polynomial part ofck (ν = 2) polynomial part ofdk

0 1 1

1
1
3

2
3

2
1
12

1
4

3
2i

15h̄3 z6+
2i
5h̄

− 8i

15h̄3 z6− 4i
15h̄

4
i

45h̄3 z6+
17i

180̄h
− i

9h̄3 z6− 5i
36h̄

5
i

315̄h3 z6+
23i

1260̄h
− 2i

105̄h3 z6− 3i
70h̄

6 − 1

315̄h6 z12− 1

42h̄4 z6− 1

10h̄2 − 1

45h̄6 z12− 7

90h̄4 z6− 1

18h̄2

7 − 1

2835̄h6 z12− 19

5670̄h4 z6− 11

567̄h2 − 8

2835̄h6 z12− 8

567̄h4 z6− 71

2835̄h2

8 − 1

28350̄h6 z12− 47

113400̄h4 z6− 293

90720̄h2 − 1

3150̄h6 z12− 3

1400̄h4 z6+
23

3360̄h2

9 − 4i

155925̄h9 z18− 19i

51975̄h7 z12− 31i

8316̄h5 z6− i

55h̄3
8i

31185̄h9 z18+
2i

891̄h7 z12+
697i

62370̄h5 z6+
8i

891̄h3

10 − i

467775̄h9 z18− 17i

467775̄h7 z12− 101i

213840̄h5 z6− 11533i

3742200̄h3
i

42525̄h9 z18+
11i

42525̄h7 z12+
251i

136080̄h5 z6+
1243i

340200̄h3

11 − i

6081075̄h9 z18− 4i

1216215̄h7 z12− 5179i

97297200̄h5 z6− 45011i

97297200̄h3
4i

2027025̄h9 z18+
2i

75075̄h7 z12+
139i

540540̄h5 z6+
449i

491400̄h3

Before every polynomial, there is a prefactor(
ε

2iz2

h̄

)3{k/3}
with ε =

{
−1 for ck
+1 for dk

. No factorial.
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