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Abstract: Fuzzy metric space is first defined by Kramosil and Michalek975. Many authors modified Fuzzy metric space and
proved fixed point results in Fuzzy metric space. Singh andu@an were first introduced the concept of compatible maspaf
Fuzzy metric space and proved the common fixed point theane2000. Cho et al. were introduced the concept of weak colipati
mapping. In this paper, a fixed point theorem for six self-piags is presented by using the concept of weak compatibfes waich

are the generalized result.
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1 Introduction 2 Preliminaries

Definition 2.1 A binary operation

% :10,1] x [0,1] — [0,1] is called a t-norm if([0, 1], %) is

an abelian topological monoid with unit 1 such that
The concept of Fuzzy sets was initially investigated by@ * P < ¢ * d whenevera < ¢ and b < d for
Zadeh [] as a new way to represent vagueness in&P,c.de[0,1].
everyday life. Subsequently, it was developed by many Example of t-norms area«b = ab and
authors and used in various fields. To use this concept i*b=min{a,b}.
Topology and Analysis, several researchers have definefefinition 2.2. The 3- tuple(X, M, ) is said to be a Fuzzy
Fuzzy metric space in various ways. In this paper we deajnetric space iX is an arbitrary sets is an continuous t
with the Fuzzy metric space defined by Kramosil and. nhorm andM is a Fuzzy set ifX? x [0,0) satisfying the

Michalek [6] and modified by George and Veeramalii[  following conditions : for allx,y,z € X ands,t > 0
Recently, Grebied] has proved fixed-point results for M(x,y,0) = 0,

Fuzzy metric space. In the sequel, Singh and Chaujan [ M(x,y,t) =1forallt > 0iff x=vy,
introduced the concept of compatible mappings of Fuzzyy (X, y.t) = M(y,x,t) ,

metric space and proved the common fixed point theorem (% Y,1) «M(Y,Z,5) <M(X,y,t+5),

Jain and SinghZ] proved a fixed point theorem for six M(x,Y,-) : [0,00) — [0,1] is left continuous

self maps in a fuzzy metric space. In this paper, a fixed  Note thatM(x,y,t) can be considered as the degree of
point theorem for six self maps has been established usingeness betweenandy with respect ta . We identity

the concept of weak compatibility of pairs of self maps in , _ y with M(x,y,t) = 1 for all t > 0. The following
fuzzy metric space, which generalizes the result of Chog,ample shows that every metric space induces a Fuzzy

[9]- metric space.

For the sake of completeness, we recall someExample 2.1.Let (x,d) be a metric space. Defirgexb =
definitions and known results in Fuzzy metric space. min{a,b} andM(x,y,t) = m for all x,y € X andt >
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0. Then(X,M, ) is a Fuzzy metric space. It is called the
Fuzzy metric space induced by

Definition 2.3. A sequencegxy} in a Fuzzy metric space

example, it is obvious that the concept of weak
compatibility is more general than that of compatibility.

Proposition 2.2.1n a fuzzy metric spacéX, M, x) limit of

(X,M,x) is said to be a Cauchy sequence if and only if a sequence is unique.

for eache > 0,t > 0 , there existsng € N such that
M (Xn, Xm,t) > 1 — ¢ for all n,m > ng. The sequencéx,}

is said to converge to a poirtin X if and only if for each

€ > 0t > 0 there existsng € N such that
M(Xn,%,t) > 1 —¢ for all nnm > ny . A Fuzzy metric
space(X,M, x) is said to be complete if every Cauchy
sequence in it converges to a pointin it.

Definition 2.4. Self mappingA and S of a Fuzzy metric
space(X,M,x) are said to be compatible if and only if
M (ASKn, SAXn,t) — 1 for all t > 0, whenever{x,} is a
sequence iX such thatSx,,Ax, — p for some in X as
n— oo,

Definition 2.5. Self mapsA andS of a Fuzzy metric space
(X,M,x) are said to be weakly compatible (or
coincidentally commuting) if they commute at their
coincidence points, i.e. ip = Sp for somep € X then
ASp = SAp.

Proposition 2.1.Self-mappingA andB of a Fuzzy metric
spacg X, M, x) are compatible .

proof SupposeAp = Sp, for somep in X. Consider a
sequence {pn} = p Now, {Ap,} — Ap and
{Spn} — Sp(Ap). As A and S are compatible we have
M(ASpn, SApn,t) — 1 for all t > 0 asn — . Thus
ASpn = SAp, and we get thatA, S) is weakly compatible.
The following is an example of pair of self-maps in a

Fuzzy metric space which are weakly compatible but nott

compatible.

