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In this lecture, we propose to survey several interesting recent developments on im-
provements and generalizations of what is popularly known as Steffensen’s integral in-
equality. Moreover, as a by-product of the investigation presented here, we show how
one can correct an error in a recent generalization of Steffensen’s inequality. We also
present a brief survey of some old and new inequalities associated with trigonometric
functions. These include (among other results) a weighted and exponential generaliza-
tion of what is popularly known as Wilker’s inequality and a substantially improved
version of the Sdndor-Bencze conjectured inequality. References to many related de-

velopments in recent years are also provided for the interested reader.
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1 Introduction

We begin by recalling here the well-known Steffensen’s integral inequality as Theorem
A below.
Theorem A. Let f and g be integrable functions defined on [a,b] with | nonincreasing.
Also let

b
A :/ git)dt (0= g(t) =15 t € [a,b]).

Then
b

b a-+X
" swaes [ swewis [ o 0

This classical inequality (1) was established by Steffensen in 1919 (see [27]). A com-

prehensive survey on this inequality can be found in [12]. Steffensen’s inequality (1) plays
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an important rdle in the study of integral inequalities. As tools, Steffensen’s inequality (1)
can be used for dealing with comparison between integrals over a whole set and integrals
over a subset. Due to the importance of Steffensen’s inequality (1), it has been given con-
siderable attention by mathematicians and has motivated a large number of research papers
on this subject (see [1], [3], [4], [5], [13], [14], [19], [20] and [23]; see also [24] and the
references cited in each of these earlier works).

Mercer [11] generalized Steffensen’s inequality (1) in the form asserted by Theorem B
below.
Theorem B. Let f, g and h be integrable functions defined on [a, b] with f nonincreasing.
Also let

0Zg(t)Sh(t)  (t€lab)).

Then

b a+A

b
F)h()dt < / f(Hg(t)dt < / FORb)t, @)

/a " h(t)dt = / b g(t)dt.

In order to observe the fact that there is an error in Mercer’s result (2), we consider

b—X

where X is given by

f#)=8-3t g(t)=t and h(t) =4t (t €10,2]).

Clearly, f is nonincreasing on [0, 2] and

0+A 2
0<t<at  (teo,2)) and/ 4tdt:/tdt (h=1),
0 0

which shows that the conditions of Theorem B are fully satisfied. However, we find in this
case that

b

b
F(t)h(t)dt / F(Hg(ydt

b—X

2 2
= /1 (8 — 3t)(4t)dt — /O (8 — 3t)tdt

=12

)

which obviously contradicts the first (left-hand) inequality in (2). Consequently, the in-
equality (2) is not true in general.

The main object of this lecture is to establish several new generalized and sharp-
ened versions of Steffensen’s inequality (1). We shall also reconsider and present a duly-

corrected version of Mercer’s inequality (2).
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2 A Useful Lemma

We begin by stating a useful integral inequality asserted by the following Lemma.
Lemma 1. Let f, g and h be integrable functions defined on [a, b]. Suppose also that \ is a

real number such that

a+A b b
/ h(t)dt = / odt = [ hyr.

b—A\

Then
b a+A
/ ft)g(t)dt = / (f()(E) = [f(t) = fla+ N)][h(t) — g(t)])dt
b
[ - s+ Mgty 3)
a-t+\
and

b b—X
[ o= [ 150~ 56 - Nig(oyi
b
[ (R - 110 - £ - NIh) - ) @
b=
Proof. The assumptions of Lemma 1 imply that
ala+A<h and alb—XZ0b.

Firstly, we prove the validity of the integral identity (3). Indeed, by direct computation,
we find that

[ Gwno - 150 - s+ 00 pa— [ st
ZAHAUWMﬂ—fWMﬂ 1(6) — fla+ NI — (o)) de
T ﬁ_/f
:/H(H—/\f(a—l—)\ )dt — / £0)

at+ a+ b
fm+m(/ mwﬁf/ <MQ F(t)g(dt. (5)

at+

Now, if we apply the following assumption of Lemma 1:

/aa+A h(t)dt = /abg(t)dt
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to (5), we obtain

a+A at+A\ b
fla+ ) (/ h(t)dt - / g(t)dt>— /Hf(t)g(t)dt

b a+A b
— fla+ ) ( / o(t)dt / g(t)dt> - / _ Jatar

b b
— flat N / RCE / RCTE

b
- / Fla+ ) - F(B)]g(t)dt. ®)

+A

By combining the integral identities (5) and (6), we are led to the desired integral iden-

tity (3) asserted by Lemma 1.