Example 2.2Let (X, M, *) be a Fuzzy metric space where
X =10,2]. t- norm is defined byaxb = min{a,b} for all
a,be[0,1] andM(x,y,t) = e—@ for all x,y € X. Define
self mapsA andSon X as follows:

_J2-xif0<x<1 _ fxifo<x<1
AX—{z it 1< x<2 5“{2 if1<x<2
Taking

M:l—in:Lzan
n
. Then
Xn —,Xn < land 2—x,> 2 for all.
Also

AXn, Xy — 1asn — o

M (ASX, SA%q,t) =€ 2 #£ 1 asn — o.

Hence the pair(A,S) is not compatible. Also set of
coincidence points oA and S is [1,2]. Now for any
x € [L,2] , AX X 2 and
AS(x) = A(2) = 2= 5(2) = SA(X). ThusA and S are

Lemma 2.1.Let (X,M, %) be a fuzzy metric space. Then
forall x,y € X, M(x,y,.) is a non-decreasing function.

Lemma 2.2. Let (X,M,*) be a fuzzy metric space. If
there exists k € (0,1) such that for all
X,y € X, M(x,y,kt) > M(x,y,t),vt >0, thenx=y.

Lemma 2.3.Let {x,} be a sequence in a fuzzy metric
space(X,M, ). If there exists a numbet € (0,1) such
that M (Xn12, Xn+1,Kt) > M(Xnt1,Xn,t).¥t > 0 andn € N.
Then{x,} is a Cauchy sequence ¥

Lemma 2.4.The only t-norm« satisfyingr = r > r for all
r € [0,1] is the minimum t-norm, that iaxb = min{a,b}
foralla,b e [0,1].

3 Main Result

Theorem 3.1.Let (X,M,*) be a complete fuzzy metric

space and lef, B, S, T, P andQ be mappings fronX

into itself such that the following conditions are satisfied

(@) P(X) C ST(X), Q(X) C AB(X);

(b)AB=BA,ST =TS PB=BP,QT =TQ;

(c) eitherAB or P is continuous;

(d) (PAB) is compatible and(Q,ST)

compatible;

(e) there existg| € (0,1) such that for every,y € X and
>0

is weakly

M(Px,Qy,qt) > M(ABX,STy,t) * M(Px,ABx,t) =
M(Qy; STy;t) « M(Px, STy, t)
ThenA, B, S T, P andQ have a unique common fixed
pointin X.

Proof. Let xg € X. From (@) there exist;,x, € X such
that Pxg = STx; and Qx; = ABx,. Inductively, we can
construct sequence$x,} and {y,} in X such that
Pxon—2 = STXon—1 = Yon—1 andQxzn_1 = ABXop = Y2, for
n=123,...

Step 1. Putx = Xon and y = Xon1 in (€), we get
M (Px2n, QXant-1,0t) > M(ABXzn, ST Xons1,t)  *
M (Pxzn, ABXon, t) * M(QXz2n+ 1, ST Xon11,t) *
M (Px2n, ST Xon+1,1)

= M(Y2n,Y2n+1,t) * M(Yoni1,Yon,t) * M(Yoni2,Yont1,t) *
M(Y2ni1,Y2n+1,t) > M(Y2n, Yoni1,t) # M(Yoni1, Yoni2,t).
From lemma 21 and 22, we have

M(Y2n11,Y2n+2,Gt) > M(Y2n,Yoni1,t).

Similarly, M(Yan2,Y2n+3,0t) > M(Y2ni1,Y2ns2,t).
ThUSyM(Yn+1aYn+27qt) > M(Yn7Yn+17t) forn= 17 27
M(YnaYn+17t) > M(YmYn-&-la :_])

Z M (Yn—ZaYn—la atZ)

> M(y1,Y2, gn) — L asn— o,
and hencéM(yn,Yn+1,t) — 1 asn — o for anyt > 0. For

weakly compatible but not compatible. From the aboveeache > 0 andt > 0 , we can choosey € N such that
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M(Yn,Ynt+1,t) > 1—¢€ for all n > ng. For mn € N, we
supposen > n.Then we have

M(Yn, Ym,t) > M(YnaYnJrLﬁ) * M(Yn+17Yn+2aﬁ) *
---*M(Ym—laYmaﬁ)
>(1-g)x(1—¢€)*..x(1—¢&)(m—n)times

> (1—¢) and hence{y,} is a Cauchy sequence iX.

M(Pxon, Qu,qt) > M(ABXgn, STu,t) « M(PXon, ABXon, t) *
M(Qu, STu,t) «* M(Pxzn, STu,t).

Takingn — o and using (1) and (2), we get
M(z,Qu,qt) > M(z,zt) * M(zzt) * M(Qu,zt)
M(z z 1)

> M(Qu,zt) i.e.M(z,Qu,qt)M(z,Qu,t).