Secondly, we observe that the following assumption of Lemma 1:

/bbA h(t)dt = /abg(t)dt

at+(b—a—2A) b
/ ht)dt = / () — g(0)]dt.

By appealing to the integral identity (3) with the following

implies that

substitutions:

Ar—b—a— A and g(t) — h(t) — g(t),

the integral identity (4) would follow immediately.

The proof of Lemma 1 is thus completed.

3 The Main Integral Inequalities

In this section, we present the main integral inequalities as Theorems 1, 2 and 3 below
(see also the recent works [30] and [31]).
Theorem 1. Let f, g and h be integrable functions defined on [a, b] with f nonincreasing.
Also let

0=g(t) =h)  (telab]).
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Then the following integral inequalities hold true:

b b
f@)R(t)dt = /b (F@OR(E) = [f(t) = F(0 = N)][R(t) — g(t)])dt

b—X\

—A
b
gy/ f(Dg(t)dt
aa+A
g/ (F@ORE) — LF() — Fla+ N](E) — g(b)])dt
aa+A
< / FOR()dt, 7

where X is given by

/a " h(t)dt = / b g(t)dt = /b : h(t)dt.

Proof. In view of the assumptions that the function [ s
nonincreasing on [a, b] and that

0=g(®) =h(t)  (t€lab]),

we conclude that b
[ = 5= Nigtde = 0 (s)
and

b
/IFA [F(b=X) = FOIAE) — g(#)]dt = 0. 9)

Using the integral identity (4) together with the integral inequalities (8) and (9), we find
that

b b

f()r(t)dt = / (FORE) = [f(t) = f(0 = N][A(t) — g(t)])dt

b—X\ b—

A
b
§/ﬂwmw (10)
In the same way as above, we can prove that
b at+
/ ft)g(t)dt = / (FOR) = [f(t) = fla+ N][A(t) — g(t)])dt
a aa+A
< / FOR(E)dt. (11)

The proof of Theorem 1 is completed by combining the integral
inequalities (10) and (11).
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Remark 1. The results asserted by Theorem 1 show that the Mercer’s inequality (2) holds
true under the following additional condition:

b b
/ owdt= [ .

b—X

Furthermore, as a direct consequence of Theorem 1, a modified version of Mercer’s in-
equality (2) can be deduced as follows.
Corollary 1. Let f, g and h be integrable functions defined on [a, b] with f nonincreasing.
Also let

0Zg() Sh(t) (e [ab)).

Then

b a+\

b
fwwwg/fmmng FOR)t, (12)

b—A

where )\ is given by

/am h(t)dt :/abg(t)dt = /b:h(t)dt.

In particular, upon setting h(t) = 1 in (7), we obtain the following refinement of Stef-
fensen’s inequality (1).
Corollary 2. Let f and g be integrable functions defined on [a,b] with f nonincreasing.
Also let

b
A :/ g(t)dt and 0<gt) 1 (t€lab)).

Then

b b
Aimwg/ (F(0) — [F(8) — F(b— N][L — g(0)])dt

- b—X\
b
g/f@mw
aa+)\
g/ (F(8) = [f(t) — Fla+ N1 — g(t)])dt
< / N (13)

In Theorem 2 below, we present a new sharpened and generalized version of Mercer’s
inequality (2).
Theorem 2. Let f, g, h and v be integrable functions defined on [a, b] with f nonincreas-
ing. Also let

0=9(t) = g(t) = ht) —o(t)  (t€la,b]).
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Then

b b
/ fthtdrb/|f®4f@fAWMMﬁ
b

/ £()
< / £)dt - / 14( (). (14)

where X is given by

/a e = / " o0yt = /b : h(t)dt.