Since(X,M, x) is complete{y,} converges to some point 1herefore, by using lemma 2.2, we g@t = z . Hence

z € X. Also its subsequences converges to the same poi

zeXi.e,
{Qxzni1} — zand {STxen 1} — 2 1)
{Pxon} — zand {ABxon} — z 2
Case |. SupposeAB is continuous. SinceAB is
continuous, we have (AB)’x;, — ABz and

ABPxon, — ABz. As (P,AB) is compatible pair, then
PABXxon, — ABZ

Step 2. Puk = ABXp, andy = Xon11 In (€), we get
M(PABXzn, Qx2ni1,0t) > M(ABABX2nSTX2ni1,t)
M(PABX2n, ABABXon,t) % M(QXont1, ST Xont1,t)

M (PABXzn, ST Xon+1,1) .

Takingn — o , we get

M(ABz,z,qt) > M(ABzzt) =
M(z zt) *M(ABzzt).

> M(ABz zt) « M(ABz z1).
i.e.M(ABzzqt) > M(ABzzt).
Therefore, by using lemma 2.2, we get

M(ABz,ABzt)

ABz=1z 3)

Step 3 Puk = zandy = xzn+1 in (€), we have
M(PZ, szn-‘rlaqt) > M(ABZ,SI-X2n+1,t) * M(PZ,ABZ,t) *
M(QX2n1, ST Xon41,t) * M(Pz, ST Xon4 1,1).
Takingn — o and using equation (1), we get
M(Pzz,qt) > M(zzt) = M(Pzzt) = M(zzt)
M(Pz zt)
> M(Pzzt) «M(Pzzt)
i.e.M(Pz,z,qt) > M(Pzzt).
Therefore, by using lemma 2.2, we &= z Therefore,
ABz=Pz=1z

Step 4. Puttingc = Bz andy = xgn1 in condition (e),
we get
M(P827 QX2n+1aqt) >
M(PBz,ABBzt) *
M(PBzvsszn-‘rlvt)'
As BP = PB,AB = BA, so we have’(Bz) = B(Pz) = Bz
and(AB)(Bz) = (BA)(Bz) = B(ABz) = Bz Takingn — o
and using (1), we get
M(Bz,z,qt) > M(Bzzt) * M(BzBzt) * M(z zt)
M(Bz zt)
> M(Bz,zt) «M(Bzzt) i.e.M(Bzzqt) > M(Bzzt).
Therefore, by using lemma 2.2, we dg@¢—= zand also we
haveABz = zAz = z Therefore,

M(ABBz ST xgn+1,t) =
M(Qx2n+1, STXon1,t) *

Az=Bz=Pz=1z (4)

Step 5 AsP(X) C ST(X), there existsu € X such that
z= Pz = STu. Puttingx = xo, andy = uin (e), we get

nplu=2z=Qu .

Since (Q,ST) is weak compatible
therefore, we hav®STu = STQu . ThusQz=STz.

Step 6. PuttingX = X, andy = z in (e), we get
M(Pxon, Qz,qt) > M(ABXan, STzt) * M(PXon, ABXon, 1) *
M(Qz,STzt) «* M(PXon, STz t).

Takingn — o and using (2) and step 5, we get
M(zQzat) > M(zQzt) * M(zzt) * M(QzQzt) *
M(z Qzt)

>M(z,Qzt)«M(z,Qzt) i.,eM(z,Qz,qt) > M(z,Qzt).
Therefore, by using lemma 2.2, we @t = z. Step 7.
Puttingx = X2, andy = Tzin (e), we get
M(Pin,QTZ,qt) > M(ABXZFIvSTTZ7t) *
M (Pxon, ABXon, 1) « M(QT z STTzt) x M(Pxon, STTZ ).
As QT =TQandST =TS, we haveQTz=TQz=Tz
andST(Tz) =T(STz) =TQz=Tz

Takingn — o , we get

M(zTzqt) > M(zTzt) * M(z,zt) * M(TzTzt)
M(z Tzt)

>M(zTzt)«M(zTzt)i.e.M(zTzat) > M(zTzt).
Therefore, by using lemma 2.2, we géz = z. Now
STz=Tz=zZimpliesSz= z Hence

SZ=Tz=Qz=1z (5)

Combining (4) and (5), we
getAz=Bz=Pz=Qz=Tz= S =1z. Hence,z is the
common fixed point ofA,B,ST,P and Q . Case Il
Suppose is continuous. A is continuousP?xy, — Pz
and P(AB)xzn — Pz As (P,AB) is compatible, we have
(AB)Pxgn — Pz