Proof. By the assumptions that the function f is nonincreasing on [a, b] and that

0=9(t) =g(t) =h(t)—9(t)  (t€lab)),

it follows that
a+A b

[ 1O~ far k) - g0l + [ (fa+ 0 - fOlglo)ds

a a+\

b

a+
*/ |f(t) = fla+ N)|[n(t) fg(t)]dtJr/
@ a+A

a+X b
>/ f@) = fla+N]y(t )dt+/HIf(a+>\)—f(t)|1/)(t)dt

[fla+X) = f(B)]g(t)dt

/ |[f(t) = fla+ N)]p(t)|dt.
‘We thus have
a+A b
[ 150 fas N - g®lde + [ (a3 - Fola(de
a a+\
/y fla+ N)](t)|dt. (15)
Similarly, we find that
b—\ b
[ 10— s N+ [ (503 = F)ine) ~ gt
b
> / ILF(8) — £(b— N](2)]dt. (16)
and (4) and the integral

By combining the integral identities (3)
inequalities (15) and (16), we arrive at the inequality (14) asserted by Theorem 2

This evidently completes the proof of Theorem 2.
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Remark 2. It is obvious that the Mercer’s inequality (2) in the
modified form (12) follows from Theorem 2 with () = 0. In
addition, by putting

h(t)=1 and Yt)=M (M e Rt U{0})
in (14), we deduce Corollary 3 below.

Corollary 3. Let f and g be integrable functions defined on [a,b] with f nonincreasing.
Also let

)\:/bg(t)dt and O0=SMZgt)S1—-M (t€][ab]).

Then

b b
/ f@MHJW/IﬂUffwaMt
b—X\ a

b
§/Tﬂwwwﬁ

a+A b
g/ ﬂ@ﬁ—ﬂ{/|ﬂﬂ—f@+xww (17

Remark 3. Clearly, the integral inequality (17) is a sharpened and gen-

eralized version of Steffensen’s inequality (1). Indeed, in its special
case when M = 0, the inequality (17) would reduce to Steffensen’s
inequality (1).

Finally, we give a general result on a considerably improved version of Steffensen’s

inequality (1) by introducing the additional parameters \; and As.

Theorem 3. Let f and g be integrable functions defined on [a,b] with f nonincreasing.
Also let

b
0=n s [ gdrx<hoa

and
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Then

+M/ab f(t)f(b/abg(t)dt> dt
gé%@wm
élﬁhf@mﬂw<&42@ﬁ)

M/ab O <a+/abg(t)dt> dt. (18)

Proof. By direct computation, we get

b a+MAo b
/fvmmﬁf/‘ f®ﬁ+ﬂ®<h/9®ﬁ>
b a+MAo a+Ao b
:/fwwwf/ ,mw+/ lmwf/f@ww
ab a . a a
:/[ﬂw—ﬂmmwm—/ F(6) — F(b))de

b a+ff g(t)dt
§/ﬂﬂw—ﬂmmwﬁf/’ () — F(b)dr, (19)

where the last inequality follows from the assumption that

b
a§a+/ gt)ydt <a+ X =<b

and
f@)—f®) 20  (t€la,b]).
On the other hand, from the hypothesis of Theorem 3, we conclude that the function f(t) —

£(b) is integrable and nonincreasing on [a, b]. Thus, by using Corollary 3 with the following
substitution:

f(t) — f(t) = f(b)
in (17), we find that

a-‘rff g(t)dt

b
/[ﬂw—ﬂwmwﬁf/‘ () — Fb))de

<-M /b foy—f <a + /b g(t)dt) dt. (20)
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By combining the integral inequalities (19) and (20), we obtain

b a+A2 b
| g | f®ﬁ+ﬂw<&—/g@ﬁ>

b b
g—M/‘ﬂw—f@+/ﬂmMQ

which is the second inequality in the assertion (18) of Theorem 3.

dt,

In the same way as above, we can prove that

b—X1

ﬂmmwﬁ—/ f@ﬁ—ﬂ®</g@ﬁ—h>

b

z/ﬁﬂw—ﬂmamu+/ F() — F(t))dt

b— [P g(t)dt
b
2 |

ﬂﬂ—f@—/Qme

which implies the first inequality in the assertion (18) of Theorem 3. This completes the

dt, 1)

proof of Theorem 3.
Remark 4. It is clear that Steffensen’s inequality (1) would follow as a special case of the
inequality (18) when

M=0 and AL = Ao

Moreover, it is worth noticing that the integral inequality (18) is stronger than Steffensen’s
inequality (1) if
OEY)

4 Trigonometric Inequalities Emerging from Wilker’s Inequality

The following trigonometric inequality is known in the literature as Wilker’s inequality
[29]:

. 2
(Slm) n ta;m > 2 (o <z< g) 22)

x
Wilker’s inequality (22) has attracted remarkable interest of many mathematicians and has
motivated a large number of research papers involving different proofs, various generaliza-
tions and improvements (see [6], [7], [8], [21], [22], [28], [29] and [35]; see also the refer-
ences cited therein). Recently, the following similar inequality (proved by Huygens [10])
was considered by Sandor and Bencze [25]:

' £
2(Smx>+ AT 3 (0<x<f). (23)
x T 2
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Huygens’s inequality (23) prompts us to ask a natural question: Does there exist an
inequality which unifies (and possibly also extends) Wilker’s inequality (22) and Huygens’s
inequality (23)? The following theorem gives an affirmative answer to this question (see
also the recent investigations [32], [33] and [34]).

Theorem 4. Let

2
O<x<g,)\>0,,u>0 and pg%

Then, for
A
qg>0 or q §min{—7—1},
1

the following inequality holds true:

A sinz\? I tanz | ?
1. 24
A ( x ) +u+)\ ( T ) ~ 4

5 A Further Set of Useful Lemmas

In order to prove Theorem 4, we need each of the following lemmas.
Lemma 2 (see [9, p. 17]). If

n
2i>0,A>0 (i=1-,n) and Y N\=1,
=1

then . .
Z N = H A (25)
=1 =1

Lemma 3 (see [14, p. 238]). The following two-sided trigonometric inequality holds true:

. 3
cosx < (smx) <1 (0<x<z). (26)

T 2

Lemma 4. The following trigonometric inequality holds true:

2
(.x)+ Y 5o (o<x<f). @7
sinx tanx 2

Proof. Define a function

f:(o,g)—nR

by

f@) = (o) +

sin x tanz’
Then, upon differentiating f(z) with respect to x, we get

1
flz) = — (sin® z cosz — 22% cos z + wsinx) .
sin® z
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Next, by applying Lemma 3 followed by a simple calculation, we find that

ina )2 Sin
[(z) = Siizm lcosa: ((b x$> — 2) + : wx]

>0 (0<x<g).

This means that f(z) is strictly increasing on the open interval (O, g) Consequently, we
can deduce from the following observation:

that

which leads us to the inequality (27) asserted by Lemma 4.

6 Demonstration of Theorem 4

In our proof of Theorem 4, we consider the following two cases.

Case I. Let

Zap

A>0, u>0p=< and ¢ > 0.
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Then, by applying Lemma 2 and Lemma 3, we obtain

A sinz p+ I tanz\ ?
A x A+ A x

- gin 2 \PM (A o o\ 4/ ()
= x T
 [sinz PA/ () a0\ W/ (BF2) 1\ /()
- T x CcoS T
y in o pA/(B+A) in ap/(p+X) sin 2 —3qu/(p+X)
T T T
 [sinz (PA=2qu)/(p+X)
- x
™
> 1 (o f)
> <z<3z)

which is the desired inequality (24).
Case II. Let

2 A
)‘>07/1'>07p§% and q§min{—,—1},
i

Then it follows from the hypothesis of Theorem 4 that
A sinz \? n I tanaz\?
wHA T WA T

A sin 2\ 274/ n I tanz \?

+ A T w4+ A T

A T\ —2am/A 1 x \ 4
—_— —_— 28

A(sinm) +,u+)\<tanm) 28)

v -
S 21
N q=

Moreover, we find from Lemma 4 that

2
(f”) N P (0<x<f).
sinx tanx 2

By combining the inequality (28) with the above  trigonometric

1\
=

=
+

/N
SN—

inequality, we obtain

A sinz p+ I tanaz \?
A x wA x

” ﬂij\-)\ (2 B taix)iqw/\ + ,uuﬁ (taflx)iq 29
(O <z < g) .
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We now define a function
f:(0,1) —R
by
A
) = ——
/(@) 0w+ A

which, upon differentiating with respect to z, yields

9 _ g)"ar/A H —q
R

f/(x) _ I (2— x)*(‘]lt/)\)fl

—q—1
A '