Step 8. Puttingx = Pxgn andy = Xpn. 1 in condition
(e), we have
M (PPXZna QXZHJrla qt) >
M (PPxon, ABPxon,t)
M (PPxXan, ST Xon11,1).
Takingn — o , we get
M(Pzzq) > M(Pzzt) x M(PzPzt) « M(z,zt) x
M(Pzzt)
>M(Pz,zt)«M(Pzzt) i.e.M(Pz zqt) > M(Pzzt).
Therefore by using lemma 2.2, we haWe= z. Further,
using steps 5,6, 7,we g@z=STz=S=Tz==z2

Step 9. AsQ(X) C AB(X) , there existav € X such
thatz = Qz = ABw. Putx = w andy = Xgn 1 in (€), we
have
M(P\N7 QX2n+1aqt) >
M (Pw, ABw,t) *
M(PNSTX2n+l7t)'
Takingn — o« , we get
M(Pw,z,qt) > M(z,zt) = M(Pw,zt) = M(zzt)
M(Pw,zt)
> M(Pw,zt) « M(Pw,zt) i.e. M(Pw,z qt) « M(Pw, zt).

M(ABPin, STX2n+1,I) *
M(QXzani1,STXony1,t) %

M (ABW, SI-X2n+1at) *
M (QX2n+la STXZnJrlat) *
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Therefore, by using lemma 2.2, we ¢t = z [3]1B. Singh and M.S. Chouhan, Common fixed points of
Therefore ABw = Pw =z . As (P,AB) is compatible, we compatible maps in Fuzzy metric spaces, Fuzzy sets and
havePz= ABz. Also, from step 4, we gdiz=z systems, 115 (2000), 471-475.

Thus,Az= Bz= Pz= z and we see thatis the common [4] E.P. Klement, R. Mesiar and E. Pap, Triangular Norms,
fixed point of the six maps in this case also. Uniqueness: Kluwer Academic Publishers. . .
Let u be another common fixed point AfB,S,T,P and [5] G. Jungck, P.P. Murthy and Y.J. Cho, Compatible mappings

Q. of type (A) and common fixed points, Math. Japonica, 38
ThenAu=Bu=Pu=Qu=Su=Tu=u.Putx=zand (1993), 381-390. _ ) -
y=uin (), we get [6] 1. Kramosil and J. Michalek, Fuzzy metric and statistica
. tric spaces, Kybernetica 11 (1975), 336-344.
M(PzQu,qt) > M(ABzSTu,t) = M(PzABzt) x me
e = ’ ’ ’ ’ [7] L. A. Zadeh, Fuzzy sets, Inform and control 89 (1965), 338
M(Qu, STu,.t) *« M(Pz STu,t). 353,

Takingn — o , we get
M(zu,qt) > M(zu,t) *M(z zt) * M(u,u,t) * M(z u,t)
>M(zu,t)*M(zu,t) i.e.M(zu,qt) > M(z,u,t).

[8] M. Grabiec, Fixed points in Fuzzy metric space, Fuzzy set
and systems, 27(1998), 385-389.
[9] S.H., Cho, on common fixed point theorems in fuzzy metric

Therefore by using lemma 2.2, we get u. Thereforez spaces, J. Appl. Math. and Computing Vol. 20 (2006), No. 1
is the unique common fixed point of self-maps . 573533

A,B,ST,PandQ. [10] S.N. Mishra, N. Mishra and S.L. Singh, Common fixed
Remark 3.1.1f we takeB =T = then condition(b) of point of maps in fuzzy metric space, Int. J. Math. Math. Sci.
theorem 3.1, is satisfied trivially. 17(1994), 253-258.

[11] Y.J. Cho, Fixed point in Fuzzy metric space, J. FuzzyiMat

Corollary 3.1. Let (X,M,x) be a complete fuzzy metric 5(1997), 949-962.

space and leA, S P andQ be mappings fronX into itself
such that the following conditions are satisfied:

(2)P(X) © S(X) , Q(X) C A(X) ;

(b) eitherA or P is continuous;

(c) (PR,A) is compatible andQ, S) is weakly compatible;
(d) there existg € (0,1) such that for every,yX and
t>0

(e) M(Px,Qy,qt) >
M(AX, Sy,t) « M(Px, Ax,t) « M(Qy, Sy,t) « M(Px, Sy,t).
ThenA, S P andQ have a unique common fixed point in
X. and Functional  Analysis
Remark 3.2.In view of remark 3.1, corollary 3.1 is a etc. He has published
generalization of the result of Ch®][in the sense that research articles in reputed
condition of compatibility of the pairs of self-maps has international journals of mathematical and engineering
been restricted to weak compatibility and only one map ofsciences.

the first pair is needed to be continuous.
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4 Conclusion

In this paper, a fixed point theorem for six self-mappings -
is presented by using the concept of weak compatibility
which is the generalized result.
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