—x
For

f%fngﬂgl and 0<z <1,

it is easy to verify that
(2 — CL.)*(qu//\)*l > 1> 0L

We thus conclude that
f(x)=0 (0<z<1),

which immediately implies that f(z) is decreasing on the open interval (0, 1). Hence we
have

f@) 2 f(1) =1 (0<a<1).
Now, by making use of the inequality (29) together with the following well-known trigono-
metric inequality:

0<

W
v (oee<)).
< 0<z<s

tanx
we deduce that

A sinxp+ I tanx q>f(x)>1
p+A\ T L+A\ T tanz/ =’

which proves the inequality (24). This completes the proof of Theorem 4.

By setting (p,q) = (2,1) and (A, p) = (2,1) in The-
orem 4, we obtain a weighted generalization of Wilker’s
inequality (22) and an exponential generalization of  Huygens’s
inequality (23), given by Corollary 4 and Corollary 5, respectively.

Corollary 4. Let
0<z<% and 0<XZ p. Then

A sinz 2+ W tanx o1 (30)
p+A\ z p+A\ =z '

Corollary 5. Let 0 <z < 5 and p = q.Then,forq>0 or q= —2,the following

. P q
5 (smx) N (tanx) >3 31)
x x

inequality holds true:
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Remark 5.

It is obvious that Wilker’s inequality (22) would follow as a special case of the inequal-
ity (30) when A = p = 1. Furthermore, in its special case when p = ¢ = 1, the inequality
(31) reduces to Huygens’s inequality (23).

7 Applications and Consequences of Theorem 4
As an Open Problem, Sandor and Bencze [25] asked to prove that, for all
™
T € (0, 5) and « € (0,00),

the following trigonometric inequality holds true:

(sinx)a - cos® x (32)

x 14 cos®zx’

The Sandor-Bencze conjectured inequality (32) provides a good op-
portunity  to  illustrate  the  application of the  foregoing  results.
Based upon the improved Wilker inequality (24) asserted by Theorem 4, we give
here a sharp and generalized version of the Sandor-Bencze conjectured inequality (24).
Theorem 5. Let

0 <z < Z.Then,fora >0 or o= —1, the following inequality holds true:

(sinx)a . 4 cos® . (33)
x 1+ v1+ 8cos2o

Proof. Putting A\ = 4 =1, p = 2a and ¢ = « in Theorem 4, we get (M)Qa +

T
cos™ @z (ML) —2>0(0<w <y

a>0 or o< -—1),which isequivalent to the

following trigonometric inequality:

l(sinx)a N cos™x + Vcos—2% gz + 8

T 2
[(sinm)a cos™ %z — v/cos™2¢ g + 8
: +

> 0.
T 2

We can now deduce from the above inequality that

sinz\®  cos™ ¥z —Vcos22x + 8
() + o

>0,
2

T

this is, that

sinz\®  —cos™®z+ Vecos™2%x + 8 4 cos®
(1 x> S T+ x _ x (34)

x 2 1++/1+8cos2o gz
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The proof of Theorem 5 is thus completed.

As a consequence of Theorem 5, we immediately obtain the following refinement of
the Sandor-Bencze conjectured inequality (32):

Corollary 6. If

0<z<j and oa>0,then

sinz\“ 4cos™x 2cos*x cos®
> > > . 35)
x 1++v1+8cos22g  1+cos®*z ~ 1+ cos®x

In addition, upon replacing o by —« in Theorem 5, a reversed version of the Sandor-Bencze
conjectured inequality (32) is derived as follows.

Corollary 7. If

0<xz<f and o221, then

(36)

(sinm)a cos® x + V/cos2¥ x + 8
< 1 .

T

Remark 6.

Corollary 6 and Corollary 7 show that the inequality (12) is sharper and more general
than the Sdndor-Bencze conjectured inequality (32).

We conclude this presentation by remarking further that, by making use of the defini-
tions and concepts of Time Scale Theory (see, for details, [26] and the many references
to relevant earlier works cited therein), one can investigate the interesting possibility of
extending some of the inequalities in this work to hold true on time scales. For various
further developments, some of which are based also upon the results surveyed in this ar-
ticle, the interested reader may refer to many recent investigations including (for exam-
ple), [2], [15], [16], [17], [18] and [36].
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